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In 1945, V.E. Sneider proved that every Hausdorff compact space with a
Gs—diagonal is metrizable [12]. By using Sneider’s theorem, M. Katétov stated in
1948 that a Hausdorff compact space (X, T) is metrizable if and only if the space
(XxXxX,TxTxT) is hereditarily normal [4] and A. Mis¢enko proved in 1962 his
celebrated theorem that a Hausdorff compact space with a point—countable base
is metrizable [8].

Bitopological extensions of the theorems of Sneider and Katétov have been
obtained in [9] and [10]. We here obtain the following generalization of Mis¢enko’s
theorem: A pairwise Hausdorff pairwise countably compact bitopological space
(X,P,Q) is quasi—metrizable if and only if both P and @ have a point—counta-
ble base. Actually, we will prove a more general result in terms of point—coun-
table T;—separating open covers. (Further results about pairwise compact quasi—
metrizable spaces may be found in [6] and [7]).

Let us recall some definitions.

A quasi—metric on a set X is a non—negative real—valued function d on
XxX such that for all z,y,2€X, i) d(z,9)=0 < z=y; ii) d(z,y)< d(g,2)+
d(zy).

Each quasi—-metric d on X induces a T; topology T(d) on X which has
as a base the family {By(z,r) : € X, >0} where By(z,r)={yeX: d(z,y)<r}.

Note that if d is a quasi—metric on X, then the function d-!, defined by
d-Y(z,y)=d(y,z) for each z,y€X, is also a quasi—metric on X called conjugate
of d.

Bitopological spaces appear in a natural way when one considers the
topologies T(d) and T(d-!) naturally associated with a quasi—metric and its

) 1 The authors thank the support of the DGICYT grant PB89-0611.



BITOPOLOGICAL SPACES 159

conjugate. A bitopological space is [5] and ordered triple (X,P,Q) such that X is
a nonempty set and P and @ are topologies on X.

A bitopological space (X,P,Q) is called:

i) pairwise regular if for all z€ X, the @Q—closed P—neighborhoods of z
form a base for the P—neighborhoods of z and P—closed @-—neighborhoods of z
form a base for the @—neighborhoods of z [5].

ii) pairwise Hausdorff if for z#y there is a P—neigborhood of z and a
disjoint Q—neigborhood of y.

iii) quasi—metrizable if there is a quasi—metric d on X such that T(d)=
P and T(d1)=0Q.

In [2], P. Fletcher, H.B. Hoyle IIT and C.W. Patty introduced the notion of
a pairwise compact bitopological space and proved that every pairwise Hausdorff
pairwise compact space is pairwise regular. In the following we will make use of a
useful characterization of pairwise (countably) compact spaces due to M.K. Singal
and R. Singal [11] (see also [1]):

A bitopological space (X,P,Q) is pairwise (countably) compact if and only
if every proper P—closed subset is @—(countably) compact and every proper
@Q—closed subset is P—(countably) compact.

The letter IN will denote the set of positive integers. If P is a topology for a
set X and if A CX, we write clp A for the closure of 4 in (X,P).
We will also use the following auxiliary results:

LEMMA 1. ([9]) A pairwise countably compact space (X,P,Q) such that
each proper countably compact subspace of (X,P) has a Gg—diagonal is pairwise
compact.

LEMMA 2. ([9]) Let (X,P,Q) be a pairwise Hausdorff pairwise countably
compact space and let P be second countable. Then (X,P,Q) is quasi—metrizable
and Q is second countable.

Recall that a topological space (X, T) has countable pseudo—character if for
each z€ X, {z} =n{V,(z):neN} where each V,(z) is an open set.

LEMMA 3. Let (X,P,Q) be a pairwise Hausdorff pairwise countably
compact space such that (X,P) has a Gs—diagonal and (X,Q) has countable
pseudo—character. Then (X,P,Q) is quasi—metrizable.

Proof. By Lemma 1, (X,P,Q) is pairwise compact. Fix z€ X. Then {z} =
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N{Va(z) :n €N} where each V,(z) is Q—open. So X\{z}=U{X\ V,(z):neN}.
Take a point in X, y+z, and let {y}=n{V,(y):n€eN} where each V,(y) is
Q@—open. Then there is a k€N such that ze X\ Vi(y). Thus X=(X\ Vi(y))\
(U{X\ Vy(z): neN}). Now X\ Vi(y) is P-—compact since it is a proper
Q—closed subset of X. Similarly, each X\ V,(z) is P—compact. Therefore
(X,P) is o—compact and, consequently, it is a Lindel6f space. The
quasi—metrizability of (X,P,Q) follows from the fact [9, Theorem 3] that a
pairwise Hausdorff pairwise countably compact space (X,P,Q) is quasi—
metrizable if (X,P) is a Lindelof space with a Gs—diagonal. 1§

A cover € of a set X is called T;—separating if for each zeX, {z}=
n{Ce€:zeCe ¥} 3]

THEOREM. A pairwise Hausdorff pairwise countably compact space
(X,P,Q) 1is quasi—metrizable if and only if (X,P) has a point—countable
T, —separating open cover and (X,Q) has countable pseudo—character.

Proof. Sufficient condition: Let ¥ be a point—countable T;—separating
open cover for (X,P). For each P—countably compact subset F of X put

#NF={CnF: Ce %}.

Then #€NF is a point—countable T;-—separating open cover of the subspace
(F,P|F). Since a countably compact topological space has a Gs—diagonal if and
only if it has a point—countable T;—separating open cover (3, p. 475], (F,P|F)
has a Gg—diagonal. By Lemma 1, (X,P,Q) is pairwise compact.

Now fix z€X. Then {z} =n{V,(z):neN} where each V,(z) is @—open.
Since (X,P,Q) is pairwise regular, for each n €N there is a Q—open set W,(z)
such that ze Wy(z)Cclp Wy(z) C Vu(z). Thus {z} =n{clp W,(z) :n€N}. But
X\ W,(z) is P—countably compact, so that the subspace

(X\ Wy(2),P| X\ Wa(z))
has a Gg—diagonal as we have shown above. By Lemma 3, the subspace
(X\ Wa(2), P| X\ Wy(2),Q| X\ Wa(z))
is quasi—metrizable and by [9, Theorem 1], P|X\ W,(z) is second countable.
Then P|X\clp W,(z) is also second countable. Now take a point in X, y#z;

thus {y} =n{clp W,(y) : n€eN} where each W,(y) is @—open, so that there is a
k€N such that z€ X\ clp Wy(y). Since P|X\ clp Wi(y) is second countable, P is
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second countable. By Lemma 2, (X,P,Q) is quasi—metrizable.

Necessary condition: It follows immediately from the fact that if (X,P,Q) is
a pairwise Hausdorff pairwise countably compact quasi—metrizable space then
both P and Q are second countable [9, Theorem 1]. &

COROLLARY. A pairwise Hausdorff pairwise countably compact space
(X,P,Q) is quasi—metrizable if and only if both (X,P) and (X,Q) have a point—
countable base.

Proof. If both (X,P) and (X,Q) have a point—countable base, then (X,P)
has a point—countable T;—separating open cover and (X,Q) has countable
pseudo—character.

Note that if in the above corollary we put P= @ one obtains Mi§tenko’s
theorem.

REFERENCES

1. COOKE, I.LE. AND REILLY, L.L., On bitopological compactness, J. London Math.
Soc. 9 (1975), 518 -522.

2. FLETCHER, P., HOYLE III, H.B. AND PATTY, C.W., The comparison of
topologies, Duke Math. J. 36 (1969), 325-331.

GRUENHAGE, G., Generalized metric spaces, in “Handbook of Set—Theoretic
Topology”, K. Kunen and J.E. Vaughan Eds., North—Holland, Amsterdam, 1984,
423-501.

KATETOV, M., Complete normality of Cartesian products, Fund. Math. 36 (1948),
271-274.

KELLY, J.C., Bitopological spaces, Proc. London Math. Soc. 13 (1963), 71 -89.

MARIN, J., Estructuras no Simétricas: Biespacios, Casi—-Metrizacién y Grupos
Topoldgicos, Tesis, Univ. Politécnica de Valencia, 1993.

MARIN, J. AND ROMAGUERA, S., Pairwise monotonically normal spaces, Comm.
Math. Univ. Carolinae 32 (1991), 567 -579.

MISCENKO, A., Spaces with a point—countable base, Soviet Math. Dokl 3 (1962),
855 -858.

ROMAGUERA, S., GUTIERREZ, A. AND KUNZI, H.P., Quasi-metrization of
pairwise countably compact spaces, Glanik Mat. 23 (1988), 159 ~167.

10. ROMAGUERA, S. AND SALBANY, S., Quasi-metrization and hereditary normality

of compact bitopological spaces, Comm. Math. Univ. Carolinae 31 (1990), 113-122.

11. SINGAL, M.K. AND SINGAL, R., Some more separation axioms in bitopological

spaces, Ann. Soc. Sci. Bruzelles 84 (1970), 207 -230.
12. NEIDER, V.E., Continuous images of Souslin and Borel sets; metrization theorems,
Dokl. Acad. Nauk. USSR 50 (1945), 77-179.

e

© L N oot



