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Abstract

Under certain conditions markets and exams are identically able to generate the
optimal allocation of students to schools of different quality. These conditions include
the absence of liquidity constraints. But also the share of a common welfare maxi-
mizing objective by educational institutions. This paper explores the deviations from
optimality implied by the strategic choice of prices and/or exams by competing schools

of different quality.
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1 Introduction

It is generally acknowledged that liquidity constraints prevent markets from attaining the
optimal allocation of students to schools of different quality. Still, since ability to learn
is not observable, we need some (self) selection mechanism in order to elicit the right
choices by students and/or schools. While markets make students self-select according to
willingness and ability to pay, exams are used by schools to choose students according to
revealed ability to learn.

Willingness to pay is a good approximation for student ability as long as the marginal
return to education of higher quality is larger for higher ability students. In this case, and
in absence of liquidity constraints, students make adequate choices regarding their enrol-
ment to existing schools. When liquidity constraints exist, Fernandez and Gali (1997) and
Fernandez (1998) show that exams are more efficient allocation devices for a sufficiently
powerful exam technology.

Imperfect competition provides these alternative allocation devices with an additional
strategic role that has been ignored in the literature. Indeed, previous work has considered
atomless schools, unable to change the outcome by modifying its behavior. In this context,
the only difference between prices and exams is that while the former allocates students
according to their willingness to pay, the latter does according to some willingness to
invest in preparing the exam. The relative efficiency of each device obviously depends on
the existence of liquidity constraints and the ability for exams to identify real ability (the
exam technology).

This paper explores the inefficiencies derived from the strategic choice of prices and/or
exams by schools of different quality. While these two instruments generate the same,
optimal, distribution of students to schools when the common objective is to maximize
global welfare, the fact that schools may pursue their own objectives, or compete, changes
the allocations generated by each of them.

The paper is organized as follows: section 2 presents the model and identifies the
optimal allocation of students to two schools of different quality; it also shows how markets
and exams may be equivalent allocation devices (i.e. yield the same, optimal, allocation
of students to schools). Section 3 compares markets and exams as student allocation
devices when each school pursues its own objectives and studies the possibility that both

instruments be used simultaneously. Section 4 concludes.



2 The Model

2.1 Students

The utility of a student attending school ¢ depends both on the benefits of education in
terms of future earnings and the costs of attending university. Assuming that future wages

are the product of school quality and student ability, utility is given by
u = aQ; — p; (1)

where a is ability, with a € (0, 1) and Q;, p; the quality and price, respectively, of education
provided at school 7. The term ability requires some clarification. We refer here to ability
to attain a degree and assume this individual characteristic to involve not only intelligence
but, more importantly, willingness to devote time and effort to the task as well as other
variables such as the family background. Ability, thus understood, is assumed to be
uniformly distributed in the population.

Since the product a@); is the wage, or productivity, obtained at school, we can say that
individual utility is linear in lifetime earnings.

This complementarity between innate ability and school quality, standard in the litera-
ture, is not innocuous. In particular, it identifies innate ability with willingness to pay for
education. Complementarity, thus understood, is easier to justify at the higher education
level.

In order to decide which school to attend, individuals compare the utility they obtain
from attending school H, of high quality with that obtained when attending school L,
of low quality. Let az be the ability of the student who is indifferent among schools

(alternatively, ag is the least able individual who chooses to attend school H). From (1):
ag QL —pL =ang QH — PH

by = bPa —pL

Qm —Qr
It may be the case that the market is not covered. Some students prefer to remain uned-
ucated rather than attend the low quality school. Let a7 be the ability of the individual

indifferent between attending the low quality school and no school at all (alternatively ar,

is the least able individual who decides to attend school).

dLQL—pL=0=>dL=p7L>0

Qr



2.2 Educational institutions

There is a high H and a low L quality school. Qualities are, at this stage, taken as given.!

Schools care for the welfare or expected productivity of own students (prestige). They
may also care for revenues. In order to enrol students, schools may drive an exam and fix
a minimum grade over which admission is offered and/or price the education they provide.
We first compute the social optimum in order to compare the role of exams and prices as
alternative allocation devices. Next section studies the allocation of students generated
by exams and prices, respectively, when schools care only for their own students and costs
or compete with each other. We then also study the circumstances under which a mix of

instruments is preferred by schools.

2.3 The Social Optimum

The aim of this section is to work out the optimal allocation of students to schools of given
Q1 < Qp. This optimal allocation, that maximizes aggregate consumption, is defined by
the abilities a}; and a} such that all students of ability larger than a}; attend the high
quality school and all students of ability lower than aj; but higher than a} attend the
low quality school. Students of ability lower than a7 do not attend any school. Note that

prices are simply transfers between individuals and thus have no effect on global welfare.

ay 1
CLL,GHMCLHC/ aQLdG+/ aQpda—C(Qr,ar) —C(Qu,an)

ar ag

where a;, and ap are the lowest abilities at school L and H respectively. The cost of
producing quality C (Q;,a;) for ¢ = L, H is assumed increasing and convex in quality.
These costs fall as the average ability of enrolled students ar, = (ar + ag)/2and ag =
(am + 1)/2 increase, although they fall at a decreasing rate (C' convex in a).

The first order conditions for social welfare maximization are:

FOC(ar):
~(ai@u+ct, ) =0 )

FOC(ay):
aj (Qr —Qm) — (Ci, + C2,)

where C%l =dC (Qi,ai) /dﬁi, i =1L, H?

—0 (3)

DO | —

!This short-run environment is considered a first approach to the problems tackled.

2 o .. . .
Second order conditions for maximization are satisfied.



The social optimum is by definition directly attainable by means of exams.

Proposition 1 The social optimum may be attained both by exams and prices.

Proof. Let
iy = br
Qr
by = PH —PL
Qo —Qr

determine, respectively. the minimum ability enrolled at school L and at school H when

the allocation of students results from their own choice. At this stage, we keep Qp, Q1 as

given and look for prices that maximize
1
aQuda—C(Qr,ar) — C(Qu,an)

ag
Max / aQLda—l-/
ag

PL,PH ar,
FOC(pL)Z
. dag . day . dag ; ldar
T _ _ = _ CL o
(aH dpr, ar, dpL> QL —an dpr, Qn QLdeL
_L ldéiH _H ld&iH (4)
aL 2 dpL aH 2 dpL -
that can be written
da/H N 1 L H d&L N 1 L
(6)

On the other hand, FOC(pg):
dag (. 1
H<WMQL—QM—2@%;+QZO=ﬂ

dpu
da 1
aH _ = 0, it must be the case that

then, provided that =
P dpr ~ Qu— Q1
ag (Qr — Qu) —

which is precisely the first order condition for social welfare maximization (3). Moreover,

1
5 (Ca, +Cay) =0

substituting this expression back into (5) it yields

dar, (. 1
dar k) =0
doL (aLQL+2 aL)

A~

d 1
which, given that faL _ - # 0,
dpr, L
. 1
—\l\ar QL + §CEL =0

is precisely the first order condition for welfare maximization (2). W



3 When schools pursue their own aims

We maintain the absence of liquidity constraints assumption and modify the objectives
of each university to allow for the more realistic case where each educational institution
cares only for the welfare of its own students and their own costs.? This amounts to saying
that schools compete with each other for students,.instead of agreeing on what is best for
all (social optimum). The payoffs of universities ¢ = L, H is hence

U, = / " Quda - C (Qu,az)

ar

1
Uy = / aQuda— C (Qu, ar)

ag
With these payoffs, the allocation of students under prices or exams is no longer equivalent.
Moreover, none of them is a social optimum. The question we tackle in the following sub-

sections is how student allocations differ under the two alternative institutional settings.

3.1 Exams

Suppose first that exams are the only available instrument. Without prices, every student
prefers the high quality school. Entrance exams determine the allocation of students to
schools. All students with a > af; attend the high quality school. Students with a €
(af , ag) attend the low quality school. Finally, students with a < af remain uneducated.
How do the limiting grades chosen by the university differ from those that attain the
social optimum? Given Qg > @1, the high quality university chooses ay such that

1
aHMax/ aQpda—C(Qu,amn)

ag

FOC(GH)

1
—abQp— -CH =0 (7)

2 9H
At the social optimum, from (3):

ajr (Qr - Qu) — (C3, + Cayy) 0

1
- (a*HQL - 20§L> <0

N—1
I I

. 1
& - (aHQH + 50511;

SLater, we will introduce the concern for monetary benefits.



now, instead, from (7)
1
- (ai@u +50t,) =0 0

Since

4
daH

L g L g
we can conclude that a}; > a%.

School H is too little selective with respect to the social optimum. It accepts too many
applications and incurs too high costs in order to provide enrolled students with the given
Qu.

The reason is that, when choosing ag school H only considers the effects of this decision
on the future earnings of its own students, failing to recognize the effect its enrolments
have on the average ability of students enrolled at school L.

For the low quality school the problem is

af

aLMax/ aQrda—C(Qr,ar)

ar,
FOC(af):

E L L

_G’LQL - icaL =0

which coincides with (2) and is hence (conditionally) optimal. However, since a% is too
low, the average ability of students at school L is also too low 4. Therefore C%L is too high

and aF is in fact higher than at the social optimum.

Proposition 2 When publicly financed schools care only for their own contribution to
social welfare, exams are not optimal allocation devices: the high quality school enrolls too

many students, whith a negative effect on the average ability of students in both schools.

3.2 Markets

Consider now the case in which school’s only available instrument is prices. Recall that,

at this stage, schools care for the global welfare they generate. Prices paid by students

*A tax per enrolled student on the high quality school can internalize the externality and achieve the social

optimum.



cancel out with prices received by schools. As before, we define:

o, = &
QL

by = PH —PL
Qu —Qr

School H chooses py that maximizes its contribution to social welfare:

1
pHMax/ aQpda—C(Qm,am)

ag

FOC(pn):

_dd“;fh(r') (dHQH"F;C(Z{) =0 (9)
with dag(.)/dpm # 0, the first order condition for the maximization of the contribution to
welfare coincides with that obtained when the allocation devices were exams (7). Prices
are too low with respect to the social optimum. As a result, the average ability of students
at the high quality school is, once again too little.

School L, on the other hand, chooses p;, such that

ag
pLMax/ aQrda — C(Qr,ar)

ar,
FOC(pL)Z
daH 1 daL 1
dpﬁ(aHQL—icaLL)— %(GLQL—FﬁCELL) =0 (10)
At the social optimum, from (3), — (a*LQL + C%L %) = 0, now, instead (10) implies
daH
1 d 1
—(aLQr + CaLL§) == dgi (anQr — §CaLL) >0
dpr,

Therefore, at school L, prices are too low.

Proposition 3 When publicly financed public schools care only about their own contribu-
tion to social welfare, prices are too low.
3.3 Exams as complements to markets

Up to now, we have considered prices as mere instruments, not as part of school objectives.

Clearly, prices involve profit opportunities that are being disregarded in the present setting.



Once we allow for profit maximization in the payoff of the universities, is there any reason
for them to still use exams as allocative instruments in absence of liquidity constraints?
This is the issue we tackle in this section.

Consider first school H and suppose that, given Q g, it chooses first the price, py then
a limiting admission grade a%. Enrolments at this school equal 1 — a¥ provided that all
these individuals are willing to pay pp. Otherwise, enrolments equal 1 — dg. In other
words, exams are only effectively selective if they pick students among those willing to

attend school H : ag > ayr. Thus, the number of students at school H, Ny is
Nu = min{(1 - af), (1 — am)}
The objective of the school is now

1
MJZQ/QGQHdG+ﬂPHO—aHW—C“%LMﬁ

H

where o and 3 stand for the relative weights of student welfare and profit maximization
respectively in the school payoff function. Given prices, the optimal limiting grade is given

by

1
_ <aa§QH + Bpw + 2051;) =0 (11)

In turn, the optimal price pg is given by:

_ddH
dpyg

R 1 .
(aaHQH—l—ﬂpH—I-QC(Z{) +p(1—ag)=0 (12)
In order to see which is larger ag or af; note that, from (12):

B(1—am)

— <0
dag/dpy

1
~ (aafiQu + 5o + 504, ) =
and since

d 1 1
da <— (aaQH + Bpu + QCQZNH)) = —aQH — OCZC%H&H <0

we can conclude that ag > ag. As a result, exams are useless.

Proposition 4 The high quality school does not complement prices with exams (at least
not in absence of liquidity constraints). Whatever o and (3, prices allow for any desired

allocation while generating some revenue.



School L also chooses prices first. Then, if a;, < af an entrance exam takes place at

school L. The payoff of school L is

Up = Oé/aH aQrda+ fprlag —ar) — C(Qr,ar)

ar

Given prices, a¥ is such that
1
—aafQr — Bpr, — §CELL =0 (13)

Prices pr, on the other hand, are chosen according to

dag , . 1
—_ -t
dp, (aamg QL+ BpL 9 i)
da . 1 . N
Tpi (i Qu+ Bpr + 5Cf,) + Blan —ar) =0 (14)

This is true, if and only if

R 1
—(aar QL+ Bpr +Oé§CaLL) =

dap/dpr 1) Blag —ar )
== oL P 15
Suppose that 3 = 0. Then the optimal price, pr, is given, from (15) by
n 1 9 d&H/dpL “ 1 L
— — (= = —-— — — (= 1
(oc ar Qr + aQCaL> day Jdpy, \ @ Qr—5Ca, | >0 (16)

Comparing (16) and (13) for 3 = 0, we can conclude that a;, < a¥. Therefore exams
take place. Prices are set low and the quality of the inputs maintained through selection.
In other words, selection allows in this case to lower prices while maintaining standards.

Suppose now that a = 0. Then, dUy,/day, < 0 : selection through exams has a negative

effect on the payoff. While exams do not take place, pr, is chosen from (15) according to:

1 L d&L 1 L A~ A~
(Bpr — §CaL) - %(ﬂpL + §CaL) +B(ag —ar ) =0

dag
dpr,

Proposition 5 If the low quality school does not care for student welfare it will not be

selective at all.

Intuitively, the low quality school has a case for selecting students through exams. It
corresponds to a situation in which prices are set low in order to compete for students
with the high quality school. These low prices also reduce the ability of the least able

student. Exams may be used to prevent this.

10



4 Conclusion

This paper has explored the properties of exams and markets as alternative allocation
devices when schools of different quality compete for students of different ability. While
the social optimum may be attained by means of exams as well as prices, competition
distorts the decisions of schools. The high quality school accepts too many students
independently of the instrument used. As a consequence, the low quality school is left
with a pool of students of lower average ability. Under exams, this lower quality school
does not change the optimal admission rule, but as a result of a second order effect, it may
in fact be more selective than at the social optimum. Under the market system, however,
the low quality school may affect enrolments at the high quality school by its choice of
prices. As a result of price competition, too many people attend school as compared to
the social optimum.

By introducing a revenue maximization objective in the schools payoff functions we
have analyzed the possibility for schools to choose combinations of exams and prices. We
have shown that, in absence of liquidity constraints, the high quality school never uses
exams. Prices allow any desired allocation while generating some profit. In contrast, the
low quality school may choose a mix of instruments. It particularly does so if the weight of
student’s welfare in the payoff function is relatively high. Then, prices are set low in order
to compete for students with the high quality school and selection takes place through

exams.
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