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INTRODUCTION

In [7] L. Smith defines and studies the Todd character th, which is the
composition of the Chern character and the classifying map of K-theory as a
complex oriented cohomology theory, th : MU — K — H(7.(K) ® Q) where
7. (K) = Z[u,u™']. For any CW-complex X, we have:

[n/2]
th: MUL(X) — > Hy (X, Q)[u]

k=0

defined for any z € H*(X,Q) and a = [M, f] € MU,(X), by
< z,th(a) >=< f*(z)Td(M), [M] >,

[M] being the fundamental homology class of M and <, > the Kronecker prod-
uct. L. Smith proved the following integrality theorem (see [7], Theorem 2.1):
Let X be a CW-complex and oo € MU,, (X), then p,,_ths () is integral (i.e.
it belongs to Im{Hy(X,Z) — Ha(X,Q)}), where p; = [[rmes P/ 1. (A
similar result holds for odd-dimensional classes). If we consider elliptic coho-
mology, instead of K-theory, we can define the elliptic Chern-Dold character,
what we will call Elliptic Character,

e: MU (X) = H,(X,n,(Ell) ® Q)

where the ring 7, (Ell) = Z[3][, ¢, (6% — €)7'], is 4Z-graded.

In this paper we define elliptic polynomials associated to elliptic genus (as
Todd polynomials are to Todd genus), and define the elliptic character. Then
we derive an integrality result of this character analogously of that of Todd
character.
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THEOREM 0.1. Let X a CW-complex and o € MU, (X),
6(0[) = Z en—4k(a) S Z Hn—4k(X7 7T4k(€ll) ®Q)

0<4k<n 0<4k<n
Then pore, 4 () is integral, i.e, it belongs to

Im {Hn_“,(X; 71'4;;(5”)) — Hn_4k(X, 7T4k((€ll) ® Q)}

THEOREM 0.2. Let X a CW-complex and o € MU, (X). Then for an odd
prime p, p?*/P=Ye, _,, () is p-integral, i.e., it belongs to

Im {Hn—4k(X; T4k (5”) ® Z(p)) — Hn—4k:(X7 T4k (gll) ® Q)}

We end this introduction by noting some remarks:

Remarks. a) In the same way L. Smith establishes a connection between
Todd character and Landweber-Novikov operations (cf. [8]), we give a similar
expression of elliptic character. We described this in “Caractere elliptique et
opérations cohomologiques” (to appear).

b) Actually, the integrality results of the Todd character and elliptic charac-
ter can be derived from the integrality results for Todd polynomials T'd,, (cy, . .. ,

¢n), and elliptic polynomials E,(pi,...,p,) respectively, which are special
cases of more general situation concerning universal polynomials U, (ci, . .. ,¢,)
(ct. [5])-

We wish to thank the referee for critical reading of an earlier version of this
manuscript and for several suggestions that have improved the exposition.

1. ELLIPTIC COHOMOLOGY AND ELLIPTIC GENUS

By elliptic genus is meant a ring homomorphism ® : MU, — A, from the
complex bordism group MU, to a Q-algebra A, given by its logarithm g(X)
which is a formal power series defined by a first kind elliptic integral:

x)=[ —2 1)
NE= o Vi 2ot + et
where §,e € A. Making use of the binomical expansion of (1) one easily see

that all coefficients lie in Z[1/2][d, €]. Another expression of g(X) is given by
means of the Legendre polynomials (see [6]),

o) = 32 POLVEWE o )

n=0
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According to [6], if 6 and € are algebraically independent, the Landweber
functor exact theorem holds. We then obtain a new cohomology theory
after localization either by v = £,6> —e or v = A = g(6% — ¢)2. We
shall adopt the same notation for these three cohomology theories, namely
El*(X) = MU*(X) ®umu- Z[1/2][6,,77"]. These are complex oriented coho-
mology theories, their formal group law being the Euler’s one,

XV1—-20Y24+eYP+YV1—25X2 +eX!

Fp(X,Y) = 1 —eX?Y?

Remark 1.1. The coefficients group Z[1/2][d,e,7~!] has necessarily the
graduation given by |0] = 4, |e| = 8. It follows that Z[1/2][4,e,7~ ] has 4Z-
graduation. In fact if A is a graded Q-algebra and g(X) = X+, m; X+ €
A[[X]], then a necessary condition for g(X) to be the logarithm of a formal
group law F(X,Y) = X +Y + ¥, 5, a;; X'Y7 (with |a;| = —2(i + 7 — 1)),
associated to a complex oriented cohomology theory is: |m;| = —2i. Indeed,
from F(X,Y) = g7 (9(X) +g(Y)) we get,

1

g'(X) = 9. F (0, X)

or
L+ G+ D)mX =1+ auX)™
=1 =1
For k = 1, we have 3, ;_; a1;(1 + j)m; = 0, then |m;| = |a;x| = —2k. For
the elliptic cohomology, we have

g9(X) = Z %x%ﬂ — kaxk+1.

n>0 £>0

Then maopq = 0, my, = W and d°(P,(0/\/€)VE") = 4n.

If k =1, then P,(6/\/€)y/e =6 and || =4
If k = 2, then P,(6/y/€)e = (36 —¢) and |e] = 8.

The following proposition determines the coefficient group of the elliptic
cohomology.

PROPOSITION 1.2. Ify = §?—¢ and A = Z[1/2][,e,77], then the graded
Z[1/2]-algebra A is completely determined by vy, 6§ and Ay = Z[1/2][6?/~]. For
k € Z, we have Ag, = v* Ay, and Agyq = Y¥6Ay = y* Ay,
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Proof. As A is obtained after localizing the 4Z-graded ring Z[1/2][, €]
by the eight dimensional element -, it is completely determined by A, =
lim, y~*Z[1/2][6,¢,]sr and Ay = lim, vy~ *Z[1/2][4,¢,]srs4- The compo-
— -

nents Z[1/2][6, ]sy, and Z[1/2][4, €]sx+4 are free Z[1/2]-modules with basis By =
{02k, 6% =2¢ ... 8%+ ek} and By = {6%F1, 6% e, ..., 8341 §e*} respec-
tively. Let My, = (a;;) be the triangular matrix of order k£ + 1 defined by,

a; = (-0 = (—1)"‘1(7—%})3!’1‘)‘!, i<

We get the basis
Mj41 By = {07,872, 8% 742, ..., 629% 71 44}

and
Mk+lB4 = {62k+17 5%—1’)’, ] 637k_17 67k}

Then v=*Z[1/2][6,€lsx and y~*¥Z[1/2][6, €]sr+4 becomes free Z[1/2]-modules
with basis

{88 /%, 0272 470, 6% [y, 1} and {84 /oF, 6771 4R, 6%, 6}
respectively. Therefore Ay = Z[1/2](6%/v] and A4 = 64,. 1

Remark 1.3. We get a similar result if we localise by 7 = ¢ instead of
v = 6% —e. The algebra Z[1/2][6,e,e7!] is determined by Z[1/2][6?/¢] and
eZ[1/2][62/¢].

2. ELLIPTIC POLYNOMIALS

According to [9], the characteristic power series of the universal elliptic
genus is,

PX)=1-) 2 X%
= 222 (2k - 1)!
where G}, k € N, are modular functions for the subgroup I'g(2) of the modular

group SL,(Z), consisting of all matrix ( 2ac 3

3:(T) = Gar (1) — 22572G 4 (27)
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with Gop(7) = X, mez (n—r+1m—)2k' is the k*" Eiseinstein series, 7 € H = {z €
C/Im z > 0}, (see [9]).

Let us denote P(X?2) = P(X). The following definition is similar to that
of [4].

DEFINITION 2.1. The elliptic polynomial E,(p1, ... ,pn) is the coefficient
of X" in the product [],<;<, P(u:iX), where p; = o(p1,... , 1) denotes the
th elementary symmetric function of pq,... , fin.

Before giving the expression of E, (p1, ... ,p.), we shall adopt the following
notations:

For each integer n, P(n) is the set of all partitions w = (4;,... ,1) of n.
For each w of P(n) we denote by |w| the cardinal of w.

For t € {1,...,n}, r(t) is the number of elements of w identical to t. We
have,

k

;tr(t :Z

Let d(w) = [li<t<,7(?)!, p* the symmetrical expression S pit.. . pk, and
H, = H;, ...H; , with H, = =g

22F=2(2k—1)17

ProPOSITION 2.2. We have :

(pl'; . 7pn) - Z( ]- weg(n) d

k=1 |W|k

Proof. It suffices to apply the definition 2.1 I

Remark 2.3. If S, = 0=} ut, then S, = ], S; where w = (4,,... ,i) €
P(n). Making use of the Newton formula connecting S; and the elementary
symmetrical polynomials o;, we get the formula,

=
€
I
R
I
T
™M
kol

(D=1 X SiwSa-s

t=2 16]=t

This formula enables us to get the small polynomials of the sequence (E,),
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Ei(p1) = —Hip:.

Ey(p1,p2) = (HY + 2Hz)p; — Hapi.

Es3(p1,p2,p3) = —Hap} + (HHy + 3H3)pip, — (H} + 3H1H, + Hs)ps.
Or alternatively:

Ey(p1) = —G3p1.

By (p1,p2) = =539} + ((G3) + )ps

Es(p1,p2,p3) = —eip? + (85 4 298yp p, — ((G3)° + 2% 4 S p,,
24 5! 312 5 8 5

PROPOSITION 2.4. We have,
0 = —3G;
e=1G3+ 3G
y=0"—e=2G; - 3G}
Z[1/2)[6,e,v~] = Z[1/6][G3, G5,y ']

Proof. The elliptic genus is characterised by its logarithm g given by (2).
If P(X) denotes its characteristic power series, we have P(X) = g_lL(X). g9(X)
having the form 3,5, ap X, then: P(X) = 1+ a; X* + (a4 — 2a5) X" + ...
Since a; = Pl_(a%\/g)\/z = —G, we obtain § = —3G5. Similarly, as
aq — 2a% = —3%‘;2— = B0 \5/;)‘/52 — 2Pi(6/V/€)% = {5(36%> — ) — 26%, we have
e=7(G3)?*+3Gi. 1

The elliptic polynomials E,(pi,... ,p,) are homogenous polynomials in
P1,--. ,Pn of weight n (each p; having weight i), with coefficients in Q[J, €].
For exemple:

E1(P1) = gpl.
Ey(pi,p2) = (gpt — %P2)0° + (p2 — 5p7)§
Es(p1,p2,p3) = [% + 12‘%(1"? — 3p1p2 — 3ps) + %(le + 3p3)]6°

_[;%(Plpz + 3ps) + %(1’? — 3p1p2 — 3ps)]de.
According to [5], if pan = [T5< canys @271, we have,

PROPOSITION 2.5. The polynomial ps, E,(py,- .. ,pn) is homogeneous in
P1, ..., Pn Of degree n, its coefficients are homogeneous polynomials in §, e, with
coefficients in Z[1/2].
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3. ELLIPTIC CHARACTER

DEFINITION 3.1. Let M be a differentiable manifold. The n*® elliptic class
of M is E,(p,(M),... ,p,(M)) where p;(M) is the i** Pontrjagin class of M.
EM)=%,E.(p.(M),...,p,(M)) is the total elliptic class of M.

Let us denote A = Q[d,e,7~"]. We define the elliptic character by the
homology transformation :

e: MU, (X) — H (X, A) = Z H,_4i(X, As)
0<di<n

where X is a CW-complex. To give an explicit expression for e, we recall that
- an homological class ¢ € H,(X,Q) is uniquely determined by the mapping
<,>: H*(X,Q) — Q, given by the Kronecker product. Suppose that a =
[M, fl € MU,(X), then e(c) is determined by the formula,

< z,e(a) >=< f*(z)E(M),[M] > (3)

where z is an arbitrary element of H*(X, A), E(M) is the total elliptic class
of M (Definition 3.1) and [M] is the fundamental homology class of M. For
X a point, e : MU, — A can be identified with the elliptic genus.

If a =[M,f] € MU,(X) is an homogenous element, the elliptic character
has e,_4;(a)(€ H,_4i(X, A4;)) for components and since by (3) e, (a) = 0 for

m > n, we have,
e(a) = Z en—si(a).
0<4i<n

Furthermore e,(a) = pu(a) where p is the classical Thom homomorphism (cf.
[2]). From proposition 2.5 we can state,

THEOREM 3.2. Let X a CW-complex and a € MU, (X),
e(a) = Z en-ak(a), € Z Hy 41 (X, 70k (E1) @ Q)

0<4k<n 0<4k<n
Then pare,_ax () is integral, i.e, it belongs to
Tm { Hyy g (X w4 (E11)) = Hpo s (X, mar (EU) ® Q)}.
Proof. Let ¢ € H,_4,(X, Ag). We have,

< T, pioken—ar(@) > = < popf(z)Ey(M),[M] >
= < f*(ili)/,l,zkEk(M), [M] > € 7r4k(Sll).
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Remark 3.3. Let p be a prime, and denote by Z, the ring of integers
localized at p. According to [7], we say that an homological class z € H, (X, Q)
is p-integral if it belongs to Im {H,(X,Z,)) — H.(X,Q)}.

We can now give a p-integrality theorem for the elliptic character as follows,

THEOREM 3.4. Let X a CW-complex and a € MU, (X).
Then for an odd prime p , p?*/P~le, 4 (a) is p-integral (i.e it belongs to
Im {Hn_4k(X; T4k (gll) ® Z(p)) — Hn_4k(X, 7T4k(£ll) ® Q)}

Proof. The proof is immediate from theorem 3.2. |

4. CONCLUSION

There are some naive questions arising from the reading of [3]:
a) Can we associate some topological invariant to elliptic character,in the same
way that Adams-Toda e, invariant is associated to Todd character?
b) What are the spin-off of the elliptic character on hom.dim iy, (MU, (X))?
This will be the subject of a next paper.
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