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EXISTENCE OF MATRICES WITH PRESCRIBED ENTRIES(*)

by
Ion Zaballa (**)

1.~ Introduction

Many papers have been written (see references) about the following
PROBLEM.- [let T be an arbitrany field and AlseesB 3C yeeesCp be
n elements of TF. Let (il,jl),...,(in,jn) be n distinct positions of un
nxn matrix. Constauct an n-square matnix oven IFwith characteristic pody-
nomiad f(x):xn-clxn_l—...—cp and with prescribed entries a
tion (i

¢ the pusi-

t’jt)’ t=1,...,n.

It is known ([1],[2),[6],[7-9]) that this problem in some exceptio-
nal cases does not have solution (i.e., there is no matrix satisfying the
prescribed conditions). Namely, in [2] and [8] it is proved that if the
prescribed positions are on the main diagonal, the problem has a solution
if and only if the sum of the prescribed entries is equal to Cyo and if
the prescribed positions are all in a row or column and the non-diagonal
ones are required to be zero, the problem has a solution if and only if

the entry prescribed for the diagonal position is a root of f(x).

2.— Main Result

In this paper we give a complete solution of the above problem. The

main result is a theorem with a very long proof:

THEOREM.-  Apant from the exceptions listed below, there always e-
xists an nxn mainix A over W with characteristic polynomial £(x) and

with the enitrdles a, in the pusitions (it,j ), t=1,...,n.

t

The exceptions are:

(L) AU entries on the main diagonal are presciibed and thein sum

L4 noi cy-
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(i) There exists a now (oa a coldumn) all whose entries off the
main diagonal are prescribed as zero , and the one on the main diagonal
i3 prescadbed and is not a aovot of f£(x).

(iii) There exists a now (on a codumn) all of whose entrnies off the
main diagonal are prescribed as zero, and f£(x) has no aoot in TF.

(iv] n=2 , the prescaibed positions are (1,2) and (2,1), and the e-
x-c+a.a,=0 has no sodution in T.

1 2 12
(vl n=3 , 0 is a circularn permutation of ordern three, the prescribed

quation x°—c

positions have the foam (i,o(i)),i=1,2,3, a1=a2=a3:0, and for every he TF,
f(x)+h does not have #three ooty in F.

(vi] n=3, TFhas characteristic 2, o is a pewnutation of orden three
which can be decomposed as a product of two disjoint cycles, the prescri-
bed positions have the fomm (i,0(i)),i=1,2,3, the entry c; L4 prescrnibed
fon a principal position, the other two are prescribed as zero, and f(x)
has no noot in TF. ‘

(vii) n=3, the prescribed positions are , uniess we maRe.a pewnuia-
tion, (1,2),(1,3),(2,3),the prescribed entries are 3erno, and f(x) has not
all its noots in TF.

(viii) n=4, the prescribed positions are, unless we make a pewnuta-
tion, (1,3),(1,4),(2,3),(2,4) , the prescribed entrnies are geno, and f(x)
cannot be factonized in ¥ as a product of two quadratic podynomials.

Moneovern, if the following condition is noi satisfied:

n=2, f(x):(x—a)z, a ¢TF, the prescribed positions age (1,2) and (2,1)
and al=a2=0,
and if none of the above exceptions occurs, then the matiix A exists and

can be chosen as nonderogatony.

G. N. de Oliveira has proved in [7-9] that, for n»3 and apart from
the two exceptional cases exposed in the introduction, there always exists
an nxn matrix with n prescribed entries and prescribed spectrum. This re-
sult has been improved by D. Hershkowitz who in [4] proves that the num-
ber of prescribed entries can be increased to 2n-3 without increasing the
number of exceptions. In this paper we show that it is impossible to in-
crease the number of prescribed positions to 2n-4 and obtain a matrix with_
an arbitrary prescribed characteristic polynomial. However, a question 7

remains unanswered: If n 5, then apart from the exceptional cases (i),
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(ii)

and (iii) of the Theorem, does there always exist an nxn matrix ha-

ving 2n-5 entries and its characteristic polynomial prescribed ?.
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