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In 1930, J. Schreier [10] introduced the notion of admissibility in order to
show that the now called weak—Banach—Saks property does not hold in every
Banach space. A variation of this idea produced the Schreier’s space (see [1],[2]).
This is the space obtained by completion of the space of finite sequences with
respect to the following norm:

lzls= sup  Yjealzjl,

A admissible
where a finite sub—set of natural numbers A ={n;<-:--<m} is said to be
admissible if k< n;.

In this extract we collect the basic properties of S, which can be considered
mainly folklore, and show how this space can be used to provide counter examples
to the three—space problem for several properties such as: Dunford—Pettis and
Hereditary Dunford—Pettis, weak p—Banach—Saks, and S,,.

It can be easily verified that S is algebraically contained in ¢y and contains
4. No other space £, is algebraically contained in S: consider the sequence

8 times 16 times
11111

11
u=(17-2—,-2—,Z’Z’4’Z’§’....-..—— ........ —_ ...)

which belongs to £, for all p>1, and has norm 1 in S$**. However, a suitable
"right shift" of » originates a sequence not in S**:

U 70:' * '10)u2 U3 )01' * ',O,U4,U5 1“6)0:' * -,O,u7,u8,u9,u10,0,- ot

where u, is in the place 2+4, uy4 is in the place 8+16+32, etc.
It is routine to verify that the canonical vectors (e;) form an unconditional
basis for S. Moreover:

(1) S is a subspace of a certain C(K) space with K countable.
To show this, let us consider the product space {—1,0,1}N, and define K=
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{(€,)€{~1,0,1}N /support of (e,) is admissible}. K is closed, and hence compact,
and countable. The application j: S— C(K) carrying z=(z,) to the continuous
function j(z), defined by j(z)((€s)nea) = EneaZn€n is an isometry:
l5(2)lo=suP(epyex |5(z)(en)| = sup  Ynealzal=llzls
A admissible

From (1), it immediately follows:

(2) A sequence (z") of S is weakly convergent to z if and only if, for every
j, the sequence of jt* coordinates (:z;")neN converges to z;.

(3) S* is separable (since the unit ball of S is metrizable in the weak
topology).

The space S contains isometric copies of ¢j: the sequence

Sp= 2+l (ezn—l +et e2"'-1)

spans in S an isometric copy of ¢. In fact, it follows from (1) that any infinite—
dimensional closed subspace of S contains an isomorphic copy of ¢, (see also [2,
Prop. 2.10]). The fact of being "hereditarily cy" prevents S from having subspa-
ces isomorphic to £, for any 1<p<+oo. The space S provides another example
to show that being "hereditarily ¢y" in the sense that "any closed infinite—dimen-
sional subspace contains a subspace isomorphic to ¢p", and-in the sense that "any
normalized weakly null sequence admits a sub—sequence equivalent to the canoni-
cal basis of ¢y" are different properties: S contains weakly null sequences, such as
the canonical basis (e,) of S having no subsequence equivalent to the canonical
basis of ¢g, since no sub—sequence (e;,,) of it satisfies for some constant K an
estimate of the form

N
Supy ” Zm:l €im " <K.

MAIN RESULTS

A Banach space X is said to have the Dunford—Pettis property (DPP) if
any weakly compact operator T:X—— Y transforms weakly compact sets of X
into relatively compact sets of Y. Equivalently, given weakly null sequences (z,)
and (z;) in X and X* respectively, lim<z;,z,>=0. L; and C(K) spaces are
examples of spaces with DPP. A Banach space X is said to have the hereditary
Dunford—Pettis property (DPPy) if any closed subspace of X has the DPP. ¢
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and ¢y are examples of spaces having the DPP}. A deep characterization, due to
Elton (see [5, Cor. 3.5]), of this property is: any normalized weakly null sequence
admits a sub—sequence equivalent to the canonical basis of cy. Since the sequence
(e,) does not admit sub—sequences equivalent to the canonical basis of c¢g, S does

~not have the hereditary Dunford—Pettis property, that is, it contains a subspace
without the Dunford—Pettis property. Moreover:

(4) S does not have the Dunford—Pettis property

In fact, the unit vector sequence is weakly null in S*: this immediately follo-
ws from the estimate

« <N

2N 1
DR
(5) The natural inclusions 4 — S—— ¢y are weakly compact operators.

It is not hard to check that S**Cc¢j, from which (5) follows. Since the set
{e,} is not relatively compact in ¢y, here we have an equivalent proof that S
does not have the Dunford—Pettis property. On the other hand, given a bounded
sequence in ¢; one can easily extract a sub—sequence pointwise convergent to a
certain sequence of ;.

A property P is said to be a three—space property if, whenever a closed
subspace Y of a Banach space X and the corresponding quotient X/Y have P,
then X also has P. For instance, it is easy to see that reflexivity or the Schur
property are three;spaces. A problem which has been around for some years is
whether the Dunford—Pettis prperty is a three—space property (see [4] and [7] for
additional information). In [3] we solved this question in the negative by showing
that ¢ @S contains a subspace H having the hereditary Dunford—Pettis proper-
ty, such as ¢;®S/H = cy. Therefore the Dunford—Pettis and the hereditary Dun-
ford—Pettis properties are not three—space.

That example also provides negative answers to questions raised in [6]: the
weak p—Banach—Saks property and the S, property (see below for definitions)
are not three—space properties.

THEOREM. The Dunford—Pettis, hereditary Dunford— Pettis, weak—p—
Banach—Saks and S, are not three—space properties.

A sequence (z,) in a Banach space X is said to be p—Banach—Saks, p>1, if
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"Z’;:l:l:k" <C-nl/? for p>1

for some constant C'>0 and all n€lN. It is said to be Banach—Saks if it has norm
convergent arithmetic means. A Banach space is said to have the (weak) p— Ba-
nach—Saks property when each (weakly null) bounded sequence (z,) admits a
sub—sequence (z,) and a point z such that (z,—z) is a p—Banach—Saks sequen-
ce. In [6] it is proved that the p—Banach—Saks and weak—p—Banach—Saks pro-
perties are "almost" three—space: if Y and X/Y have it, then X has, for each
€>0, the (p—e)—Banach—Saks property. It is also proved that the Banach—Saks
property is three—space. In [9] it is shown that the weak—Banach—Saks property
is not three space. Closely related properties are the following: a sequence (z,) in
a Banach space is said to be weakly—p—summable (p>1) if there is a C>0 such
that

supn T, sl <CI(E, ,

for any (£,)€f+«. We shall say that the sequence (z,) is weakly—p—convergent to
zeX if the sequence (z,—z) is weakly—p—summable. A Banach space is said to
have property W, if any bounded sequence admits a weakly—p—convergent sub—
sequence. The weak version of W), property has been called ([8]) S, property.

Problem. A problem which still remains open is: are p—Banach—Saks and
W, three—space properties?
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