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The purpose of this note is to announce, without proofs, some results
concerning vector valued multilinear operators on a product of C(K) spaces.

First we will clear our notation: if K is a compact Hausdorff space, C(K)
will be the space of scalar valued continuous functions on K, ¥ will denote the
o-algebra of the Borel sets of K, and B(X) will be the space of ¥- measurable
functions on K that are limit of simple functions. If X is a Banach space, X*
denotes its dual. We shall use the symbol .14 to mean that the i-th coordinate
is not involved. For definitions and notations concerning polymeasures see [2]
or [1].

As it is well known, the Riesz’s representation theorem gives a representa-
tion of the operators on C(K) as integrals with respect to Radon measures,
and this has been very fruitfully used in the study of the properties of the
C(K) spaces and the operators defined on them. In a series of papers (see
specially [2], [3]), Dobrakov developed a theory of polymeasures , functions
defined on a product of o-algebras which are separately measures, that can be
used to obtain a Riesz-style representation theorem for multilinear operators
defined on a product of C(K) spaces. Our aim is to exploit both represen-
tation theories to study multilinear operators on C(K) spaces. In this note
we present some of our first results in this direction. First we will need an
extension theorem which can be found in [1].

THEOREM 1. Let K,... , K; be compact Hausdorff spaces, let X be a Ba-
nach space and let T € L*(C(K,),... ,C(K}); X) be ak linear X -valued oper-
ator on C(K;)x---xC(K}). There is a uniqueT € L*(B(%,),... ,B(Z:), X**)
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that extends T' and is w* — w* separately continuous (the w*-topology that we
consider in B(3;) is the one induced by the w*-topology of C(K;)** ). Besides,
we have 3

LAIT| = [IT].

2. For every (gi,.1.,g;) € B(X;x .. xB(X;) there is a unique X**-
valued bounded w*-Radon measure Vo fil g, O K; (i.e., a X**-valued finitely
additive bounded vector measure on the Borel subsets of K;, such that for
every z* € X*, x* o Yo il gn is a Radon measure on K},), verifying

g:idy, =T(gl)--~agi—lagi,gi+1a--~)gk)a Vg: € B(%;).
91,559k

3. T is and w* — w* sequentially continuous.

A multilinear operator T € L*(Ei,... ,Ey; X) is said to be completely
continuous if, given for every i = 1...k a weakly Cauchy sequence (z}),en C
E;, T(z?,... ,z}) is norm convergent. These operators are studied, among
other places, in [5], [6] and [7].

Our first statement is a crucial lemma for the proof of the main results.
Its proof is easy.

LEMMA 2. With the notations of theorem 1, if T' is completely continuous
and for 1 < j < k, j # 4, (f}') C C(K;) are weakly Cauchy sequences, then
the measures (v e f:)neN, defined as in theorem 1, are uniformly countably
additive.

The next result is also be needed.

LEMMA 3. ([1], Corollary 4) With the notations of theorem 1, if T is X-
valued then T is w* — || - || sequentially continuous.

Using lemmas 2 and 3 and a modification of an idea in [4], we obtain the
following result, which is the main one in this note.

THEOREM 4. Let K,,...,K; be compact Hausdorff spaces, let X be a
Banach space and let T € L*(C(K,),... ,C(K:); X). Let T be the extension
of T given by theorem 1. Then T is completely continuous if and only if T is
X-valued.

The next result is obtained as a direct application of lema 2 and theorem 4.
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PRrROPOSITION 5. With the notations of theorem 1, T is completely con-
tinuous if and only if T is also completely continuous.

The proof of the previous proposition proves also our last result, which is
a strengthening of theorem 1.

PROPOSITION 6. With the notations of theorem 1, if T' is completely con-
tinuous and for 1 < j < k, j # 1, (9}) C B(Z;) is a weakly Cauchy sequence,
then the measures ('yg?’m,g:)neN defined as in 2, theorem 1, are uniformly
countably additive.

It is worth looking at these results from the point of view of polymeasures.
For the definition of polymeasure, countably additive polymeasure, semivari-
ation of a polymeasure, integral respect to a polymeasure, etc. see [2], [8] or
[1]. We will denote the semivariation of a polymeasure v by ||v]|.

Following is the main representation theorem for multilinear operators to
which we refered at the begining of this note. It can be found in [1], theorem 9.

THEOREM 7. Let Ki,...,K; be compact Hausdorff spaces, let X be a
Banach space and let T € L*(C(K,),... ,C(K}); X). Let T be the extension
of T given by theorem 1. If we define v : B(X;) x --- x B(%;) — X** as

7(A1" v aAk) = T(XA17“ 'XAk)’

then v is a polymeasure of bounded semivariation that verifies

(a) 1T = {IvIl-

(®) T(f1s--- s fu) = [(fry-.. s fa)dy (fi € C(K))

(c) For every z* € X*, x* o 7y is a separately regular polymeasure and the
map z* — z* o -y Is continuous for the topologies o(X*,X) and
o((C(K1)® - ®C(Ky))*, C(K1)& - - ®C(Ku)).

Conversely, if v : B(%;) x --- x B(Z;) — X** is a polymeasure which
verifies (c), then it has finite semivariation and formula (b) defines a k-linear
continuous operator from C(K,) x --- x C(K},) into F for which (a) holds.

Therefore the correspondence T <> -y is an isometric isomorphism.

It is known that T is X-valued if and only if its representing polymeasure
< is countably additive; this fact can be found in [8] theorem 2.16 or in [3]
theorem 6 (in the last reference it is covered only the case when + is defined on
the product of Baire sets of K;, and T is defined on the product of spaces of
Baire-measurable functions on K; which can be written as the uniform limit
of Baire-simple functions).
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According to the aforementioned result, theorem 4 can be reformulated in
the following way:

THEOREM 8. Let K;,...,K; be compact Hausdorff spaces, let X be a
Banach space and let T € L¥(C(K,),...,C(Ki); X). Let v be the polymea-
sure associated to T by theorem 7. Then T is completely continuous if and
only if v is countably additive.
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