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Given a smooth, positive definite symmetric two-tensor C defined on a
connected and simply connected plane material body, a set of explicit formu-
lae are given for the displacement field that makes C the right Cauchy-Green
strain tensor of a regular configuration, provided C satisfies a necessary com-
patibility condition.

1. INTRODUCTION

Lets call body, or material body (see [1]) a -possibly unbounded- region
B C R™ with the topology induced from the Euclidean one of the ambient
space. Such B is sometimes referred to as reference configuration, and its
points are called material points. In order to get the current configuration,
points of B are mapped via a point-function, ¢, called deformation

p:B— R P+ o(P)=p
or, equivalently, by a displacement vector field
u: B— R, u(P)=¢(P)—P.

The vector u(P) represents the displacement of point P ; the tensor function
F = Vo (i.e. tangent of ) is called deformation gradient, and if det (F) > 0,
@ is called a regular configuration. In terms of F the so called right and left
Cauchy-Green strain tensors C and B are respectively defined by (see [1]):

C=FTF B = FFT

and, as
F=1+ Vu,
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equivalently by .

C=1I+Vu+Vu’+Vu'vu
B=1I+Vu+ Vu! + Vuvu?’

Obviously, C and B are symmetric tensors and also positive definite if det (F)
> 0. It is easy to show (see [2]) that the Riemann-Christoffel curvature ten-
sor, K, obtained by using the right Cauchy-Green strain tensor of a regular
configuration, C, as a metric tensor, satisfies

K=0 *)

Once coordinates on R™ are selected, equations (*) are sometimes called com-
patibility conditions as they restrict the motion ¢ of a body in terms of its
deformation gradient. There is a related question of some interest (see [2]);
this is, given a tensor C that is symmetric and positive definite, when is C
the right Cauchy-Green strain tensor of a regular configuration?.In case that
only a local answer is seeked, the previous question has a positive answer (see
[2]), provided condition (*) is satisfied. It is not known to this author whether
a global answer to the above question is available in the literature.! In this
paper we present an explicit answer to the global question under the restric-
tive dimensional assumption n=2; this solution is amenable to be implemented
numerically.

2. STATEMENT OF RESULTS

We will assume all along that an orthogonal set of coordinates (X,Y) is
defined on R?, in such a way that

(7 ¢)

and the functions F, F, G are smooth enough so that the algebraic manipu-
lations are valid. In terms of u = (u,v) : B — R?, the defining equation for

"When this paper was already in press, the author received notice of the work by R.
T. Shield: STAM J.Applied.Math. Vol 25, 3, Nov. 1973, where similar but not as explicit
results to the ones in this paper are provided. The author wishes to thank Prof. G. P. Parry
for providing him with that reference.
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tensor C is equivalent to the first order coupled system

2 2
E=1+2—aﬂ+(@> +(a”)

0X ' \ox X
F_§E+§E+%Q’i+_alﬁ’i (1)
T 9y 89X  8XaY  8X Y
ov du\?2 v\ 2
G_1+2_8?+(3—Y) +(6_Y)

Furthermore, we observe that in case n=2, condition (*) is reduced to vanishing
of the Gauss curvature of C (see [3]), Kc,
Ko— 1|9 (_F_QE _ l%)
©T2H|0X \EH3Y HOX
LD (206 _1op R oE)
oY \HoX HJY EHOJIX

where H = VEG — F2.

In this paper we show:

THEOREM. Let B C R? be an open connected and simply connected body,
and E, F,G: B — R?, E >0, EG — F? > 0 smooth functions satisfying the
compatibility condition K¢ = 0 (2). Then there exists a displacement field
u = (u,v) : B— R? solution of (1), explicitly obtained by quadratures.

The solution of (1) is obtained in the following way:

Let Py, P € B, Py = (X,,Ys) be fixed, P = (X,Y) arbitrary and "yf;o I =
[0,1] — B any smooth oriented path joining F, to P; then, the displacement
of P in terms of the displacement of P, is obtained in two steps:

Step 1. Define p (up to an additive constant depending on P,) by the line
integral: '

1 OF F OFE 1 O0F
IU‘(P) —N(PO)'f"/ygo (Ea_X_ —2EHﬁ - ﬁa—y> dX

N A P ©)
25, \ZHOX ~ 2EH 0Y

Step 2. Define u = (u,v) with components respectively given by the line
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integrals:

u(P) = u(FR) / VE cos i — 1) dX
Tk

=)
—_
=
~

F
E

T
[/ ( Esin )
—\/—Ecosu%—%sinu—l)dY

Remark. The well-definiteness of integrals (3), (4), (5) is consecuence of
the compatibility condition.

sm ,u) ay

N
[
o(P) = v(By) +
(5)

(

Proof. By direct substitution. §
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