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1. INTRODUCTION

An operator T on a complex infinite dimensional Banach space X is hy-
percyclic provided that there is a vector xz with dense orbit Orb (T, z) =
{x, Tz, T?xz,...}. If the set of scalar multiples of the orbit of x is dense, then
T is said to be supercyclic. Two classical examples of hypercyclic operators
are the translation on the Fréchet space of entire functions [2] and the differ-
entiation on the same space [10]. Also, if S is the backwards shift on £2(N),
then AS is hypercyclic for each complex number A with |A| > 1; in particu-
lar, S is supercyclic [12]. These examples follow from a sufficient condition,
known as the Hypercyclicity Criterion, due to R. Gethner and J. Shapiro [3]
and, independently, C. Kitai [9]. This condition has been an important tool
in much recent work on hypercyclic operators and is the basis of our results
as well.

In this note, we study conditions, on an operator 7' € L(X) and on a
function f analytic on a neighborhood of the spectrum of T', under which the
operator f(T) (given by the Dunford-Taylor analytic functional calculus) is
hypercyclic or supercyclic.

Throughout, X will be an complex, separable, infinite-dimensional Banach
space, and L(X) will be denote the collection of all bounded linear operators
on X. A necessary condition for an operator to be hypercyclic is that its
spectrum intersects the unit circle [9], and clearly if dim (X) > 1, then A\I@T €
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f(T) is hypercyclic” that it will be appearing in Integral Equation and Operator Theory.
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L(X @Y) fails to be hypercyclic for any T' € L(Y'). Thus, in order for f(7T')
to be hypercyclic, the analytic function f must be nonconstant on each non-
singleton component of the spectrum of T, o(T'), and f(o(T')) must meet the
unit circle dD.

This problem has been addressed by several authors. G. Godefroy and
J. Shapiro [4, Theorem 4.11] consider a generalized backward shift; that is,
an operator T' € L(X) that is surjective and such that dim Ker (T') = 1 and
U, Ker (T™) is dense. If f is a nonconstant analytic function on a neigh-
borhood of o(T'), then f(T') is supercyclic. G. Herzog and C. Schmoeger
[8, Theorem 1] prove that if T' is a surjective bounded linear operator such
that J,, Ker (T") is dense and if f is a nonconstant analytic function on a
neighborhood of o(T') such that |f(0)| =1 and 0 ¢ o(f(T)), then f(T) is hy-
percyclic. In particular, this condition does not require any hypothesis on the
dim Ker (T'). Using Herrero’s characterizations of the closure of the classes of
hypercyclic and supercyclic operators [6, Theorem 2.1, 3.3], G. Herzog and
C. Schmoeger also give conditions for f(7') to be the limit of hypercyclic
or supercyclic operators on X. Recently, T. Miller and V. Miller [11, The-
orem 1, Corollary 1] have generalized Theorems 1 and 3 of G. Herzog and
C. Schmoeger. The main idea of their proof is the introduction of local spec-
tral theory in a hypercyclicity context. See also [1, 7] for applications of these
results.

The purpose of this note is to present an improvement of [11, Theorem 1,
Corollary 1] without using the local spectral theory. In order to obtain the
new result, Theorem 2, we will use the fact that the class of operators satis-
fying the Hypercyclicity Criterion is stable under direct sums [14, p. 125] (see
Proposition 1). The specific version of what we refer to as the Hypercyclicity
Criterion is Corollary 1.5 of [4], but also see [3, 4, 5, 9]. The Supercyclicity
Criterion is located in [13, Lemma 2.5].

2. MAIN RESULTS

Given T € L(X), let pg(T) denote the Kato resolvent set of T; pi(T) :=
{A € C: Ran(A — T) closed, Ker (A — T) C (penyRan (XA —T)"}, where
Ran (A — T') denotes the range of A — T

THEOREM 1. [11, Theorem 1] Let X be a separable Banach space and
suppose that T € L(X) is such that, for some \ € pg(T)

| Ker(A—1)» = X.
neN
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If f is a nonconstant analytic function on a neighborhood of o(T), then f(T)
is supercyclic. Moreover, if f(G)) intersects the unit circle, where G, denotes
the component of pg (T) such that A € G, then f(T) is hypercyclic.

Remark 1. If one takes into account the more general Hypercyclic Crite-
rion found in [5, Theorem 2], then the previous theorem can be improved as
follows. Suppose that T'and A € pi(T') are as in the hypotheses of Theorem 1.
Assume that {f,} is a sequence of analytic functions on a neighborhood of
o(T) for which there are two sequences {a,} and {b,} converging to A such
that for each k, f,(ax) — 0 and f,(by) — oo as n — oo. Then the sequence
{fn(T)} is hypercyclic. Namely, there exists 2 € X such that {f,(T)z : n € N}
is dense in X. The proof is similar to that of Theorem 1 using some ideas from
[4, 8] instead of the local spectral theory notions of the original argument.

As an application, consider A € pg(T) as in Theorem 1 and f a noncon-
stant analytic function on a neighborhood of o(T) with |f(\)] = 1. If {g,}
is a sequence of analytic functions on o(T'), bounded and bounded below in
a neighborhood of A, then for f,(z) := (f(2))"gn(2), the sequence {f,(T")} is
hypercyclic in the sense above.

Given T € L(X), let pou(T) :={A € C: (A =T)X = X}. Let 04(T) =
C\ psu (T') be the surjectivity spectrum of T and denote the approximate point
spectrum by o4, (T'). Since o4, (T) = 04p(T™), we see that py,(T) is an open
set.

LEMMA 1. Suppose T € L(X) and A € o(T) such that A —T is surjective.
Let G be the component of ps,(T) containing A, let Y := Upeny Ker (A — T)7
and define S :=T|Y. Then

(1) Y = UpenKer (up — S)" for all p in G,
(2) G C psulS),
(3) 0(S) = 04p(S); in particular, o(S) C o(T).

In order to state our main result we have to introduce some notation.

Let {X,,} be a sequence of Banach spaces, and let £!(X,,) be the Banach
space defined in a natural way. Furthemore, if T,, € L(X,) for each n, and
{T,} is a uniformly bounded sequence, then T := (T},) is a bounded linear
operator on £*(X,,).

The next result is a generalization of Shapiro’s result for a countable num-
ber of operators [14, p. 125].
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PROPOSITION 1. Let {X,}nen be a sequence of separable Banach spaces
and let {T,}nen be a uniformly bounded sequence of linear operators such
that T,, € L(X,,) for each n € N. If T, satisfies the Hypercyclicity Criterion
(Supercyclicity Criterion) for each n € N, then T := (T,) is a hypercyclic
(supercyclic) operator on ¢*(X,,).

Now, we can extend Theorem 1 to the case that a single generalized kernel
fails to be dense but the span of a countable number of them is dense. We
introduce the following notation.

Let T € L(X) and f be an analytic function in a neighborhood of o(T).
Given r > 0, define

B(r):={z € psu(T): f(G,) NrdD # 0}

and
E(z) := U Ker (z —T)".
neN

THEOREM 2. Let X be a separable Banach space, T € L(X) and f be
an analytic function in a neighborhood of o(T), and nonconstant on each
component of o(T).

1. Ifspan {E(z): z € B(1)} is dense, then f(T) is hypercyclic.

2. If span {E(z): z € B(r) for some r > a > 0} is dense, then f(T) is
supercyclic.
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