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We consider the following Volterra equation:

b'e
u(x) = J k(x-s)g(u(s))ds (1)
0

where:
k:[0,80] —— R is an increasing absolutely continuous function such
that k(0)=0 Lo W

g:[0,40) ——— [0,+®) is an increasing absolutely continuous fu @ n (@
such that g(0)=0 and g(u)/u —> ® as u— 0" (see [3])

Let us note that (1) has always the trivial solution u=0.

Some necessary and sufficient conditions for the existence of
nontrivial solutions to (1) with k(x)=x"" (0>0) are given in [1],[2] and
[4]. In [3] and [5] conditions for more general kernels are presented. But
those results do not give answers about nontrivial solutions in the case of
kernels which are very smooth near the oriéir;. ‘Now we are able to show the

following necessary condition:

Theorem 1. Assume (k) and (g) are satisfied. If equatio (1) has a

nontrivial solution then
(-]

Z K’ [(g")"(x) / g((g-l)n(x))]{ +oo (2

n=0

for xel0,8], (5>0).

In the formula above K™' denotes the inverse function of K(x)=f ::k(s)ds

¢! is the inverse function of g ., and (g")" is the nth iteration of gt

Moreover, the following sufficient condition is true:



Theorem 2. Assume (k) and (g) are satisfied. Let ¢ be an absolutely
continuous function such that u<g(u)<g(u) on (0,3], (§>0), and ¢p(u)/u — o

asu — 0. If
- J

Z K [(g'le(o)n(x)lw((g'l°¢)"(x))] < +o @
n=0 ‘

on [0,3], then equation (1) has a nontrivial solution.
Let us consider

u(x) = rk(x-s)[u(s)l’ds ,pe(0,1) (4)
0

with k=K’, where K(x)= exp(-exp /x%) ,@0.

Applying Theorem 1 we obtain that (4) has not nontrivial solutions for
a>l. Putting @(u)=u® ,where qe(0,1) and @>p, into (2) we get that the
series is convergent for ae€(0,1). This means that (4) has a nontrivial
solution for «e(0,1).

It is shown in [5] that wunder additional assumptions the
]

condition J‘K'l(s/g(s))d—:Gw implies the existence of nontrivial
0

solutions. Since s 'K'(s/g(s)) is decreasing then we have the following

inequality:
0

K| —2 <| zK'l(s/ (s))E (5)
m-l) g s -
n=0

2" g(x/2 0

We can get the left-hand side of (5) putting ¢(u)=g(%u) into (3).

This means tha (3) is a generalization of results presented in [6].
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