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Let Q a polynomial of degree q, normalized by Q(0)=1 and with
qQ
roots [wpln=1 . Cardano’s formulas allow us to represent Q in the form

q : q
a@= [[-2r-2 10, 7
ne Wi k=0

~ ; -
where D =1 and D = > w'.w' o for k.

1l << sq " k
The main subject in this paper is to extend this situation to entire
functions , that is to study when

M @=J[a-Z)- ko
n21 wn k20

is verified , being A = [wply=1 the zeros of the entire function f
normalized by f(0)=1 and

D =lim 2 w'l.w'
L 15 <. n h Yk

Several questions arise when we consider this problem: (i) the
convergence in € of the infinite product (1 - z wn“) . (i1) the exis-
tence of Dy and convergence of the series 3 (-1)K Dy ZK . (ii1) condi-
tions about f so that (1) can be satisfied . This study is connected
with a particular type of multiplier sequences of the first kind of
Laguerre-Pélya .

In what follows, A<[ wy Ino; stands for an unbounded set of
complex numbers no zeros , with no limit points and rank m .
DEFINITION1  m(1-z wn") is said to be an infinite product
Cardano type ( denote Ae CT), if it coincides with 2 (-1)k Dk P



a6

and defines an entire function .
This defimition leads us firstly to study the existence of the Dy , and 1t
is connected with the series By =2 wp)

LEMMA _
Dy exists for every k if only if By exists for every k . Ioreover
1) )‘/5 t
ket k*/ [ BHI t o 1 0! 5;'*/—[ /

t=/
It is an infinite version of the Newton-Girard formula .
THEOREM |
A & (7T Irandonly irevery By existsfor [sksm .
The existence of By, 1<k<m , is equivalent tothat T (1 -2z wn" )
converges uniformly on compacts , and also , it turns out to be
equivalent toverify that logl I (1-zwn™ D) ]1=(-1Z By ZX/k in
D(O,R) , being log the principal branch of the logarithm .
Below we give some geometrical conditions on the set A-[wn]}:]

in order to obtain infinite products Cardano type .
COROLLARY 1
() Ir ACS, where 5 7Is a closed sector with vertex in the origin

and amplituae smaller than 1 , and B exists, then A& (T and

_” (1-< ) converges absolutely .

nl W,,

(1) If ACST, where S~ s aclosed sector with vertex in the
origin and amplitude smaller or equal than 7, and By, 8o exist
then AeCT.

(111) Let A be with O</wy/ </wp/ <. If Bj , 1S5k, exist
and «,f arereal numbers such that O <a—f < 2k/k+1 and
asargw, /<g,n=1,2.. , then AeCT.

Next we indicate a method to obtain CT sets begining from
A=(wplp=). Let p be such that 2P~'¢ k < 2P and denote by «p ,
n=1,2,.,2P-1, the 2Pth roots of unity . We define ay = wy oy~ ! if
1$k<2P and ag =wpey & ! if k> 2P, where k=n2P+r . Then
(a ) «CT.

In what follows let f stand for an entire function with finite
exponential order p ( exp.ord. f = p) normalized by f(0)=1, and with
rank m, e, m=rank Zs being Zs the set of zeros of f.
DEFINITION 2 We say that f is Cardano type (denote f «CT), if



there is a rearrangement [ wp 1y Of Zf Such that

@=lc-2)- 3 o 2
n21 W k20
Denote H(z) = log [ M(1-zw, )] where log is the principal
branch of the logarithm in D(O,R) .
THEOREM 2
re& T irandonly If there is a rearrangement of set Zr such that
HK () =(-1) k-1) By for k=12
If (¥ ko is amultiplier sequence (¥,=1) such that F(z)=
2¥y ZK/Kk! is an entire function of exponential order smaller than one ,
then F @CT and Dy = (1K ¥ /k!l for k20 . The zeros of F can be
calculated by means of an iterative process .
we give some results related to derivatives of Cardano type
functions , observing that they have , in some cases , analogous
properties to the polynomials.
COROLLARY 2

()11 r Is aneven or odd function and expord f < 2 , then X aCT.

(i1)let r&CT and Zr CR . Then:

(@) Zr- CR and rank s /. Moreover , between two simple
zeros of I there is one and only one of f°, and it turns out
to be for every gerivative when the exponential orader of r Is

not a natural number .
@) expordf <2 and 1K takes real valves on R for every k.
() Ir eword <2 , kaCT forevery k .

(@) If expordr=2,there exists AaR such that K (z)exp(-A2) & CT.
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