EXTRACTA MATHEMATICAE &4, n.3, 136-138 (1989)

*
HALL w-SUBGROUPS AND CONJUGACY CLASSES

Antonio Vera Lopez and Lourdes Ortiz de Elguea

Departamento de Matemadticas. Facultad de Ciencias.

Universidad del Pais Vasco.Apartado 644. Bilbgo. SPAIN.

In the following, G denotes a finite group, m a non-empty set of
primes numbers, m' the complementary of m, and we use the standard nota
tion of the theory of groups. If K is a m-subgroup of G, we will deno-
te by vﬁ(G) the number of Hall n-subgroups of G containing K. We say
that G is a D -group, if G contains a unidue conjugacy class of Hall
-subgroups. A D -group G is said to be an E"—group, if all subgroups
of G having Hall w-subgroups are D -groups. If G is m-separable or G
has nilpotent Hall w-subgroups, thén we say that G is an X -group. Evi-
dently, all X -groups are ﬂ“—groups.'

In this work, we obtain precise information about the number vﬁ(G)
which is useful for the analysis of the number of conjugacy classes of
elements of G. We analyse this number, in terms of the arithmetic struc
ture of the order of G and, for some refinements of the results, its
Hall structure. The method is elementary and, in particular, does not
use character theory.

For each natural number n, we define the following numbers:

- n(n) denetes the set of all prime numbers dividing n.
- d(n) = g.c.d.(p-1]| pen(n)).
- u(n) = g.c.d.(p-1| pen(n)-m).

1 if 24w and pﬂ(lGl)/d(IG[) is even
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- eglm) =
’ 0 otherwise.
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- r(G) denotes the number of conjugacy classes of elements of G and if
T is a non-empty subset of G, rG(T)vdenotes the number of conjugacy
classes of elements of G which intersect T.

Finally, if G is an X"-group'and H is a Hall w-subgroup of G satis
fying:

r(H)|H| = |H|2 (mod 2eG(ﬂ)d(|G|)pnﬂG|)),

then we say that G is an Y -group. In particular, groups containing an
abelian Hall w-subgroup are Y, —groups.

Now we can state the main results of this paper:

(I) Let G be an X -group and K a n-subgroup of G. Then the following
congruence holds:
K =
v“(G) = 1 (mod uﬂ(IGI))-

This result improves those of J.S. Clowes, given in [2].

(II) Let H be a Hall m-subgroup of G. The following congruences are
obtained:
a) If G is ﬁ*—group, then
rG(CG(H)) = |CG(H)| (mod d(|G|)p"(|G|)).
Note that rG(CG(H)) is the number of conjugacy classes whose cardinal
is a ='-number.
b) If G is X, —group, then
o rG(H) = |H| (mod d(IGI)Z).
Note that rG(H) is the number of conjugacy classes of m-elements of G.
Further, if H is abelian, then
ro(H) = |H| (mdﬁ a(fal) w(lGh)).

(III) Finally, we notice that E(G) is closely connected with the num-
ber r(H), where H is a Hall w-subgroup 5f G and G is an X _-group. In-
deed, we get the following congruence:

16| (|G|-r(G)) = [H|([H|-r(H)) (mod 2eG(ﬂ)d(|Gl)pﬂ(|G|)).
In addition, if P ={n1,...,nu} is a partition of a subset of w(|G|),
so that G is Yﬂi-group for all i=1,...,u, and L #7(|G|) in case u=l,

then the following congruence holds:
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r(G) = |G| (mod DP(|G|)/g.c.d.(DP(lGl),|G|)),
where DP(lGI) = g.c.d.((p—l)dé | pen(|G])) and

g.c.d.(q2-1 | qen(lGI)—nk) for every pem and any k21
8 = {
p g.c.d.(q2—1 | qen(|G])), otherwise.
Evidently, the above congruence improves G. Amit and g. Chillag's con-
gruence given in [1] for finite groups of odd order and also improves
A. Vera 1lépez and M.C. Larrea's congruence given in [7]) . Examples at

the end show that our results improve the aforementioned.

REFERENCES

[1] G. AMIT and D. CHILLAG, Characters values, conjugacy classes and a
problem of Feit. Houston J. Math. 12, 1-9 (1986).

[2] J.S. CLOWES, On groups of odd order. J. London Math. Soc. 27, 507-
510 (1952).

[3] R. KOCHENDORFFER, Group Theory. McGraw-Hill, 1970.

[4] A. MANN, Conjugacy classes in finite groups. Isr. J. Math. 31, 78-
84 (1978). _

[5] A. VERA LOPEZ, On ‘the number of Hall w-subgroups in a finite group.
Arch. Math. 46, 102-107 (1986).

[6] A. VERA LOPEZ, Conjugacy claéses in finite groups. Proc. Royal Soc.
Edinburgh 105A, 259-264 (1987).

[7] A. VERA LOPEZ and M.C. LARREA, Conjugacy classes in finite groups
II. To appear in Houston J. Math..

(To appear in ARCHIV der MATHEMATIK.)



