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*1. INTRODUCTION

Let X be a complex Banach space and let 7 € L(X) be a continuous
linear operator on X. If T has the Single Valued Extension Property (see the
definition in Section 2), then for every = € X there exists a unique maximal
analytic X-valued function Zr, the local resolvent function of T at x, defined
on an open set p(z,T), which satisfies (A — T)Z7(\) = z, everywhere. The set
o(z,T) := C\ p(z,T) is a compact subset of the spectrum of T called the local
spectrum of T at x.

The problem that we are concerned with in this paper is the characteri-
zation of the poles of the local resolvent Zr. It is well-known [6], [9] that a
complex number « is a pole of the resolvent (A — T')~! of T if and only if
X = N(a—T)*® R(a — T)* for some positive integer k, where N(a — T)*
and R(a — T)* are the kernel and the range of (o — T)*, respectively. In this
case we have N(a — T)*! = N(a — T)* and R(a — T)**' = R(a — T)*, for
every [; i.e., a — T is a finite-chain operator.

We show that « is a pole of Z if and only if there exists a unique decom-
position £ = y + z, with y # 0, y € N(a — T)* and Z; analytic at . We
observe that Z7 analytic at o implies that 2 € R(a — T)* for every k, but the
existence of the decomposition z = y + z, with y # 0 and y € N(a — T)*
and z € R(a — T)* for some k is not sufficient to imply that Z; has a pole
at «, as it is shown by Example 1. As an application, we describe a class of
operators, that includes the totally paranormal operators [7], for which the
poles of the local resolvent function are always of order one. Finally we in-
troduce the locally finite-chain operators at © € X as those operators T' such
that o(T" 'z, T) # o(T"z,T) for some positive integer n or 0 ¢ o(z,T), and
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show that T is finite-chain if and only if is locally finite-chain at every z € X.

2. PRELIMINARIES

Given an operator T' € L(X), a complex number A belongs to the resolvent
set p(T) of T if there exists (A — T)~! =: R(\,T) € L(X). We denote by
o(T) := C\ p(T') the spectrum of T. The resolvent map R(.,T) : p(T) — L(X)
is analytic.

Moreover, given z € X, we say that a complex number A belongs to the
local resolvent set of T' at x, denoted p(z, T'), if there exists an analytic function
w: U — X, defined on a neigbourhood U of A, which satisfies

(1) (b —Tw(p) ==,

for every u € U. The local spectrum set of T at z is o(z,T) := C\ p(z,T).
Since w is not necessarily unique, a complementary property is needed to
prevent ambiguity.

An operator T € L(X) satisfies the Single Valued Extension Property (here-
after referred to as SVEP) if for every analytic function h : U — X defined
on an open U, the condition (A —T')h(A) = 0 implies h = 0.

If T satisfies the SVEP, then for every z € X there exists a unique analytic
function Zr defined on p(z,T') satisfying (1), which is called the local resolvent
function of T at x.

If T € L(X) satisfies the SVEP, then it has two basic properties:

2) o(z,T) =@ <=z =0

(3) o(z+y,T) Co(z, T)Uo(y,T).

See [3], [4] and [5] for further details.
M. Radjabalipour [8, Theorem 2.3] shows the following theorem about the
Local Riesz Decomposition.

THEOREM 1. Suppose T € L(X) has the SVEP and let F and F;, be two
disjoint compact sets. If © € X satisfies o(z,T) C Fy U F,, then there exists a
unique decomposition T = x; + 5 so that o(z;,T) C F; (i = 1,2).

The following corollary is immediate considering the above theorem and
the property (3).
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COROLLARY 1. Assume that T € L(X) has the SVEP and let z € X. If
o(z,T) = 01 U0y, where o, and o, are disjoint closed sets, then there exists a
unique decomposition ¥ = 1 + z,, where 0; = o(z;,T), (j = 1,2).

3. POLES OF THE LoCAL RESOLVENT

For T € L(X), the poles of the resolvent operator R(X,T") have been
characterized as follows [9, Theorem V.10.1]:

a is a pole of R(\,T) <= there exists a positive integer k so that
X=N(a-T)"®R(a-T)".
We will try to obtain a similar result for the local resolvent function Zr.
Taking into account [4, Proposition 1.5] and [2, Remark 1.5] we have
o((a —=T)z,T) Co(z,T) Co((a — Tz, T) U{a}

and from this fact we can easily derive the following chain of inclusions for the
local spectra

4  o@T)20((e-T)a,T) 2 2oll@=T)"z,T) 2 ...

where « is the only point which may make these subsets different. Hence there
is at most an inclusion in (4) which is not an equality.

We recall a characterization of the poles of the local resolvent function
obtained in [1, Theorem 1).

PROPOSITION 1. Assume that T € L(X) has the SVEP and let z € X.
Then o((ae — T)"z,T) # o(z,T) if and only if « is a pole of Zr of order < n.

From this result we obtain the following consequences which we will need
later.

COROLLARY 2. Suppose T' € L(X) has the SVEP and let ¢ € X. Then
the following assertions hold:

(i) If Zr has a pole of order n in «, then a € 0,(T'), the point spectrum of
T.

(ii) The local resolvent function Zr has a pole of order n at o if and only if
a€o((la—T)"'z,T)\ o((a —T)",T).

(iii) If X € p(z,T) and y = Z7(X), then Zr has a pole of order n at o if and
only if so has yr.
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Using Corollary 1 and 2 we obtain our first characterization of the poles
of the local resolvent.

THEOREM 2. Assume that T' € L(X) has the SVEP and let x € X. Then
the following assertions are equivalent:

(i) « is a pole of Zr of order n.

(ii) There exists a unique decomposition t = y + z such that y € N(a —
T)"\ N(a—T)"', and 0(2,T) = o(z,T) \ {a}.

COROLLARY 3. Suppose T € L(X) has the SVEP and satisfies X =
R(T™) & N(T™). Given z € X we have that 0 € p(z,T) if and only if
z € R(T™).

We observe that the condition & ¢ o(2,T) in the previous theorem implies
z € R(a—T)* for every k. However, T =y + 2, where y € N(a—T)*\ N(a —
T)*! and z € R(a —T)*, does not imply that « is a pole of Zr of order k, as
shown in the following example.

EXAMPLE 1. Let T be the operator on the Hilbert space £5(N) defined by
T(e;) = 0 and T(ent1) = enya/(n +1). It is clear that o(T) = {0}, hence T
satisfies the SVEP. Taking z := e; + e3 # 0, we have o(T"z,T) = {0} because
T"z # 0 for every n. Hence 0 is an essential singularity of Zr by Corollary 2.
However z has a unique descomposition z = y + z = e; + ez, where y € N(T')
and z € R(T).

Notice that Theorem 2 implies that, if « is a pole of Z7 of order n for some
z € X, then the operator a — T is not a finite chain operator of order n — 1.

Some interesting applications of Theorem 2 are obtained by considering
special classes of operators.

In [3], Dollinger and Oberai proved that if z € N(a — T), then o(z,T) =
{a}. The converse implication is false in general; for example, if T is an
injective quasinilpotent operator.

COROLLARY 4. SupposeT € L(X) has the SVEP and satisfies N(a—T) =
{z€e X :0(z,T) C{a}}. Ifz € X\ {0} and « is a pole of Ty of order n, then
n=1.

Recall that an operator T is said to be totally paranormal if ||(A —T)z||* <
I(A = T)2z||||z|| for all z € X and for every A € C.



THE POLES OF THE LOCAL RESOLVENT 187

Totally paranormal operators satisfy the hypothesis of Corollary 4 [7,
Corollary 4.8]. Hence the poles of their local resolvent function are of or-
der < 1. In particular this is true for hyponormal and normal operators on a
Hilbert space.

Recall that M is a p-space of T if M is an invariant subspace of T' and we
have o(z,T) = o(z, T|M) for every z € M.

PROPOSITION 2. Assume T € L(X) has the SVEP and there exists a
positive integer k such that X = N(a—T)* ® M, where M is a p-space of T
If x € X and « is a pole of Zr of order n, then n < k.

Now we give another characterization of the poles of the local resolvent
function, similar to the following well-known characterization of the points of

the local resolvent given in [5, Theorem 2.2].
Let T'€ L(X), z € X \ {0} and o € C. Then a € p(z,T) if and only if
there exists a number R > 0 and a sequence (z),., C X so that

() (o~ T)ao =z
(ii) (¢ =T)zy = zp_1; for k> 1,
(iii) ||zl < RE, for k > 0.

THEOREM 3. Assume T € L(X) has the SVEP and let x € X. Then
a € C is a pole of Zr of order n > 0 if and only if there exists a number R > 0
and a sequence (zx),.._, C X so that

(i) (a=T)zo=2z_1 — 2.
(ii) (@ = T)xy = zg—1, for k> —n and k #0; (a —T)z_, =0 and z_,, # 0.
(iii) ||zx|l < R, for k > 0.

Note that this result is also true when 7' does not satisfy the SVEP.

4. LocCALLY FINITE-CHAIN OPERATORS

We consider the following integer indexes associated to T' € L(X): the
ascent of T', denoted by p(T'), is the smallest non-negative integer p such that
N(T?) = N(T?*'), or p(T) = oo if no such integer exists; and the descent of
T, denoted by ¢(T'), is the smallest non-negative integer g such that R(T?) =
R(T*1), or q(T') = oo if no such integer exists. Recall that T' € L(X) is called
a finite-chain operator if p(T) < oo and ¢(T) < oo, hence p(T') = q(T) (see

[6])-
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In [9, Theorems V.10.1 & V.10.2] it is proved that « is a pole of the
resolvent operator if and only if o —T is a finite-chain operator and « € ¢,(T),
the point spectrum of T'. Note that Corollary 2 is similar to this result, using
the following definition.

DEFINITION 1. Let T € L(X) and z € X. We say that T is locally
finite-chain at z if there exists a positive integer n such that o(T™ 'z, T) #
o(T"z,T), or 0 ¢ o(z,T).

Observe that T is locally finite-chain at z if and only if there exists a
nonnegative integer so that 0 ¢ o(T"z,T).

In Theorem 4, we show the relation between finite-chain operators and
locally finite-chain operators.

THEOREM 4. Assume T # 0 has the SVEP. Then T is a finite-chain oper-
ator if and only if T' is a locally finite-chain operator at x, for every z € X.

COROLLARY 5. Suppose T' € L(X) has the SVEP and « is a pole of Zr
for every x € X. Then the order of the pole is always less or equal than a
fixed integer n.
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