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Let us start by considering (7, G,d) a crossed module. We denote by
Der(G,T) the set of all derivations from G to T. Each derivation d defines
endomorphisms 94 and ©4 of G and T respectively, given by

da(9) = 0(d(g))g, ©a(t) =d(0(1))t, geG, teT.
If di, do € Der(G,T) then the formula d; - dy = d with

d(g) = di(94,(9)) d2(g) = 04, (da2(g))d1(9)

defines on Der(G,T) a monoid structure. The group of Whitehead D(G,T) is
defined as the group of units of Der(G,T), [5].

If (M, P, ) is also a crossed module, an action of (M, P, i) on (T, G, 0) is
a morphism of crossed modules (o, 3) from (M, P, u) to Act(T, G, 9), [5].

Let (f1,f2): (T,G,0) — (T',G',a') be a morphism of crossed modules.
The crossed module Ker(f1, f2) = (Ker f1,Ker fa, 0 ker f,) is the kernel and
the crossed module Im(f1, f2) = (f1(T), f2(G), 8|’f1 (T)) is the image of (f1, f2).
If, moreover, there are actions, (a, 8) and (¢, '), of (M, P,u) on (T,G,0)
and (T",G', ') respectively, then we say that (fi, f2) : (T, G,9), (o, B)) —
((T",G",9'), (c, B")) preserves the action of (M, P, ) if it satisfies:
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forallp e P,t €T and m € M. The set of these morphisms will be denoted
by Hom(M,P,,u) ((Ta Ga 8)1 (Tla G’a a’)) .
A sequence of morphisms of crossed modules of the form

(f17f2) (f{:fé)

(T” GI’ a’) (T7 G7 8)
is exact if Im(f1, f2) = Ker(f1, f3), [5], [4].

DEFINITION 1. A derivation from (M, P, u) to ((T,G, ), («,3)) is a pair
of groups derivations (d;,dy) that make the diagram

(T”, GII’ 8”)

Mt

P
dll ldg
T—8>G

commutative and d; (Pm) = %@ (Pdi(m)) (a (Pm) (dg(p)))fl, for all p € P,
m € M.

Let Der ((M, P,p),(T,G,B),(a,ﬁ)) be the set of all derivations from
(M, P, ) to (T,G,0). This set may be given an obvious abelian group struc-
ture when (7,G,0) is an (M, P, u)-module, that is if (T,G,0) is abelian
(Z(T,G,0) = (T,G,0), [5]) and (M, P, 1) acts over it.

EXAMPLE. If A is a G-module then there exists actions of (1,G,7) on
(0, A,i) and of (G, G,id) on (A, A,id). In this case the groups Der ((1, G,1),
(0,4,1)) and Der ((G,G,id), (4, A,id)) are Der(G, A).

PROPOSITION 1. Let us to consider (fy,f2): (M',P',y') — (M,P,u) a
morphism, (dy,ds): (M, P, u)— (T, G, 0) a derivation and (g1, ¢92): (T, G,0) —
(T",G",d") a morphism that preserves the action of (M, P, 1), then

(dladQ)(f17f2) € Der ( (M’aplalul) ) (Ta Ga 8)7 (aaﬁ)(flan))
(gl,QQ)(dl, dg) € Der ((M, P,,u), (TI, G’, 8') s (a',ﬁ')).

We now remember Norrie’s definition of the semidirect-product [5]: let
(a,8) : (M, P, pn) = Act(T,G,0) be an action of (M, P,uu) on (T,G,9). We
can consider the semi-direct products T' X M and G x P and there exists an
action of G x P on T x M defined as follows:

@9 (1, m) = (9(70) (o ('m) (9) ", Prm)
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for (9,p) € G x P and (t,m) € T x M. Then (T,G,0) X(a5) (M, P,n) =
(T x M,G x P,0 x ju). We can prove the following

THEOREM 1. Suppose given two crossed modules (M, P, ) and (T, G, 0)
and an action («, ) of (M, P, ) over (T,G,0). To every morphism (f1, fa) :
(N,R,v) — (M,P,u) and to every derivation (di,dy) € Der ((N,R,v),
(T,G,0), (a, B)(f1, f2)), there exists a unique morphism of crossed modules
(h1,h2) : (N, R,v) = (T,G,0) % (q,p) (M, P, ;1) such that the following diagram
is commutative

(N,R,v)

|
Ay I (h17h2) (fl’fQ)
\

(i1 72) (T7 Ga 8) >4(Cz,ﬂ) (Ma P,M) 4'9(M7 P’M)

T
(T, G,0) -

(q1,92)

Conversely, every morphism (hy,h2) : (N, R,v) — (T,G,0) X(q,8) (M, P, p)
determines a morphism (f1, fo) = (p1,p2)(h1,h2) : (N,R,v) — (M, P, ;1) and
a derivation (dyi,d2) = (q1,92)(h1,h2) : (N, R,v) — (T, G, 0).

By taking (N, R,v) = (M, P, i) and (f1, f2) = id(ps,p,) We obtain

COROLLARY 1. The set of derivations from (M, P, 1) to (T, G, 9) is in one-
to-one correspondence with the set of morphisms of crossed modules (hq, ho) :
(M7 P’M) - (T’ G, a) A(a,B) (M7 P’M) for which (plapQ)(hla h?) = Z.d(M,P,;L)'

As an application we shall prove the following result

THEOREM 2. Let

(N, Ry X2 (1, G, 0) “I2 0, P

be an exact sequence of crossed modules and let (A, H,o0) be an (M, P, u)-
module, (a, ) : (M, P, i) — Act(A, H,o). Then

Der(m1,m2)

0 — Der ((M, P, ), (A H, o), (a,ﬁ))
Der (T, G, 9), (4, H,0), (a, f)(m1,m2)) —"—
Hom(Myp’M) ((N, R,v)ap, (A,H,O’))

is a natural exact sequence of abelian groups.
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Proof. For (di,dy) € Der (M, P,p), (A, H,0), (e, B)) we define
(Der(m,m))(dl,dg) = (dl,dQ)(ﬂ'l,ﬂ'Q).

It is easy to see that Der(my, m9) is injective.

Let (d1,d>) be in Der ((T, G, 8), (A, H, o), (o, B)(m1,72)), then the compo-
sition (dy,d2)(x1,x2) belongs to Hom ((N, R,v), (A H, o)). So we can con-
struct the diagram

[(N,R,v), (N, R,v)]

T (0,0)

(N, R, v) B0 20 oy

7

—
—
—

(p1,p2) - Tora)

—

¥
(Na Ra V)ab

where [(N,R,v), (N,R,v)] = ( Dgr(N), [R,R], I/‘DR(N)), (N,R,v)ep =
(N/Dgr(N),R/[R,R],D), [5] and (¢1,¢2) : (N, R,v)ap — (A, H,0) is the
unique morphism of crossed modules which satisfies

(#1, p2)(p1,p2) = (d1,d2) (X1, x2)-

We define p(dy,ds) = (¢1,¢2) being the action of (M, P, u) over (N, R,v)q
given by

H(m)(r[R,R])) =t"t 'Dg(N) if m(t)=m,
01(p)(nDR(N)) = nDg (N) i m(g) =p,
02(p)(r[R, R]) = grg~'[R,R] if ma(g) = p.

Obviously Im Der(7y,m9) C Kerp since to a given derivation (dy,ds) €
Der ((Ma P’M)’ (A,H,O), (aaﬁ)) we have

(pDer(wl,Wz))(dl,dz) = p((dl,dg)(ﬂl,ﬂg)) = (0,0).

Conversely, if (dy,ds) € Der((T,G,a), (A, H, o), (a,ﬁ)(m,m)) satisfies
p(dy,d2) = (0,0), (we mean, (dy,ds) is the trivial derivation restricted to
(N, R,v)) then the pair (7y1,72) given by

'yl(m):dl(t) if tET,m:m(t),
Y2(p) = da(g) if g€ G,p=mlg),
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for all m € M, p € P, is a derivation from (M, P,u) to (A, H,o) that
satisfies (Der(my,m3)) (71,72) = (71,72) (7w, m) = (d1,ds). Hence Kerp C
ImDer(my, 7). 1

This exact and natural sequence is easily obtained by keeping in mind the

natural isomorphism

—

—

—

)

&2

et

L

Der(—,(A,H,0))
T
CMIMP b a
(A,H,0) X (M, P, p)
! )

Home ngy(ar,p,p) (—, e
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