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1. 1 NTRCDUCTI ON

This paper proposes a generalization of tax progressivity
and redistribution neasures that defines a conplete dom nance
class. They are illustrated by useful ©progressivity and
redistribution curves, defined for a set of normative
paraneters, which conpare tax schedul es under the concentration
and Lorenz dom nance principles. The well-known partial welfare
ordering generated by Lorenz dom nance criterium justifies our

proposed redistribution neasures.

Pfahl er (1987), Lanmbert (1987), Duclos (1993) generalized
the progressivity and the redistribution using the ATR and AR
cl asses of neasur es. Qur  proposed progressivity neasure
preserves the property of tax concentration domnance as a
sufficient condition for progressivity. Mreover, it also
satisfies the property of tax concentration domnance as a
necessary condition for progressivity. This property is
inmportant as guarantees that if non-dom nance between the
concentration and the Lorenz curve occurs, there always exists a
normative paraneter for which the sign of progressivity changes.
This property is not satisfied by classical ATR neasures, such

as Kakwani (1977) or Suits (1977) measures.



Both necessary and sufficient conditions define the so-
called conplete dom nance class, so that, there is a conplete
equi val ence between the unanbiguous sign of all the neasures
(for all the normative paranmeters defined) and the tax

concentrati on dom nance.

SSmlarly, we extend the analysis to redistribution by
constructing the analogous general redistribution neasures.
Again, the sign of all our redistribution indices is not only a
sufficient but also a necessary condition for Lorenz dom nance.
This is not the case for classical AR neasures, such as

ref ormul at ed Reynol ds- Snol ensky i ndex.

Concentration/Lorenz dom nance is an extrenme concept: it is
either satisfied or not. W introduce the possibility to
evaluate internediate cases when concentration/lorenz curves
cross, according to our conplete class. The critical aversion
paraneter for which our progressivity/redistribution index
changes froma positive to a negative value can be reinterpreted
as the probability (percentage of normative paranmeter values
ensuri ng progressivity/redistribution) of t axes to be
progressive/redistributive. This critical value has also the

important enpirical property of being reveal ed by the data.

Ve observe t hat this "probability’ of bei ng
progressive/redistributive and the progressivity/redistribution
itself are different concepts. For exanple, the probability of

bei ng progressive increases, given a constant positive non-zero



Kakwani index, when concentration curves approximte to each
other. As we wll see, both concepts (progressivity and the
probability of being progressive) are well captured by the
general progressivity curve. Simlarly, redistribution and the
probability of being redistributive are well captured by the

general redistribution curve.

Finally, we illustrate the study with an exanple of the
general progressivity and redistribution for the interregional
direct tax, social security contributions and tranfers in Spain,

for the year 1991.

The paper is structured as follows. Next section provides
the definition of our progressivity index. In section 3, an
extension to redistribution is nmade. In section 4 we conpare
both concepts and in section 5 we nake an application from
regi onal Spanish data. Finally, concluding remarks are presented

in section 6.

2. A COWLETE MEASURE OF PROGRESSI VI TY

Consider N individuals i=1,...N, whose incone before tax
are denoted x=(X1,...,Xi,...,Xn). These incones are assuned to be
ordered as O<Xif...f£Xi£. ..£xXn Denote T=(Ty, ..., Ty, the associated
tax burden vector and t=(t, ...tyn), the associated average tax
rate vector, with t;=Ti/x;. Denote pyx and pr, the nean of the

before tax income and of the tax burden respectively.



The Lorenz curve Ly(i/N) for gross incone is defined as

LG/N=4x/Nm 1

The concentration curve of the tax burden L{(i/N) is defined

as
LG(/N=&4T,/Nm 2
=1
Define the equivalent proportional tax schedule as
PT=( X1, . .., leXN), being pe=pi/ pux the efective T average tax rate.

Note that Le(i/N) =Ler(i/N).

Gven any tw tax schedule T and T define T

concentration doninates (CD) T iff:

TECD T2 © L.(i/N)3 L.(i/N) "i=1,...,N
$i| Lo(i/ N)>L(i/N)

Define a progressivity index P.R“R over a vector

(X1, ..., XN, Ty, ..., Ty) Which satisfies the follow ng property:
PxT)= A wi¢/ N)[ L,(i/ N)- L, (i / N) ], 4

i1



being the weighting schene w R®R any nornalized positive-

valued function and being i' the associated rank of the new

distribution ordered by [Li(i/N-L+«(i/N]J.

In particul ar we pr opose t he fol |l ow ng gener al

progressivity class:

POCTV= & 2 (¢/ N YV [LG/N)- LG/ N) ], 5

el
being A the normalization term

A= & (i¢/ N )Y 6

i1

and being f:ve(-¥,+¥), Vvi(-1,1), f'(v)>0 and let f(v) be a
symmetric function with f(0)=0. Note that it is a generalization

of the classical Kakwani (1977) index for v=0. A particular

operative case is:

_ \"
vy 7

Note also that the partial derivative of P(x,T,v) wth respect
to v is non-negative and it is positive when concentration and
Lorenz curves do not coincide, so v can be seen as a
progressivity sensitivity paraneter, by giving higher values to

i ndi vi dual s whose distances between the concentration and the



Lorenz curves are higher.

PROPERTY 1: Gven any x and T, the following relations are

sati sfied:

TCD PT_[P(XT,v)>0 " vi (-1,1)] 8

PTCDT_[P(xT,W<0 " vl (-1,1)] 9

[Ler(/N)=L,(i/N) "i]_[PXT,W=0 " vi(-1,1)] 10

Notice that concentration domnance is not only a sufficient
condition but a necessary condition for the adequate sign for
all v-progressivity index. Proof of the sufficient condition is
straightforward from equation 4. Necessary condition follows
from the fact that assumng that T neither domnates nor is
domnated by PT, there always exists a v value such that

P(x, T,v)>0 and a another v value such that P(x, T, v)<O0.

COROLLARY: G ven any x, T' and T? the follow ng propositions are

sati sfied:



T CD T2 _[P(X,T',v)> P(x,T2,v) " vi (-1,1)] 11

[LaG/N)= Lo/ N) "i]_[P&TV)=PxT2,V) " vi (-1,1)]12

DEFINNTIONN Gven x and T, denote v the critical value of v for

which the progressivity index is zero, that is

v ={v| P(x,T,v)= 0} 13

if Ler(i/N)1Lr(i/N) for any i,

and v'=0 when Ler(i/N)=Le(i/N) i

PROPERTY 2.1: Gven any x and T then

T CDPTUPT _CDT_$v

P(x,T,v)=0 14

Moreover v' is unique. Proof is based on Property 1 and the fact
that partial derivative of P(x,T,v) wth respect to v is
positive (when concentration and Lorenz curves do not coincide).
This is a wuseful result on the necessary and sufficient
conditions required for the existence and uniqueness of the

critical value Vv'.



PROPERTY 2.2: In the conplenentary cases v does not exist.

Gven any x and T then

TCDPT _ vi(-11,v® -1 15

PTCDT_ vI(-1)v® 1 16

DEFINITION: Let define the degree of tax concentration dom nance

for which the tax can be considered as progressive d=(1-v)/2
according to P(x,T,v). Note that dj(0,1) can be seen as the

probability of tax being progressivity, according to the
percentage of the conplete normative pareneter val ues indicating
positive progressivity. This definition generalizes the concept
of cl assi cal concentration domnance to the degree of
concentrati on dom nance associated to any P(x,T,v) defined in

equation (5).

W have now two indices that can be very wuseful in
enpirical work as summarize the information about tax systens.
Neverthel ess both concepts differs: d is related to the
probability of T being progressive/regressive and P(x,T,v) 1is

t he measure of such a progressivity/regressivity.

DEFINNTION. Gven x, T and T, denote v ™™ the critical value of
v for which the progressivity indices of both taxes are the

sane, that is



v P={v| PXT" V)= P(X,T*,v)} 17

PROPERTY 3: Gven any x, T and T? then there always exists a

v ™72 such that:

T1 _CD T2 L‘J T2 _CD T1_$V*T1T2’|‘ (11_1) 18

3. MEASURES OF REDI STRI BUTI ON

Denote y=(yi1,...Yyn), the x-associated net inconme vector,
being yi=xi-Ti=xi(1-t;). The Lorenz curve Ly(j/N for the net

incone y is defined as
LG/N)=avy,/Nm 19
k=1

being gy the nean of the after-tax incone and j is the rank of

the following ordered distribution Y=(yi,...,Y¥,...,Yny. These
incones are assunmed to be ordered as O<yif. .. £Y|£. .. £Yn

Let y-distribution Lorenz domnates (LD) x-distribution iff:



yLDx° L,G/N)® L(G/N) "i=j=1,...,N

$i=j| L,Gg/N)>L(>(/N) %

Define a redistribution index RER%Y®R over a vector

(X1, .., XN, Y1, -..,YN) Which satisfies the follow ng property:
N
RE(X y,v)=a w(i®/ N)[L,G/ N)-L,(i/N)],, j=1 21
ig=1
being w R@R. any positive-valued function and being i'' the

associ ated rank of the new distribution ordered by

[Ly(J/N-L(i/N)], i=. In particular we define sanme w(i''/N) as
in (5)-(7). It is a generalization of the Reynolds-Snol ensky
index (1977) or a generalization of their refornulated version,

Lanmbert (1993).

PROPERTY 4: Gven any x and y, the following relations are

sati sfied:

y LD x_[RE(X,y,\)>0 " vi (-1,1)] 22

[L(3d/N)=L,(0i/N) "i]_[REXY,V)=0 " vl (-L1)] 23

Notice that Lorenz dom nance is not only a sufficient condition
but a necessary condition for the adequate sign for all v-

redistribution index. Necessary condition follows from the fact



that assumng that y neither domnates nor is domnated by X,
there always exists a v value such that RE(x,y,v)>0 and a

anot her v val ue such that RE(x,Yy, Vv)<O0.

CORCLLARY 1:

| f p=py, then:

RE(X,y,v)>0" V_W(Yy)>W(X) 24

For all Social Wlfare Functions (SW) W being strictly $
concave'. The proof is an application of theorem in Atkinson
(1970) and Dasgupta, Sen and Starrett (1973). An extension

proposed by Shorrocks (1983) allows to solve sonme additional

cases when pylpy, using the generalized Lorenz curves dom nance.

DEFI NI Tl ON: Gven x and T, denote v~ the critical value of v

for which the redistributive index is zero, that is

The reader wll notice that the following inplicit
inequal ity index is involved in our redistribution index:
i Error! S6l o el docurento principal .

I(X,V)= éN. W(k / N)[(i/ N)-L,(i/N)] iErrortsélo el docureni
k=1

bei ng k the associ ated rank of the new distribution ordered by
[(I/N)-L«(i/N]. Notice that I(x,v) is a strictly S convex index,
consistent with any strictly S-concave SW. As constructed,
l(x,v) is a relative index, consistent wth any weakly
honot hetic SWF (see Dutta and Esteban (1992)) although it can be
generalized to the absolute and internediate indices, see
Bossert and Pfingsten (1996).

The Lorenz properties of these indices are not satisfied by the
classical Atkinson (1970), the general entropy indices (Cowel
(1977) and the extended G ni coefficients (Yitzaki (1983)).



v ={v| RE(x,y,v)= 0} 25

if L(i/NiL(j/N for any i=j,

and v'=0 when L(i/N=L,(j/N "i=

PROPERTY 5.1: Gven any x and T then

y LDxUx LDy $v°

RE(x,y,v)=0 26
Moreover v is unique. Proof is anal ogous to Property 2.1.

PROPERTY 5.2: In the conplementary cases v does not exist.

Gven any x and T then

yLDx v’ 1 (-1D),v ® -1 27

xLDy v 1(-1D),v ®1 28

DEFINNTION:. Let define the degree of tax redistribution
dom nance for which the tax can be considered as regressive
d'=(1-v")/2

LN

according to RE(X,y,v). Note that d {(0,1) can be seen as the
probability of tax being redistributive, according to the
percentage of the conplete normative pareneter val ues indicating
positive redistribution. This definition generalizes the concept

of classical Lorenz dom nance to the degree of Lorenz dom nance



associated to any RE(X,y,v) defined in equation (21).

DEFINNTIONN. Gven x, T' and T? denote v ™ the critical value
of v for which the redistribution indices of both taxes are the

sane, that is

V= {v| RE(X Y V)= RE(X,Y* ,V)} 29

where y' and y* are the T" and T? after-tax incone distributions

respectively.

PROPERTY 6: Gven any x, T and T then there always exists a

v ™2 sych that:

y DY Uy LDy $v™1 (1-1) 30
4. PROGRESSI VI TY, RED STRI BUTI ON AND RERANKI NG

PROPERTY 7: Gven any x and y then redistribution index can be

deconposed as fol |l ows:

RE(X,y,v)= P(X,T,V) % - R(X,y,V) 31

bei ng R(x,y,Vv) a non-negative reranking index:

R, y.V)= & Wi/ N)[ L, i / N)- LG / N) ],

i1

A Wi N[ LG/ N)- LG/ N) ] =i

=1

32



Notice that R(X,y,v) index belongs to the concentration based
reranking indices as in Duclos (1993) and Lerman and Yitzaki
(1995). It satisfies the inportant properties that it 1is
positive if (and only if) reranking occurs and it is zero if

(and only if) no reranking is produced.

PROPERTY 8: Gven any x and T, v<v iff R0 and v'=v iff R=0.
The proof is a direct application of equation (31) and the fact

that Ris greater or equal to zero.

5. EMPI R CAL RESULTS

In these section we carry out sone illustrative enpirica
exanpl es applied to the Spanish regional data, elaborated by BBV
for the year 1991. The data base gives regional information
about incone before tax and transfers, about direct taxes,

social security contributions and social transfers.

W have conputed and represented in TABLES 1, 2 and 3 the
progressivity and redistribution curves. It shows the P(v) and
RE(v) values for all the normative paraneter v values. The
crossing point of P(v) with the horizontal axis is the value of
the v parameter. The crossing point of RE(v) with the horizontal
axis is the value of the v~ paraneter. The intersection of P(v)
and RE(v) wth the vertical axis are the Kakwani (K) and

ref ormul at ed Reynol ds- Smol ensky (RS) indices, respectively.



For the case of interregional Social Security contributions
(TABLE 1), P(x,C0) is equal to -0.00106 in 1991, showing a
slight regressivity. The value d=0.3926 (v'=0.21480), far from
being a triviality, is consistent wth the real case of a great
proximty of the concentration curve to the Lorenz curve of the
original inconme distribution. This is an interesting additiona
information that reinforces the fact that regressivity is also

accepted for a great variety of normative v paraneters (60.749%.

The redistribution, nmeasured by the reforml ated Reynol ds-
Snmol ensky index, caused by the Social Security Contributions is
RE(v=0)=-0.00027. A majority of normative paraneters (being
v '=0.23995) supports that Social Security Contributions cause a

very little anti-redistributive effect.

Anot her revealing exanple is the case of the Direct Taxes
(TABLE 2) and the Social Transfers in Spain in 1991 (TABLE 3),
being the respective Kakwani indices 0.08944 and 0.09371,
indicating a significant progressivity in both cases. The
respective v values are -0.86332 (d=0.93166) and -1 (d=1),
which are also revealing, indicating nearly perfect dom nance in
the first case (consistent with an only mnor crossing detected
at the very wupper side of the distribution) and perfect

dom nance in the other case.

The redistribution caused by the Dorect Taxes and the
Social Transfers, neasured by the RE(v=0) is 0.011394 for D rect

Taxes and 0.01612 for Social Transfers. The degree of



* %

probability associated wth these results, neasured by v
val ues, is

-0.86316 (d'=0.93158) and -1 (d'=1), respectively. Note that we
observe that in any case, the reranking effect (R is very

snmal | .

Apart from the qualitative different progressivity and
redistribution effects of the Direct Taxes and Social Transfers
(concentration and Lorenz dom nance in the second case, and not
in the first case), it is interesting to conpare directly the
progressivity and redistribution inplied by both public
policies, in line with Properties (1) and (4). TABLE 4 shows
that Social Transfers curves are above the Direct Taxes curves
for all normative paraneters. So we can conclude that perfect
dom nance of Social Transfers with respect to Dorect Taxes

occurs.

6. CONCLUSI ON

In this paper we have proposed a generalization of tax
progressivity and redistribution neasures that defines a
conpl ete domnance class. Inplicitely we have characterized a
general inequality index with the sanme dom nance properties,
that are not satisfied by any other general inequality index in

the literature.



The essencial property of our indices is the equival ence
est abl i shed between Lorenz/concentration dom nance and the sign
of our indices for all the normative paraneters. The well-known
parti al welfare ordering generated by Lorenz dom nance
criterium for a wde class of Social WlIlfare Functions,
justifies the use of our proposed redistribution measures. An
exanpl e of the Spanish econony illustrates the potential use of

the progressivity and redistribution curves.
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TABLE 4

Direct Taxes and Social Transfers Progressivity and Redistribution Curves
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