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Appendix A1. Figures 
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Figure 4. Income distribution 
density function (example 1) 
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Figure 5. Income distribution 
density function (example 2) 
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Figure 7. (Example 1) 
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Figure 8. (Example 2) 
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Figure 9. (Example 3) 

E2 

 Figure 10 

12Ê
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  Uy1ˆ    1ŷ                                      2ŷ     Py2ˆ       y  
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Appendix A2. Proof of proposition 3:Proof of proposition 3:Proof of proposition 3:Proof of proposition 3:    

 
From proposition 7, for any p2>p1 no household chooses the option private education-community 2. 
Thus, we only need to consider the alternatives public education-community 1 (PUB1), public 
education-community 2 (PUB2) and private education-community 1 (PR1). Given the equilibrium 
vector e*= (E1,p1

h,t1,E2,p2
h,t2), and with some abuse of notation let v1(y) be v(E1,y-p1), v2(y) be 

v(E2,y-p2) and w1(y) be w(y-p1), where pi=pi
h(1+ti). From (12) we obtain: 

( )[ ]σσ δ
σ

−− +−
−

= 11

1
1)( iii Epyyv ,       (A1) 

( )
σ

σ

δ
δ

1

1
1

1 1
)(

+
−

=−
pypyx , and       (A2) 

( ) ( )σσσ δ
σ

11
11 1

1
1)( +−
−

= −pyyw       (A3) 

Example 14: 
(i) Rational choices. 

(a) Consider alternatives PUB1 and PUB2. For an income level y=62.885, the following can be 
verified: v1(62.885)=v2(62.885). By proposition 8, this implies that all households with income 
y<62.885 strictly prefer PUB1 to PUB2, while all households with income y>62.885 strictly prefer 
PUB2 to PUB1. 

(b) Consider alternatives PUB1 and PR1. For y=59.88, v1 and v2 satisfy: v1(59.88)=w1(59.88). By 
corollary 4, this implies that all households with income y<59.88 strictly prefer PUB1 to PR1, while 
all households with income y>59.88 strictly prefer PR1 to PUB1. 

(c) Consider alternatives PR1 and PUB2. It can be verified that w1(71.96)=v2(71.96), which implies 

,·)96.71(ˆ
22 EE = . By lemma 11 and given that p2-p1=13.2-7.5=5.7>4.557=x(71.96-7.5) and that 

educational services are normal, all households with income y<71.96 satisfy ,·)'(ˆ
22 yEE <  and, 

hence, they strictly prefer PR1 to PUB2. 

(d) Consider again alternatives PR1 and PUB2. Due to normality of educational services, the sign of 

yE ∂∂ (·)ˆ
2  becomes negative for all y>88.128 (because x(88.128-7.5)=5.7). Moreover, for 

y=117.47, w1(117.47)= v2(117.47) and, therefore, ,·)47.117(ˆ
22 EE = . This result and (c) imply 

that households with income [ ]47.117,96.71∈y , strictly prefer PUB2 to PR1 (because for them 

(·)ˆ
22 EE > ); while households with income y>117.47 strictly prefer PR1 to PUB2 (because for 

them (·)ˆ
22 EE < ). 

From (a) and (b), households with income [ ]88.59,8∈y  maximise their utility choosing public 

education-community 1, while households with income [ ]885.62,88.59∈y  do so choosing private 
education-community 1. (b) and (c) establish that the optimal choice for households with income 

[ ]96.71,885.62∈y  is private education-community 1. Finally, (b) and (d) imply that the optimal 
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choices for households with income [ ]47.117,96.71∈y  and [ ]125,47.117∈y  are, respectively, 
public education-community 2 and private education-community 1. 

(ii) Housing market equilibrium: 

The housing market is in equilibrium if all houses in every community are occupied. Community 1 
capacity is 0.75. It is inhabited by households with income [ ]96.71,8∈y  and [ ]125,47.117∈y . It 
can be verified that:  

F1(125)-F1(117.47)=0.05 
F1(71.96)-F1(8)=0.7 

which adds up to 0.75. 

Community 2 capacity is 0.25. It is populated by households with income [ ]47.117,96.71∈y . 
This income interval satisfies: 

F1(117.47)-F1(71.96)=0.25 

(iii) Majority voting equilibrium: 

(a) Community 1: The income of the pivotal voter is implicitly defined by 
375.0)~()88.59( 111 =− yFF , which yields 1

~y =23.3679. Because households with this income 

choose public schooling, from (8), the median voter most preferred tax rate *
1t  is: 

( )



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
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
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n
N

n
Np

py

h

h

σδ
       (A4) 

which yields t1
*=0.2712. The corresponding level of provision is: 

2
6.0

75.01
*
1*

1 ==
hptE          

(b) Community 2: The median (income) voter has income 2
~y =94.7001, which satisfies 

125.0)7001.94()47.117( 11 =− FF . Since all households in community 2 choose public 

schooling, the median voter most preferred tax rate *
2t  is: 

( ) ( )[ ]σσ δ
σ

−−
++−

−
≡

1
22

1
222

*
2 )1(~

1
1maxarg hh pttpyt = 




 +

−
−

σδ
1

2

22

1

~

h

h

p

py
           (A5) 

which leads to *
2t 8857.0= . The associated level of provision is 2.62

*
2

*
2 == hptE  
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Example 15: 
(i) Rational choices. 

(a) Consider alternatives PUB1 and PUB2. For an income level y=53.18, the following can be 
verified: v1(53.18)=v2(53.18). By proposition 8, this implies that all households with income 
y<53.18 strictly prefer PUB1 to PUB2, while all households with income y>53.18 strictly prefer 
PUB2 to PUB1. 

(b) Consider alternatives PUB1 and PR1. For y=48.09, v1 and v2 satisfy: v1(48.09)=w1(48.09). By 
corollary 4, this implies that all households with income y<48.09 strictly prefer PUB1 to PR1, while 
all households with income y>48.09 strictly prefer PR1 to PUB1. 

(c) Consider alternatives PR1 and PUB2. It can be verified that w1(64.57)= v2(64.57), which implies 

,·)57.64(ˆ
22 EE = . By lemma 11 and given that p2-p1=14.2-8.8= 5.4>3.94= x(64.57-8.8) and that 

educational services are normal, all households with income y<64.57 satisfy ,·)(ˆ
22 yEE <  and, 

hence, they strictly prefer PR1 to PUB2. For the same reason, households with income levels 

marginally larger than 64.57 satisfy ,·)(ˆ
22 yEE >  and they prefer PUB2 to PR1. Moreover, for 

households with the highest income it can be checked that w1(120)<v2(120). 

From (a) and (b), households with income [ ]09.48,8∈y  maximise their utility choosing public 

education-community 1, while households with income [ ]18.53,09.48∈y  do so choosing private 
education-community 1. (b) and (c) entail  that the optimal choice for households with income 

[ ]57.64,18.53∈y  is private education-community 1. Finally, (b) and (c) imply that the optimal 

choices for households with income [ ]120,57.64∈y  is public education-community 2. 

(ii) Housing market equilibrium: 

The housing market is in equilibrium if all houses in every community are occupied. Community 1 
capacity is 0.8. It is inhabited by households with income [ ]57.64,8∈y . It can be verified that:  

F2(64.57)-F2(10)=0.8 

Community 2 capacity is 0.2. It is populated by households with income [ ]125,57.64∈y . This 
income interval satisfies: 
 F2(120)-F2(64.57)=0.2 

(iii) Majority voting equilibrium: 

(a) Community 1: The income of the pivotal voter is implicitly defined by 
4.0)~()09.48( 122 =− yFF , which yields 1

~y =22.9718. Because households with this income 
choose public schooling, the median voter most preferred solves (A4), yielding t1

*=0.1753. This tax 
rate has an associated level of provision equal to: 

5.1
7.0

8.01
*
1*

1 ==
hptE  

(b) Community 2: The median (income) voter has income 2
~y =100.9582, satisfying 

1.0)9582.100()120( 22 =− FF . Since all households in community 2 choose public schooling, the 
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median voter most preferred tax rate *
2t  is given by (A5). This gives an equilibrium tax rate equal to 

0.8, whose associated level of provision is 2.62
*
2

*
2 == hptE . 

Example 16: 
(i) Rational choices. 

(a) Consider alternatives PUB1 and PUB2. For an income level y=54.52, the following can be 
verified: v1(54.52)=v2(54.52). By proposition 8, this implies that all households with income 
y<54.52 strictly prefer PUB1 to PUB2, while all households with income y>54.52 strictly prefer 
PUB2 to PUB1. 

(b) Consider alternatives PUB1 and PR1. For y=60.18, v1 and v2 satisfy: v1(60.18)=w1(60.18). By 
corollary 4, this implies that all households with income y<60.18 strictly prefer PUB1 to PR1, while 
all households with income y>60.18 strictly prefer PR1 to PUB1. 

(c) Consider alternatives PR1 and PUB2. It can be verified that w1(99.18)=v2(99.18), which implies 

,·)99.18(ˆ
22 EE = . Given that p2-p1=11.2-7.8=3.4<6.46=x(99.18-7.5), lemma 11 implies that all 

households with income y>99.18 satisfy ,·)'(ˆ
22 yEE <  and, hence, that they strictly prefer PR1 to 

PUB2. 

(d) Consider again alternatives PR1 and PUB2. The sign of yE ∂∂ (·)ˆ
2  is positive for all y>55.9 

(because x(55.9-7.8)=3.4). This result and (c) imply that households with income 

[ ]18.99,9.55∈y , strictly prefer PUB2 to PR1 (because for them (·)ˆ
22 EE > ). 

(a) and (b) imply that households with income [ ]52.54,8∈y  maximise their utility choosing public 

education-community 1 and that for households with income [ ]18.60,52.54∈y  it is rational to 
choose public education-community 2. (b) and (c) establish that the optimal choice for households 
with income [ ]125,18.99∈y  is private education-community 1. Finally, (b) and (d) imply that the 

optimal choices for households with income [ ]18.99,18.60∈y  is public education-community 2. 

(ii) Housing market equilibrium: 
Community 1 capacity is 0.8. This community is populated by households with income 

[ ]52.54,8∈y  and [ ]125,18.99∈y . It can be checked that the cumulative income distribution 
function F3(y) satisfies:  

F3(125)-F3(99.18)=0.1 
F3(54.52)-F3(8)=0.7 

which adds up to 0.8. 

Community 2 capacity is 0.2. It is populated by households with income [ ]18.99,52.54∈y . This 
income interval satisfies: 

F3(99.18)-F3(54.52)=0.2 
(iii) Majority voting equilibrium: 
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(a) Community 1: The income of the pivotal voter is implicitly defined by 
4.0)~()52.54( 133 =− yFF , which yields 1

~y =26.6958. Because households with this income 

choose public schooling, the median voter most preferred tax rate solves (A4), yielding t1
*=0.2892. 

This tax rate has an associated level of provision equal to: 

2
7.0

8.01
*
1*

1 ==
hptE  

(b) Community 2: The median (income) voter has income 2
~y =70.3533, which satisfies 

1.0)52.54()18.99( 33 =− FF . Households with this level of income choose public schooling and 

thus the median voter most preferred tax rate *
2t  is given by (A5). This leads to an equilibrium tax 

rate equal to 0.6716 and to a level of provision equal to 5.42
*
2

*
2 == hptE . 


