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The p-adic semi-Fredholm theory has been studied by L. GRUSON [1] and
J.P. SERRE [8]. One of the basic results of this theory is that for a given
Banach space X and a compact operator TeL(X), then T-I (where I
stands for the identity map on X) is a semi-Fredholm operator because it
has finite-dimensional kernel and closed range (i.e. TEQ+(X)) and also its
range is a finite-codimensional subspace (i.e. Te®_(X)).

Recently, this kind of operators has been studied in [3] in which the
authors give some properties of semi-Fredholm operators related with the
preservation of certain classes of closed subsets.

In [4] J. MARTINEZ-MAURICA, TERESA PELLON and the author of this note
explore some relationships between semi-Fredholm operators and
orthogonality.

Also, semi-Fredholm operators in relation with compact operators are
studied in [7].

In this note, we use certain seminorms on the algebra of operators
which induce norms on the quotient algebra modulo the ideal of compact
ope‘rators, to obtain several new descriptions of p-adié semi-Fredholm

operators. Proofs of the results included in this note will appear in [5].

Throughout K* is a non-archimedean non-trivially valued complete field
with valuation || X,Y,Z are always going to indicate non-archimedean
Banach spaces over K. The spaces of semi-Fredholm operators we will use in
the sequel are denoted in the following way,

2. (X,Y) = {TeL(X,Y) : R(T) is closed and dimN(T)<w}

®_(X,Y) = {TeL(X,Y) : R(T) is closed and codimR(T)<w}
where for each TeL(X,Y), R(T) and N(T) denotes, respectively, the range
and the kernel of this operator.

A subset A of a normed space X is said to be compactoid if for
every €>0 there exists a finite set HcX such that Acﬁx(o.e)-n-Co(H) (where
Bx(O,c)=(xex: lixli=se} and CO(H) denotes the absolutely convex hull of H).
Also, an operafcor TeL(X,Y) is said to be compact if T(Bx) is compactoid



(where BX denotes the open unit ball of X). The space of all compact

operators from X into Y will be denoted by K(X,Y).

For operators in 0+(X,Y) the measure of non-compactness we use is the

following:

DEFINITION 1 (see [9]). If TeL(X,Y) we define
»(T) = inf{IT|DI : D is a closed linear subspace of X of
finite codimension}
Then, v is a non-archimedean seminorm on L(X,Y) for which one
verifies v(T)=0 & T is compact ([9], theorem 4.40). This seminorm measures
the degree of non-compactness of an operator, since it vanishes precisely on

the compact operators.

THEOREM 2. If TeL(X,Y), then the following properties are equivalent:

i) Ted (X,Y).

ii) For every Banach space Z and for every SeL(ZX),

ToS compact » S compact.

iii) For every infinite-dimensional .closed linear subspace of countable
type M of X, T|M is not compact.

If in addition X’ separates the points of X, properties i)—iii)
are equivalent to

iv) There exists a constant C>0 such that v(S)=Cv(TeS) for every
Banach space Z and for every SeL(Z,X).

If in addition X is polar (see [6]), then properties i)—iv) are
equivalent to

v) dimN(T-R)<w for each ReK(X,Y).

The characterizations of operators in 0+(X,Y) given in the preceding
theorem have a counterpart for operators in % _(X,Y). The measure of

non-compactness we use now is the following:

DEFINITION 3 (see [2]). For each TeL(X,Y) we define
8(T) = inf{r>0 : there exists a linear subspace F of Y,
dimFw, T(By) c F+B,(0,r)).
Then & is a non-archimedean seminorm on L(X,Y) for which one
verifies &8(T)=0 e T is compact ([7], theorem 3.3) and hence again &

measures the degree of non-compactness of an operator.
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THEOREM 4. For a TeL(X,Y) we consider the following properties:

i) Ted_(X,Y).

ii) There exists a constant C>0 such that &(S)=C38(SeT) for each
Banach space Z and each SeL(Y,Z).

iii) For each Banach space Z and for each SeL(Y,Z),

SoT compact S compact.

iv) If M is a closed linear subspace of Y with infinite codimension
then QMoT is not compact (where QM:Y——)Y/M is the quotient map).

v) codimR(T-H)<w» for each HeK(X,Y).

Then, one verifies i)aii)siii)aiv)sv).

If in addition X and Y satisfy one of the following properties:

(I) X is polar and Y is sirongly polar (see [6])
or

(II) X,Y are reflexive and X',Y' are strongly polar,
we have that properties i)—v) are equivalent.
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