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Let (f'n) be a sequence of arithmetic functions (i.e. functions of natural
argument) with values in a real, separable Banach space (X , Il.l11).
and, for each n let Pn be the probability measure on the set N of na-

tural numbers assigning the weight 1/n to each k = 1,...,n and 0

otherwise. If the sequence of probability measures on E B (Pnfn ) con-
verges weakly to a probability measul‘e/.L on i ., we write “rn -$)J- .
or fn — X if M i8 the probability distribution of the X -valued

random variable X. When rn = £, all n, we simply write f —>/.¢.. or

{ == X, and I is said to be the limit distribution of f.

The following theorem gives sufficient conditions for the existence of the

limit distribution for an 1-valucd additive function, i.e. a function f:
N —> I_ such that f(mn) = f(m)+f(n) whenever m and n are relative-
ly prime. This result generalizes the part "if" of the famous Erdos-Wint-
ner theorem for real additive functions (see, for instance |2|, Th.7.1 and

7.2).

THEOREM 1. Suppose X, r-smoothable (1< r<2) and let f be an X -va-

lued additive function. If the two series
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converge for some ¢ > O, and if a . f(p)
liftp)ll<c, p<n
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then f - a = Z Lf‘(p Py. L:)Ll] ‘ Z rip ™.

n
lftp)ll< e Hetp) > ¢
l))
Therefore, if a also converges (in the norm), then { = 2 fip Py,
p

or, in case [ is stongly additive (i.e. f(pk) - f(p) for k 1,0....)

£ > _;_ f(p) dp.
P

In this statement p ranges the set @ of prime numbers, the bp arc
independent, integer-valued random variables, having the gcomectric dis-

tribution

P(bp - k) = (1 - 1/p) pK kK =0, 1, 2,...,

and dp is the indicator function of the set (bp>, 1).

A similar result, with the obvious modifications, is true If ¥ 1is only
supposed W be of type 2. (For the concepts of type r and r-smootha-

ble see |3| and |S|).

The converse of Theorem 1 (i.e. the convergence of the three series 1s a
necessary condition for the existence of limit distribution of f) holds
true if ¥ s finite-dimensional, but for gencral r-smoothable Banach

spaces it is an open problem.

The proof of Theorem 1 depends upon the following lemma, which provides

an inequality of the Turin-Kubilius type.

LEMMA 1. Let X be of type r (l<r<2) and let g be an X -va-
lued, strongly additive function. There is a coastant C, independent of

g &and n, such that

r
E |lg - An”f‘ < ¢ E ligte)

n
pc<n P

w here A = 2 w and l-:n is the Pn-expcccation.
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Another conscquence of this lemma is that if X is of type r  and (r‘n‘

is an array of I,—valued additive functions, then the law of large num-

f - A
n n
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f (p) He (o l°
¢n—>oo ir A:Zn , B:(Z I and

n P " p<n P

bers — O holds for every sequence of real numbers

e (]

sup

n B
n

oo, m =1, 2, ... (C.f. |2] for the case X - R,

As an application of the preceding results wc consider Llhe following:
Let { be a real additive function and for each p¢€ ® and neN let

ﬂp(n) be the exponent of p in the prime factorization of n. Then

Ps,
1

rf* =« (f(p

veeey

t'(pkﬁp")

ees), w here Piv Poeces {s an arrange-

ment of prime numbers, is an additive function with values in the reual,

separable Hilbert space 12. If  is integer-valued and Z 1/p < oo
def b b f(p)40

we have f[° = X °S (r(pl"( Yeuuens f(pkp")....). From this we

deduce that the asymptotic density is a probability measure on the § -field

of sets of natural numbers generated by the functions f(pﬂp). Morcover

many explicit formulas for densities of sets of natural numbers can be

obtained with little effort.
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