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MODIFICATION OF LINEAR FUNCTIONALS WITH DIRAC
MASSES: CLASS OF THE MODIFIED LINEAR FUNCTIONAL

A. GARRIDO, J. ARVESU, AND F. MARCELLAN (*)

To Professor Jairo A. Charris in memoriam

ABSTRACT. In this paper we analyze modifications of some classical lin-
ear functionals. More precisely, we deal with a generalized Jacobi linear
functional [2] and we find the class of this linear functional. Finally, a
similar analysis for generalized Laguerre linear functional is carried out.

1. INTRODUCTION

In the last twenty years many authors have focused their research interest
in the analysis of sequences of polynomials orthogonal with respect to modifi-
cations of classical linear functionals consisting in the addition of Dirac func-
tionals or their derivatives at the end points of the orthogonality interval. The
pioneering paper by T.H. Koornwinder [8] opened an important way to explore
such families from several points of view: hypergeometric character, holonomic
equations that these polynomials satisfy, electrostatic interpretation of their
zeros, asymptotic properties, etc.

More recently, several authors [4, 5, 6] have considered modifications of
classical weight functions via the addition of both Dirac functionals and their
derivatives in the framework of bispectral Darboux transformations and WKB
method for second order linear differential equations.

The aim of this contribution is twofold. First, we give a summary of the
background on linear functionals which is needed in the theory of orthogonal
polynomials. In particular, we introduce the Stieltjes function associated with
a linear functional as well as the connection between modified linear function-
als and the corresponding Stieltjes functions. Second, for semiclassical linear
functionals we introduce the notion of class and establish the classification of
modified linear functionals in terms of its class when Dirac functionals and their
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derivatives are added. We illustrate such a question for Jacobi and Laguerre
linear functionals as examples of bounded and unbounded cases, respectively.
The structure of the paper is the following. In section 2, we introduce
several modifications of linear functionals and study the relations for their cor-
responding Stieltjes functions. The section 3 deals with the semiclassical linear
functionals and the first order linear differential equation that the Stieltjes
function satisfies. In section 4, the classification of the modified Jacobi linear
functionals introduced in [2] is given in terms of the Dirac masses. This section
contains new results and gives the answer to a remark by P. Maroni concerning
a result in [2]. Furthermore, a similar analysis for the Laguerre case is done.

2. BASIC DEFINITIONS

In this section, we introduce the concept of moment functionals. We study
some properties of these functionals as well as the corresponding Stieltjes func-
tions.

Let E be a real linear space. The map £ : E — R is said to be a functional.
This functional is additive if

L(x+y)=L(x)+L(y), Vz,y€eE,
and homogeneous if
Lax) =al(x), VaeR, Vzek.

An additive and homogeneous functional is called linear functional.

Let P be the linear space of polynomials with real coefficients and denote P,
the linear subspace of IP of polynomials with real coefficients of degree at most
n. Let us define the algebraic dual space of P, denoted by P*, as

P*={U :P— R, such that I/ is a linear functional}.

The linear space P can be represented as

P= U P,, where P, C Ppy1.
n=0

Notice that P, is a normed space. Indeed, the norm
— [ p™(0) |
Ipl=Y P, wer,
k=0

induces a topology on P. Therefore, P, can be treated as a topological linear
space. Considering the sequence of topological linear spaces {Py, || - [[n},,>¢
and taking inductive limit one gets a topology in the limit space PP. -

From now on, we denote the action of a linear functional & on any polynomial
p € Pas (U,p). In particular

un:<u7xn>7 n >0,
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is said to be the moment of order n of U and the sequence {uy},>0 is called
the moment sequence associated with U.

Definition 1. Let {uy}n>0 be a sequence on R. U is said to be the moment
functional associated with the sequence {u,}n>o0, if (U, z™) = u, and it can be
extended to P by linearity, i.e., if

p(z) = Zakxk, then (U,p) = Zakuk.
k=0

k=0

Definition 2. U is said to be positive-definite if (U,q) > 0 for every non-
identically zero polynomial q(x) such that g(x) > 0, Vz € R.

The following theorem gives us a characterization of a positive-definite func-
tional.

Theorem 3. U is positive-definite if and only if its moments are all real and
det(ui+j)§fj:0 > 0, Vn € NQ.

Definition 4. A linear functional is said to be quasi-definite if det(u; ;)

n
1,7=0
does not vanish for all n > 0.

Definition 5. Let U be any moment functional. Define the Stieltjes function
associated with U as the formal series

[e%s) g
Su(=) ==Y 5t
k=0
In fact,
9] U, ) 1 . o0 "
S =Y =y L = (1 )
n=0 n=0 n=0

Notice that the geometric series Y o | 27 = L

by convention, we consider

o 2" 0 "
Z<U’Zn+1> = <u722m>7

n=0 n=0

for |z| < |z|. Therefore,

because of the uniform convergence of the series on a neighborhood of the

infinity. Thus,
1 1
SZ/{(Z)<Z/[E7 > = <um >7
z—x r—z

where U, means that U is acting on the variable .

Now, we focus our attention on the Stieltjes function associated with mod-
ified moment functionals. Specifically, two modifications are considered. The
first one consisting in the addition of Dirac linear functionals while the second
one in the product by polynomials and rational functions.




34 A. GARRIDO, J. ARVESU, AND F. MARCELLAN

Definition 6. Let U be a moment functional. The derivative of the moment
functional U, denoted by DU, is defined as

<Du7p> = - <u7p/> ) p S Pa
where D denotes the usual distributional derivative.

Clearly, from the previous definition the k-th derivative of the moment func-
tional U

(DWuU,p) = (1) (Up®), k>0,
yields.
Let a € R. The action of the Dirac linear functional supported at a, §(z—a),
is defined as
(0(x —a),p) =p(a), VpeP.
In particular, the moment sequence of a Dirac functional supported at a is
given by

n_J a", n>0,
((5(1}—@),33}—{ ]_7 TLZO,
and its Stieltjes function is
= a" 1
S@=-% =y lel<k (1)
Taking derivatives in both hand sides of (1) one gets
> a’ 1
D O b FaER (2)
n=0

Now, an iterative derivation of (2) leads to the following expression

> Looa” il .
Z(n—i— 1)<n+2)"'(n+z)zn+z‘+1 = (z —a)itl’ i> 1.

n=0

2.1. Addition of Dirac functionals. Let a € R, i/ a moment functional, and
{tn}n>0 be its moment sequence. Let us consider a new moment functional

U obtained as the modification of U by the addition of the derivatives (up to
order N € N) of the Dirac functional supported at a, i.e.,

N
U=U+Y M (z—a), (3)
i=0
where M; € R (i = 0,1,...,N) and 6)(x — a) denotes the i-th derivative of
the Dirac functional supported at a. Furthermore,
1) def /o(s n i i) (om
u) (50 (2 — a),am) = (~1) (8(z — a), DD (z")) @
=(-)nn-1)---(n—1+1)a",

and the Stieltjes function associated with §() is
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55<i>(z):(_1)i+1i!(2_2)m:D<i>< L ) (5)

a—z

Now, we express the moments of U in terms of the moments of U ,

U = (U, 2") = 3 6D (z—a a:”>
w=(t.a") <M+;M15 (z —a),
(U,x")—i—iMi <6(i)(x—a)7x">

=0

N
i=0
On the other hand, from (4) the following relation holds
N
i=0

For our later purpose (see Theorem 19) it is very useful to express the
Stieltjes function of U in terms of Sy (%), so

o] ~ oo N A (1)
S~(z)=—z iy _Zun—kzilelun

u n+1 n+1
n=0 z n=0 %
o N (i)
_ Un M Un
- Z ontl Z Z g ontl
n=0 n=0 =0

N
= SM(Z) + E MiS(;(w (Z)

1=0

Taking into account (5)

N —1)i+14)
— Z) = Sulz) + ZMi((Zi)a)H'l

=0

N .
Sy(2) = Su(z)JrZMiD(z)(
=0

S o (=1 I, (2 — a)V

= Sul(z) +

(z —a)N+1
N (1M (2 — a)N i .
= sl + Z IR M
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where Ry (z) denotes the polynomial
N

Ry(z) =Y (—1)HilM;(z — a)V 7"
i=0
Notice that in order to add a new derivative of the Dirac functional in (3) the

corresponding Stieltjes function can be easily computed taking into account
that the polynomials Ry (z) can be defined recursively

(z—a)Rn41(2) = (2 —a)Ry(2) + (=1D)N(N + 1) My 1.
2.2. Left-multiplication by a polynomial.

Definition 7. Let ¢ € P. The linear functional U= qU s said to be the
left-multiplication of U by a polynomial q if

We consider
k
q(z) => qix', qn #0.
i=0
Thus
k
i=0

As a consequence, the Stieltjes function of U is

_ _ _ ZZ 22i=0 4il%i+n
Saz) = Z prea i Z peres,
Uj+n i Uj4n
= —Z%‘Z n+1:_z%zzz P
z z
i=0 n=0 =0 n=0
Let p;(x) = ug + uix + ... +u;xz’, i = 0,1, ..., and consider, by convention,

p—1(z) = 0. From this definition, we deduce that the polynomial p;(x) satisfies
the recurrence formula p;y1(x) = p;(x) + u; 120, i > 0. Then

Sy(z) = ZqZ [ )+ 1pz 1(z _1)}
= +ZQZ pz 1 1)
= q(Z)Su(Z)Jquile(Z)
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where p}(z) is the reciprocal polynomial of p;(z), i.e,
i
* _ ]
pi(z) =) u;z" (8)
j=0

Notice that the polynomial p}(z) satisfies also a recurrence relation, py, ,(z) =
2pi (2) + wig1, @ > 0. Therefore,

k
S(2) = a(2)Su(2) + Y aipi_1(2). 9)
i=1

Definition 8. Let h € P be a polynomial of degree n

h(z) = z”: hix'.
i=0

The polynomzial

ug U1 Unp, ho

0 Ug ... Up—-1 hl
un@H=(1 = ... ) . . " N RNGT)

0 0 Uug hn

is said to be the right-multiplication of the linear functional U by h.
p(z) — p(a)
z—a
functional, (z — a)~'U, the left-multiplication of U by the rational function

(2 —a)~%, is defined as
((z=a)"U,p) = U, Ou(p)) .
Lemma 10. Let q € P be such that

Definition 9. Let a € R and O,(p) = where p € P. The linear

qx) = quiy qn # 0.
i=0
Then .
(UOo(q))(z) = Z qipi_1(z), (11)
where pf(x) is the reciprocal polynomial Z(Z‘lpi(x) defined in (8).

Proof. From (11)

qu‘pfq(ﬂ?) = quuo + q2(uox + u1) + -+ + qe(uer® T 4 -+ up_q)
i=1

= (q1uo + -+ + qrug—1) + (g2uo + - - - + qrug—2)T + - - - + qruoz* L.
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Equivalently,
ug UL ... Ug—1 q1
n 0 wuy ... Up_o q2
Z%‘P?q(ﬂf) = ( 1, =z, ..., aF! ) :
i=1 :
0 O UQ qk
= (UB(q)) (z),
and our statement holds. O

By lemma 10 we get
Su(2) = a(2)Su(z) + (UB(q)) (). (12)
The following lemma (see [1]) will be very useful in the sequel.
Lemma 11. For every polynomial ¢ and a € R,
(U, 84(q)) = (UO(9))(a).

Remark 12. Definition 8 provides us the following expression of the polyno-
maal

k k—1 k i
Uh) (2) =Y | D ujgin | 2= j gz
i=0 \j=0 i=0 \j=0

2.3. Inverse linear functional. In this section, we introduce the inverse lin-
ear functional for a linear functional U provided that it exists. For an inverse
linear functional we mean that there exists a linear functional Z/~! such that
UUL = §(x), i.e, the product of both functionals is the Dirac functional sup-
ported at the origin. This means that its moment of order zero is exactly one
and the other moments are identically zero. For that reason, we need to define
the product of functionals.

Definition 13. For any U,V € P*, the product of both moment functionals
UV is a moment functional on P such that

(UV,p) =U,Vp), foral peP.

The corresponding moments are
n
(uv),, = Zukvn_k, n >0, (13)
k=0

where {ug }32, and {vp}72 are the moment sequences of U and V), respectively.

Let us consider the moment functional U as well as its moment sequence
{ur}p2,- In order to guarantee the existence of the inverse linear functional
U1, the moment of order zero must be equal to one (ugvg = 1). Thus, ug
cannot be zero, and obviously from the above we deduce that vy # 0. Let us
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denote V = U~ and {vg}3°, the moment sequence associated with V. From
(13)

n
(uv),, = ugv, + Zukvn_k =0, n>1.
k=1
Taking into account ug # 0 the moment of order n associated with the moment
functional V is

1 n
n = — n—k > 1. 14
U, " Zukv ky, N (14)

Thus, the inverse linear functional is defined. Indeed, since uy # 0 the
existence of such a functional is always guaranteed by the sequence of moments.

On the other hand, for every linear functional 2/ such that there exists ™!,
i.eUU~1 = §(x) by using the moments of U/ !, denoted by wy, (wy = ugvg = 1)
one deduces that ug as well as vy are not identically zero.

Theorem 14. Let U be a moment functional. The necessary and sufficient
condition for the existence of U™' is ug # 0 (the moment of order zero of U
does not vanish).

Once the moments of the functional V are known, the Stieltjes function
associated with the functional V can be given in terms of the Stieltjes function
associated with /. Indeed,

>0 Unp, > (0 > Un Vj
SU(Z)SV(Z) = (Z Zn+1> Z ij’l = Z Z’n+jj>2

n=0 j=0 n,j=0

_ sz 0 Uk Un— k_*z u'Un_
- ZnJrl ZnJrl -

or equivalently,

228y (2)Sy(2) =

3. SEMICLASSICAL ORTHOGONAL POLYNOMIALS
It is very well known, see [9], that classical orthogonal polynomials, p, (),
satisfy the Rodrigues formula
kn d™ s
Pal) = w(x) dxi"(a (x)w(w)),

where k,, is areal constant, o(z) € Py and w(z) is the weight function supported
on the ortogonality interval. As a natural generalization, polynomial sequences
orthogonal with respect to a moment functional ¢ satisfying a Pearson equation

D(oU) = yU,
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with deggp = k > 0 and degy =1 > 1 can be considered. Such polynomial
sequences are said to be semiclassical orthogonal polynomial sequences. The
moment functional U is called a semiclassical functional.

Definition 15. If (¢,v) are polynomials of minimum degree such that
D(oU) = U,
define the class of U as the nonnegative integer number s such that
s = max{deg ¢ — 2,deg) — 1}.
Theorem 16. Let U be a quasi-definite moment functional such that
D(gU) = U, (15)

where ¢, € P with degp = k > 0 and degy = 1 > 1. Then, the Stieltjes
function Sy(z) satisfies

$(2)Sy(2) = B(2)Su(z) + C(2), (16)
where B(z) and C(z) are given in terms of ¢ and 1 by
B(z) = —¢'(2) +¥(2),
C(z) = —UO(9)) (2) + UOL(Y)) ().

Proof. From the Pearson equation (15)

<D(¢U),$iz> = <¢u,miz>. (17)

Let us handel the left hand side of the above expression

(pan.25) = (@) = ()
= (SR ) e (U )
BRI PXCELEETICEES )

(x —2)?
b #) <u, ! > .
T —z
Therefore,

<D<¢u>, 1> — ()8 4(2) + 8 (2)Su(2) + ((z — 22U, B(x)) . (18)

r—=z

On the other hand, from the right hand side in (17) and from the Stielt-
jes function of the moment functional associated with the left product by a
polynomial one gets

<wu7 L >=¢<z>su<z>+(u@o<w>)<z>. (19)

r—z
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So, from (18) and (19) we deduce the result
3(2)S 1 (2) + (¢ (2) = ¥(2)) Su(2) + (@ — 2) 72U, ¢) — (UOL(¥)) (2) = 0. (20)
—_——

B(z) C(z)

O
Notice that

_ P(x) — () — ¢'(2)(z — 2)
<(x—z) 2U,¢>—<U, >,

and, furthermore,

d -
Lle-"ue) = (u

¢(x) —¢(2) ¢’(Z)>

(x —2)2 x—z
[y ) =) — ()~ 2)
’ (z—2)? '
From the both previous expressions and using lemma 11, we get

(e = =), 6) = 5 (UO(9)) (2)

Therefore, if
F<Z) = < Z)_1U7¢> = (u®0(¢)) (2)7
G(z) = ((&x—2)"UD) = UB(V)) (),
then the Stieltjes function Sy(z) satisfies the following differential equation
P(2)S(2) + (¢'(2) = ¥(2))Sulz) + F'(2) — G(2) = 0. (21)
Remark 17. Previous theorem 16 plays a crucial role in the computation of
the class of the semiclassical functionals given by a perturbation via the addition

of Dirac masses (see section 4 below). In fact, the expressions (20) and (21)
will be useful.

=
=

The left-multiplication of any rational function by a moment functional U
acting on any polynomial g can be expressed in terms of the moments of the
functional &. Then

"(z k) (4

<(x— z)—1U,q> = <U,q/(z) + q é )(x_z) NI qT!()(x _ Z)k—1>

~ d@ )+ LD ey T gy oy,
In the same way

1" z 7 2 (k) 5

<(x_z)7QU,Q> = U,q ; ) + 4 3(! )(x—z)+..._|_ q kl( )(a:—z)k2>

_ q//(z) q///(z) q(k) (Z) .

= 5 U,1)y + 3l Uz —2)+ -+ o <U,($—z)k >7
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and so on. In particular

iy e — g, 40— (50)@)
()t ate)) = (u, L= D),

where (L,q)(z) denotes the interpolatory polynomial of ¢ at the zeros of p
taking into account their multiplicity.

Remark 18. If the polynomial coefficients ¢, B, and C in (16) are co-prime,
i.e., their greatest common divisor is 1, the order of the class is

s = max{deg ¢ — 2,deg (B + ¢') — 1}.

Otherwise, the differential equation (16) can be reduced then the order of the
class is smaller since the degree of the polynomial coefficients is less.

4. MODIFICATION OF LINEAR FUNCTIONALS

We consider the classical Jacobi functional
1

(T D) = / (1=a)"(+0)'pla)ds, pEP. afe (~L+oo).

We deal with a perturbation deduced by the addition of two Dirac linear func-
tionals as well as their derivatives at the points * = —1 and x = 1. The
sequences of orthogonal polynomials associated with this kind of perturbations
has been analyzed in [2]. More precisely,

Top = T + Mi0(x — 1) + Mpd(x + 1) + Msd'(z — 1) + My’ (z +1). (22)
It is known, see [2], that the functional J, g satisfies the Pearson equation
D [(1 — x2)\7a7g] = [ﬂ —a—(a+p+ 2)x} Ta.8-

From this equation we can compute the Pearson equation satisfied by the new
perturbed functional, assuming that M3M, # 0,

D [(1 — I2)3ja,g} = [5 —a—(a+ 6+ 6):6] (1 - x2)2jaﬁ.
From now on, we denote
(b(CL') = (1 - .7;2)3,
U(@) = (B-a—(a+pF+6)x)(1—a?)?

The Stieltjes function associated with the Jacobi linear functional 7, g satisfies
a differential equation

(1—-2*)8"(x) = (8 —a—(a+ B)z)S(z) — (a + B+ 1)uo, (23)

where ug is the moment of order zero of the Jacobi functional, which we assume
normalized.
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On the other hand, the Stieltjes function S associated with the moment
functional Jy g is

SN M, M, M; M,
S(z) = S(@) x—1 x—|—1+(x—1)2+(:17—|—1)2'
Therefore
~ M, Moy 2Ms3 2My
’ Y _ _
SO =St T Y ar 1 eof 0
that is

/ & M, Mo, 2M. 2M.
S (x)*s (x)— (m_l)Q - (x+1)2+(1‘—:13)3+ (x_’_il):’)'

Substituting in (23)

@=a5) - =0 [+ e e o
=[f—a—(a+ )] {g(:c) 4 3:]\{11 + xj\jf_?l B (xj\_/‘[31)2 — (a:]\lel)Q}
—(a+ B+ Lug
So

(1—2?)8"(z) = (B—a — (a+ B)z)S(x)

M1 M2 M: M4
+[8—a—(a+B)a] [x_l tor1 (x—31)2 N (w+1)2}
M1 M2 2M3 2M
_’_(1_1,2) |:(x_1)2 + ($+1)2 - (l‘—l)?’ - ($+i)3:| _(a+ﬁ+1)u07

ie

(1-2?)8'(z) =8~ a— (a+ B)2] S(x)
—|—[ﬁ—o¢—(0¢+ﬁ)x] M1(58+1)+M2(ZIJ—1) . M3(£C+1

)2+ My(z — 1)2}

72 -1 (2 —1)2
1— ) |:M1(I+1)2+M2({13—1)2 . M3($+1)3+M4($—1)3:|
Hime w17 1P

—(a+ 8+ 1ug

Finally,

(1-22)8'(z) = [B—a—(a+B)2]S(x)
V5 - a(a+ﬂ)]{ My (x41) + My(z — 1) Mg(x+1)2+M4(x—1)2}

2?1 @ 1)
My(xz +1)? 4+ My(z —1)2 +2M3(x—|— 1)3 + My(z — 1)3

(2 = 1) (@? — 1)?

}—(04+5+1)U0,
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or equivalently,

(1-2%)S8"(x) = [B—a— (a+ B)z]S(z)
[B-a- (ot pa] LML L MG - L)

(1 —22)2
Ms(x + 1)? + My(z — 1)2]
(1—22)2
(22 = 1) [Mi(z + 1) + Ma(z — 1)2] + 2Mz(z + 1)? + 2My(z — 1)3]
(1—22)2
—(a+ B+ 1)uo.

The previous expression can be written as

(1—22)38"(x) = [B—a— (a+ B)z] (1 — 22)°S()
~[B-a—(a+ )] [(1-2*)[Mi(z+1) + Ma(w ~ 1)]
+ Ms(z +1)? + My(z — 1)2}
+(2? = 1) [Mi(z + 1)% + Ma(z — 1)2] + 2M5(z + 1)% 4+ 2My(z — 1)3
—(a+ B+ 1)(1 — 2%)%ug.
Thus,
(1—2?)38"(x) = [B—a— (a+B)z](1 - 2?)2S(z) + C(x),
where
C(z) = [ﬂ —a—(a+ 5);10] [(m2 — 1) [Mi(z+ 1)+ My(z — 1))
—Ms(z +1)% — My(z — 1)?]
+(2? = 1) [My (2 + 1)® + Ma(x — 1)?] + 2M5(z 4 1)% 4+ 2My(x — 1)3
—(1—2%)2(a+ B+ 1)uo.
Taking derivatives
C'(z) = 4z(1 — 2?)(a + B+ 1)ug
—(a+p) [(z® = 1) [My(z + 1) + Ma(z — 1)] = M3(x + 1) — My(z — 1)?]
+ (8 —a—(a+B)r) 2z [M(z+1) + Ma(z — 1)] + (2 — 1)(M; + Ma)
—2Ms(z + 1) — 2My(x — 1)

]
+2z [My(z 4+ 1)% + Ma(z — 1)?] + (2% = 1) 2My(z + 1) + 2Ms(z — 1))]
+6M3z(z +1)% + 6My(x — 1)2.

Evaluating C(z) at x =1 and x = —1, we get

C(1) = 8(a+2)Ms,
C(-1) = =8(8+2)M,.
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4.1. Order of the class of the modified functional ja”g. The Stieltjes
function S of the perturbed Jacobi functional is given in terms of S by

oo

Say=-Y sz_’;l = S(@)+MiSs, () + MaSs._, () + MaS;n

n=0

(2) +MaS;0) (x),

where S5, (z) and Ss) (z), a € R, denote the Stieltjes functions associated with

the Dirac functionals §(z — a) and 6 (x — a), respectively. As we have seen in
section 3, from theorem 16, this function satisfies the differential equation

¢(x)S'(x) = B(x)S(x) + C().

From this equation, we will study the class of the modified functional. Let us
denote s and 5 the class of the functionals J, g and ja’ 3, respectively. In order
to reduce the above differential equation we have to study when the common
zeros of ¢ and B are zeros of C' as well. Several different cases are considered:

A IfC(1) # 0 and C(—1) # 0, that is M3M, # 0, then the differential
equation cannot be reduced because the polynomial coefficients are co-prime
and the class of the functional ja’g is

§=max{deg¢p — 2,deg) — 1} = 4.

B If M3 =0 and M, # 0 the equation can be reduced because the polyno-
mial coefficients have x = 1 as a common zero, so the equation can be divided
by 1 — x. Let us denote

o) = (1—z)¢i(x),

Bla) = (1-2)Bia),
Clx) = (1-x)Ci(x),
where
$i(z) = (I+z)(1-2*)?
Bi(z) = (1+2)(1+a)[f—a—(a+pf],
o) = LW

1-a)

Notice that C1(—1) # 0. Therefore, it is just to study the behavior of C;(z) at
x = 1. Then, applying I'Hépital rule Cy(1) = —C’(1). So

01(1) = 8(0[ =+ l)Ml.

From this equation, two different situations can be considered:
B.1 If M; # 0 then the class of the functional is

5§ = max{deg ¢ — 2,degy; — 1} = 3.
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B.2 1If M; =0 then divide by 1 — z. We denote

a(x) = (14 2)*(1 —2?),

By(z) = (1+2)?[f-a—(a+p)a],
_ C(=)

Cg(l‘) = (1 — 1’)2.

Notice that in this case
Cx) = —(1 — x2)2(a + B8+ Dug

+(B8-a—-(a+B)x) [MQ(IBQ —1)(x—1) = My(x — 1)2}

+My(2? — 1) (x — 1)% + 2My(x — 1)?,
SO
Co(zr) = —(1+z)*(a+f+1u

+(B—a—(a+B)z) [Ma(1+z) — My] + Ma(2* — 1) — 2My(1 — z).
Evaluating Cs at z = —1,
Cy(—1) = =2(B + 2)My # 0.
Therefore, the class of the functional is
§ = max{deg ¢ — 2,deg1y — 1} = 2.

On the other hand, x = 1 will be a zero of the coefficient of Sifa=0.In
this situation,
Cy(1) = —4(8 + 1)ug #£ 0.
Then, the equation cannot be reduced and the class continues to be equal 2.
C If M5 # 0 and My = 0 the equation can be reduced since the polyno-
mials have x = —1 as a common zero. Therefore, the equation can be divided
by 1 4+ x. We denote

o) = (I+z)¢i(2),

B(r) = (1+2)Bi)
Clz) = (1+z)Ci(2),
where
p1(z) = (1—z)(1—2%72,
Bi(z) = (1-2)1-2*)[8—a—(a+p)z],
_ C(=)
Cl (SU) (1 T Jj) .

Notice that C1(1) # 0. Then, we study only Ci(z) at « = —1. Applying
I'Hépital rule we get C1(—1) = C’'(-1). So

Ci(=1) = 8(8 + 1) My,
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From this equation, two different situations appear
C.1 If My # 0 then the class of the functional is

§ = max{deg ¢; — 2,degey — 1} = 3.

C.2 If My = 0 then the coefficients of the equation can be divided by
1+ 2. We denote

$a(x) = (1-2)’(1-a?),
By(z) = (1-2)*[B~a—(a+pB)a],
C(z)

Notice that
Cx) = —(1—2%)*(a+ 3+ 1ug

—|—(6 —a—(a+ ﬂ)x) [Ml(xQ —D(z+1)— Ms(z+ 1)2}

—(2? = 1)(x + 1)°M; + 2M3(x + 1)3,
SO
Co(z) = —(1—2)*(a+pB+1ug

+(B—a—(a+B)z) [Mi(v — 1) — Ms] — My (z? — 1) + 2M3(1 + ).
Evaluating Cs at z =1
Co(1) =2(a+2)M5 # 0.
So, the class is
5 = max{deg ¢o — 2,deg1ps — 1} = 2.
But, z = —1 will be a zero of the coefficient of S if 6 = 0. In this situation,
Ca(-1) = —4(a + 1)ug # 0.

Then, the equation cannot be reduced and the class is 2.

As a conclusion, we get

Theorem 19. Let the moment linear functional, Jo. g, be defined as in (22).
The following statements hold

(2) If M3 =0 and MMy # 0 then § = 3.

(3) If My = 0 and MaMs # 0 then § = 3.

(4) If My = M3 =0 and My # 0 then 5§ = 2.

(5) If My = My =0 and M3 # 0 then § = 2.

Notice that the constants M3 and My never vanish simultaneously; otherwise
the functional 7, s is reduced to the case introduced in [8].
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o0

4.2. Modified Laguerre functional. The Laguerre polynomials {Lgf‘)(z)}
n=0
for o € (=1, 00) are defined by the orthogonality and normalization conditions

/ e L (2) LY (2)de = T(a + 1) < " : @ ) On,m, n,m >0.
0

These polynomials are orthogonal with respect to the classical Laguerre linear
functional £,. Let consider the following perturbation of such a functional

Lo = Lo+ Mod(z) + M8 (z) + -+ Mpo® (), k> 0.
The moment functional £, satisfies the Pearson equation
DzL,]=(—z+a+1)L,.
Let
p(x) =z, Y(x)=-cr+a+l

As we have seen in section 3, from theorem 16, the Stieltjes function associated
with the classical Laguerre functional satisfies the differential equation

¢(x)S'(x) = B(2)S(x) + C(x), (24)
where
B(x) = —¢'(z) +¢(z) = —z+a,
Clx) = —(Ubo9) (z)+ (Uboh)(x) = —uo.

Then, the differential equation is
28'(z) = (-2 + a)S(x) — uo.
Notice that the following relation between both moment functionals hold
kaZa =L, k>0.
Furthermore,
D [x’““ﬁa} = (—z+a+k+1)"L,.

This yields the Pearson equation which is satisfied by the perturbed Laguerre
linear functional L,

D |:£L'k+22(x:| = D |:I'IE]€+1ZQ:| = Ik+1Ea +LIJD |:xk3+1Ea:|
— l’k+1Za + ;c(—x +a+k+ 1)Ik£a
$k+1Ea + (—x+a+k+ 1)xk+1Ea'
Therefore,
D |:xk+22ai| — (—I‘ Lta+k+ 2)33k+1£~a- (25)

We assume that M} # 0 since in other case the Pearson equation for Lo can
be simplified.
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Now, let us express the Stieltjes function S of L, in terms of the Stieltjes
function S associated with £,. Since

nfun—l—z:Mu(z

and taking into account the Dirac functionals are supported at the origin we

get
u(l) — (_1)nn|7 n =i, )
" 0, otherwise.
Therefore
S(x) = - Z xn+1 - z% 1

k !l
= Sx) - Z %
0

Taking derivatives

§(e) = 8'(x) + 3 MnED (DI

:E"+2

Substituting in the above differential equation

k k
~ M, (=1)"(n + 1)! M, (—1)"*in!
’ n _
z |S8(x) — Z% T = (—z+a) Z_;) l.'n,+1 —Uo;
SO
k k
~ ~ M, (—1)"(n+ 1)! M, (—1)""in!
zS'(x) = (—x+a)$(x)+:1720 o f(fora)ZoT
k
M, (-1)"(n+1)!
= (-24+a)S@)+ > o
n=0
M (1)l o My (1)l
+ Z T -a Z pntl — Uo-
n=0 n=0
Taking into account
k k k
M, (—=1)"(n +1)! M, (=1)"*n! M, (—1)"n!
Z an+l + Z xn +a Z pntl
n=0 n=0 n=0
k k -
M, (-1)"n! S o My (—1)"nl(—x +a+n+1)zkn
=) o (rtntlta)= R )

n=0
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we get
k _
~ ~ o My (—1)"nl(—z + a+n+ 1)k
28’ (x) = (—x + a)S(z) + Lnzo ilﬁ-l

Thus,

— Up.

k
28 (z) = (—m—i—a):rk"’lg(x)—i—z M, (=1)"n)(—z+a+n+1)z" " —uezF+!.
n=0

In order to reduce the equation we need
Mp(~1)*k(a+k+1)=0

but, we have already assumed that Mj # 0, then it cannot be reduced. There-
fore, it follows that the order of the class is k£ + 1 independently of the values
Mla MQ?"'a Mk—l-
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