EXTRACTA MATHEMATICAE Vol. 7, Nam. 1, 31— 34 (1992)

Modular Bernstein Algebras:
TERESA CORTES 2
Dpto. de Matemdtica Aplicada, C.P.S., Universidad de Zaragoza, 50015 Zaragoza, Spain

AMS Subject Class. (1980): 17D92 Received March 5, 1992

0. INTRODUCTION AND PRELIMINARIES

Let A be an algebra. We will put L(A) for its lattice of subalgebras, where
<, A, V are naturally defined (< is the inclusion relation). We define the length of
A (and put I(A)) as the length of L(A). It is vety easy to prove that if A is a
solvable algebra, then its length and its dimension coincide. In general we have
obviously that {(A) <dimg A (if K is the ground field). Throughout this paper
we will deal with algebras over infinite fields of characteristic not two.

DEFINITION. An algebra A is called modular (semimodular) if L(A) is
modular (semimodular).

DEFINITION. A Bernstein K-—algebra A is a commutative finite-
-dimensional algebra over K for which there exists a nonzero algebra
homomorphism w: A — K such that (£2)2=(w(z))2- 22, for any z in 4.

The homomorphism w is unique and is called the weight homomorphism
of A. Tt is readily seen that, given (A,w) a Bernstein algebra, for any e, a
nonzero idempotent in A (which obviously exists), there exists a Peirce
decomposition of A: A=Ke + Kerw, Kerw=U, + V,, where

U ={zed| ez=%z}={ze | zeKerw}, V,={z€A | ez=0}.

If r=dimgU,, s=dimgV,, the pair (r+1,s) is called the fype of the
Bernstein algebra A and does not depend on the choice of e. It is also shown that
dimg (U,)? and dimg(U, V, +(V,)?) do not depend on the choice of the
idempotent.

DEFINITION. A Bernstein algebra (A4, w) is called ezclusive if (Ue)2=0 for

1 This paper will appear in the Journal of Algebra.
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some (equivalently for all) nonzero idempotent e in A. A Bernstein algebra
(A4,w) is said to be genetic if Kerw is nilpotent.

THEOREM. Let A be a Bernstein algebra. Then the following are equivalent:
(3) A is modular.
(i) A is semimodular.
(#3) For any pair of subalgebras of A, Sand T, S+ T is a subalgebra of A.

PROPOSITION. Let A be a trivial Bernstein algebra. Then A is modular if
and only if A has type (n+1,0) or (1,n).

LEMMA. A modular Bernstein algebra is always ezclusive.

1. MODULAR BERNSTEIN ALGEBRAS OVER ARBITRARY FIELDS

Let (A,w) be a non-trivial Bernstein algebra. If z is an element in Kerw,
we can consider m(z), the largest positive integer such that the elements z, z2,
...,z™() are linearly independent. Let us fix e, a nonzero idempotent in A. If we
take 0 +wv in V,, it can be seen that m(v) >2 and moreover, from the definition
of m(v), we get that the algebra generated by v is Kv + Kv2 +... + Kym(®),

PROPOSITION. Let A be a non-trivial modular Bernstein algebra of type
(r+1,s) and e a nonzero idempotent in A. Then for all 0 +v in V, we have:

m(v)=r+1, U, =KvZi.. .+ Ky'*l,
THEOREM. Let A be a non-trivial modular Bernstein algebra of type

(r+1,s) and e a nonzero idempotent in A. Then, for any vin V,, v"+2=0.

THEOREM. Let (A,w) be a non-trivial Bernstein algebra of type (r+1,s).
Then the following are equivalent :
(i) A is a modular algebra.
(i) A is ezclusive and for all nonzero idempotent e in A and any 0 #v in V,:

U,= Kv2+...+ Ko™ and v"*2=0.
(#3) A is ezclusive and there ezists a nonzero idempotent e in A such that for any

O%vin V,:
U,= Kv2+...+ Kv™*! and v"+2=0.

() A is ezclusive and the subalgebras of A contained in Kerw are contained in
U, or contain U,.
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(v) A is ezclusive and the subalgebras of A contained in Kerw are ezactly the
subspaces of U, and the ideals of A contained in Kerw.

2. MODULAR BERNSTEIN ALGEBRAS OVER ALGEBRAICALLY CLOSED FIELDS

The natural question in this moment is if all modular Bernstein algebras are
necessarily genetic. First of all, we see that this question has a negative answer
over arbitrary fields:

EXAMPLE. Let K be Q and A a commutative K-algebra of dimension 6,
given by:

A=Ke + Ku; + Kug + Kug + Kv+ Kw, where e2=e, eu,-:%ui, i=1,2,3,

ev=ew=0, u;u;=0, ,7=1,23, uvv=uy, upv=u3, uzv=0, wyw=0,
u2w=u1,'u,3w=—u2,1)2=u1,w2=u3,vw=%(—u1+u3).

Define the linear map w:A— K by w(e)=1, w(u;)=0, =123,
w(v) =w(w) =0. It is straightforward to see that (4, w) is a Bernstein algebra. It
can be seen that (A4,w) is modular. Nevertheless, A is not genetic since
0+u; =ugw= (v v)w=((vow)v)w=....

THEOREM. Any modular Bernstein algebra over an algebraically closed field
K of characteristic different from two is genetic.

COROLLARY. Let K be an algebraically closed field of characteristic
different from two and A a non-trivial Bernstein algebra of dimension n+1 over
K. Then A is modular if and only if A is isomorphic to the commutative algebra:

Ke + Kuy +...+ Ku,_1 + Kv, where e2=e, eui=%u,~, 1gign-1, ev=0,

wiu;=0, 1<, <n -1, %v=0y, 1<I<n-2, Up_19=0, v =1,
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