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In this work, the number of conjugacy classes of m-elements (resp. non
n-elements) of G is analyzed in terms of the corresponding numbers of G/N and
for each N normal subgroup of G.

In the following, G will denote a finite group, N a normal subgroup of G, G
=G/N, ma set of prime numbers and g, the n-part of the element geG. For each
non-empty subset S of G, we define [S],= {seS | s is a m-element} and [S]; =
=S - [S]ﬂ.Moreover, rg(S) (resp. ré"(S)) denotes the number of conjugacy classe.
of m-elements (resp. non m-elements) of G that intersect S. Further, we write
"(6) = r2(6), rT(E) = rg"(6), (@) = r"\9(6) and rg(s) = rg'®)(s), where
denotes the set of all prime numbers dividing |G|.

In this work, for each normal subgroup N of G and each m-element g of G/N, th
following inequalities are proved:
1) rgleN) < r;G(gN)(u). (1)
11) rg"(gN) < r

r&'(gu)(u) . (2)
G

Furthermore, the equality holds in (1), (resp. in (2)) if and only if g is an

L

element of A" (resp. B" ), where A" and B are defined by
g,N g,N )

g,N g.N
A;,N =!](CGlx“n5 | x:NG(gN), neN, x,n is a m-element and iﬂ,tccixﬂnil and
B;.N =f\{CGix"n$ | xeNG(gN), neN, x n is a non n-element and xn,eCGwanj}

(here, ™ denotes the complementary of n ).
iii) For each normal subgroup N of G we have:
r™6) £ (r™(6/N)-|[Z(6/M)], |).r™(N) + |[Z(&/N)], |.rg(M), (3)
the inequality (3) is proved by using the local inequality (1) for each element g
of G. Furthermore, the equality holds in (3), if and only if the following con-
ditions are satisfied:

(*) This work has been supparted by the University of the Basque Country
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a) éeA;’N for each ge[G],.
_(g) < 5131 -2(G
b) CG(g) JQ[N]HCGZni for each ge[G] -Z(G).

In particular, if G/N has a central Hall m-subgroup HN/N, then (3) yields
L] ¢ II& L] T 1
r’(G) ¢ |[G],|.rg(N) = |H|.rg(N). (4)
Moreover, the equality holds in (4) if and only if H is contained in
ni CGIx"n$ | xeG, neN, x"ne[G]ﬂand x",eCGixﬂnS}.
On the other hand, by using the local inequalities (1) and (2), the following
inequality is proved.
iv) For each normal subgroup N of G, we have:
r'™(G) < (r'(G/N)—|[Z(§)]'|).r"(N) + I[Z((_})]Il.ré"(N) + r'™(G/N).r(N), (5)
having equality if and only if the following assertions are true:

c) Ca(é) = CG(gmi and ClN(m)g = Cly(m) for any ge(G] and meN.

™
g,N

e) Ca(é)é ng[N]* Can5 for each ée[@"—z(a).

d) geB for each ge[Gly

In particular, from (3) and (5) we get the following inequalities:

(@) £ £"(G/N).x" (N)=(x" (N)-r}(N)) (6)
and
r(G)-r™(G) £ r(G/N)r(N) - r™(G/N)r*(N) - (e ™ (N)-r (M) (7)
v) For each normal subgroup N of G, the following inequalities are true:
r"(6) £ |[8], |.rg(M ' (8)
r'7(6) £ [[Blelrg"(N) + (1&]-1[8l41)rg(N) (9)
having equality in (8) (resp. in (9)) if and only if gEA;,N and CNG(gN)(n)=
=CG(n) for any ée[é]ﬂ and ne[N]ﬂ(resp._éeBZ'N and CNG(gN)(n) = CG(n) for

any ée[@]" and ne[N]; , and éeB"(G)

2N = CG(n) for any geG—[G]"

a?d CNG(gN)(n)
and neN).
Finally we obtain the following inequality
vi)  r™6) < |[8],1rE ) + (eXN)-(I[Gl,Ir"()/IG]) +

+ ("(@-1- (8L, L8], 1-0)/18D.

(10)

In addition, the equality holds if and only if the following conditions are sa-
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tisfied 1) G/N is m-group 2) For each yeG and each xeG-N such that [I,;];I,
y is an element of J?N 5ET257 and 3) CG(xn)n(N]ﬂ=l for any neN and each
element X étﬁal(é—cé(é))-
In particular, putting 7= 7(G) , (10) yields
r(G) £ |G/N|r,(N) - (r(N)-r (N)) - (lG/N|-r(G/N)),
and when G/N is an abelian group, we have

r(G) < IG/NIrG(N) - (r(N)-rG(N)),

and the equality holds if and only if G = CG(g)N for each geG-N.
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