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Abstract. Tarski presented his definition of consequence operator to explain the most im-
portant notions which any logical consequence concept must contemplate. A Tarski space is
a pair constituted by a nonempty set and a consequence operator. This structure character-
izes an almost topological space. This paper presents an algebraic view of the Tarski spaces
and introduces a modal propositional logic which has as a model exactly the closed sets of a
Tarski space.
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Introduction

This work is inserted into the tradition of the algebraic logic, particularly, in the
Lindenbaum-Tarski style.

The contribution of this paper to the algebraic logic field is to present the con-
cept of Tarski’s consequence operator in an algebraic structure, the TK-algebra, and
as well as to introduce a subnormal modal logic whose algebraic models are the
counterpart of Tarski’s consequence operator.

Thus, a new propositional logic is generated and its adequacy in relation to TK-
algebras is shown.

1. Tarski spaces

As follows, we adopt the concept of consequence operator in a slightly more general
way than it was introduced by Tarski, in 1935.

Definition 1.1. A consequence operator on E is a function ~ : #(E) — % (E) such
that, for every A, B € #(E):

() ACA;
(i) ACB=ACB;
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(iii) ACA.
From (i) and (iii), it follows that A = A holds, for everyACE.

Definition 1.2. A consequence operator ~ : #(E) — P (E) is finitary when, for
every AC E:

A=U{A, : A, is a finite subset of A}.

Definition 1.3. A Tarski space (Tarski’s deductive system or Closure space) is a pair
(E,” ) such that E is a nonempty set and ~ is a consequence operator on E.

Definition 1.4. Let (E,” ) be a Tarski space. The set A is closed in (E,” ) when A=A,
and A is open when its complement relative to E, denoted by A®, is closed in (E, ™).

Proposition 1.5. In (E,” ) any intersection of closed sets is also a closed set.

Proof. If {A;} is a collection of closed sets, then N;A; € N;A; € N;A; = N;A;. Hence,
ﬁiAl- = ﬂiAi. O

Clearly, @ and E correspond to the least and the greatest closed sets, respectively,
associated to the consequence operator .

Proposition 1.6. In a structure of sets, the following conditions are equivalent:
() ASB=ACB;
(i) ACAUB.

Proof (i) = (ii): AsAC AUB, by (i), it follows that AC AUB. (ii) = (i): fAC B,
then AUB = B. So, by (ii), A C B. O

Definition 1.7. A Tarski space (E,” ) is vacuous when @ = &.

Definition 1.8. An almost topological space is a pair (S, Q) such that S is a nonempty
set and Q C 2 (S) satisfies the following condition:

BCQ=UBe.

The collection £ is called almost topology and each member of 2 is an open of (S, Q).
A set A€ P(S) is closed when its complement relative to S is an open of (S, 2).

Proposition 1.9. In an almost topological space (S, 2) the set @ is open and S is closed.

Proposition 1.10. In an almost topological space (S, 2), any intersection of closed sets
is still a closed set.
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Definition 1.11. Let (S,) be an almost topological space. The closure of A is the
set:
A=4N{X €S :X is closed and A € X}.

Proposition 1.12. Let (S,) be an almost topological space. For every A C S, A is
closed.

Proposition 1.13. Let (S,€) be an almost topological space and let A be defined as
above, for every AC S. Then (S,” ) is a Tarski space.

On the other hand, if (E,”) is a Tarski space, let us consider 2 = {X C E :
X is open}.

Proposition 1.14. If (E,” ) is a Tarski space, then (E, Q) is an almost topological space.

It follows from Propositions 1.13 and 1.14 that that given a Tarski space an
almost topological space is obtained and in another direction given an almost topo-
logical space we can define a Tarski space. So naturally we can make an interrelation
between the two concepts.

Definition 1.15. An almost topological space (S, Q) is 0-closed when it holds:
(ivy d=0.

Definition 1.16. A topological space (S,2) is an almost topological space 0-closed
such that it holds:
(v) AUB=AUB.
The previous definition of topological space was given by the Kuratowski’s clo-
sure. Naturally, every topological space is a Tarski space, but there are several Tarski

spaces which are not topological spaces. Each topological space is an instance of a
vacuous Tarski space.

2. TK-algebras

The definition of a TK-algebra introduces the notions of consequence operator in the
context of the algebraic structures.

Definition 2.1. A TK-algebra is a sextuple .o/ = (4,0, 1, V,~, ) such that (4,0,1,V,
~) is a Boolean algebra and e is a new operator, called operator of Tarski, such that:

(i) avea=ueaq;

(ii) eave(avb)=-e(aVb)
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(iii) e(ea)=-ea.

Examples:

(a) The space of sets &2 (A) with A# @& and ea = q, for all a € A, is a TK-algebra.

(b) The space of sets Z(R) with eX = X U {0} is a TK-algebra.

(c) The space of sets Z(R) with X = N{I | I is an interval and X C I} is a TK-
algebra.

Since we are working with Boolean algebras, the item (i) of the Definition 2.1
asserts that, for everya € A, a < ea.
We define in a TK-algebra:

a—b =4 ~aVb;
a—>b =df aA~b.

Proposition 2.2. In any TK-algebra the following conditions are valid:
(i ~ea<~a<e~g;
(i) a<b=ea<eh.

Proof. (il)a<b=avVb=b=e(avb)=eb=eaVeb=eaVe(avb)=e(aVh)=
eb=>ea<ebh. O

Proposition 2.3. In any TK-algebra the following assertions are valid:
(i e(aAnb)<eaAeb;

(ii) eaveb<e(aVhb)

Proof. () aAb<aandaAb<b=e(aAb)<eaande(aAb)<eb=e(aAb)<
eaANeb.
(ii) is similar to (i). O

Example:

(a) Let E = {a, b, c}. The space of sets (?(E),3,E,N,U, ¢) can be extended to a
TK-algebra in the following way: X = X, for all X C E such that X # {a, b}, and
ofa, b} =E.

IfX ={a}and Y = {b}, then e X = e{a} = {a} and e Y = e{b} = {b}; e X UeY =
{a,b}; ¢(XUY)=e{a,b} =E. Hence, e X UeY C o(XUY).

IfX ={a, b}and Y = {c},then eX = e{a, b} =E,eY =ef{c} ={c}, eXNeY =
{c}, o(XNY)=ex=. Hence, o (X NY)CeXNeY.

Proposition 2.4. In any TK-algebra, it holds:
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(i) e(eaneb)=eaANeb;

(ii) e(eaveb)=-e(aVb)

(iii) ea>>eb <e(ab).

Proof. (i) It is enough to verify that e(ea Aeb) < ea Aeb. But, e(ea Aeb) <
eegNeeh=eqANeD.

(ii) (avb)<e(eaVeb)<ee(aVb)=-e(aVb) Hence,e(aVhb)=e(eaVeb).
(iii) ea > eb=~eaVeb <e~qaVeb <e(~aVb)=-e(ab). O

We have a new operation in a TK-algebra, dual of e:
oa =g~e~da.

Proposition 2.5. In a TK-algebra, the following conditions are valid:
(i) oca<a;

(i) a<b=>oa<ob;

(i) o(aAb)<oa;

(iv) oca<ooa.

Proof. (i) ca=~e~a=>~a<e~g=~oag=>oa<~~a=a.
(as<b=>~b<~a=>e~bh<e~g=>~e~g<~e~h=>o0a=<o0b.

(iii) It follows from (ii).
(ivyoa<a>~as~oagD>e~ag<{e~og=>~e~og<~e~g=ooag<oaq. [

Definition 2.6. An element a € A is closed when ea = a, and a € A is open when
oa=a.

Proposition 2.7. In any TK-algebra:

(i) Ifaisopen, then:a<b& a<ob;

(i) If bis closed, then: a < b <> ea < b.

Definition 2.8. An algebra .«/ is non-degenerate when its universe A has at least two
elements.

Definition 2.9. Let . = (4,0,1,V,~,e) and 8 = (B,0,1,V,~,e) be TK-algebras.
A homomorphism between .« and & is a function h : A — B that preserves the
TK-operations. The kernel of h is the set Ker(h) =4 {x € A: h(x) = 0} = h~1(0).

Theorem 2.10. For each TK-algebra .o/ = (A,0,1,V,~,e) there is a monomorphism h
from A into a Tarski space of sets defined in 2 (2 (A)).
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Proof. Through Stone’s isomorphism, we know that for each Boolean algebra .of =

(A,0,1,V,~) there is a monomorphism h from A into a field of subsets of & (A).
Next, we introduce a Tarski space in & (A) in the following way:

For each set X € & (A), we define:

X =Ngeaih(a) : X Ch(a) and a = ea}.
Then, we must show that:

i X<Xx

() XSCY=>XCY
(i) X € X

(iv) h(ea) = h(a).

We can see that (i) - (iv) are valid by:

(i) By definition of X.

(ii) Suppose X ¢ Y. Then there is z such that z € X and z ¢ Y. So, for some
a€A z¢h(a)withY € h(a) and ea = a. Since X C Y C h(a) and ea = a, then
z ¢ X, and it contradicts z € X.

(iii) x € X = x € Ngea{h(a) : X € h(a) and a = ea}. As X C X, it follows that
x € Ngeath(a) : X Ch(a) and a = ea} =X and, therefore, X CX .

(iv) On one hand, h(ea) € h(a) is valid: Consider that h(a) € h(b) and b = e b.
Since h is a Boolean monomorphism, a < b and ea < eb. But, since eb = b,
then ea < b and h(ea) C h(b). Concluding, for each b € A such that eb = b and
h(a) C h(b), it results that h(ea) € h(b), that is, h(ea) € h(a).

On the other hand, h(a) € h(ea) is also valid: a < ea = h(a) € h(ea) =
m C h(ea). Since h(ea) C h(ea) and ea = eeq, then h(ea) = h(ea) and h(a) C
h(ea). O

3. Ideals in TK-algebras

As in Boolean algebras, we can define an ideal into TK-algebras and use it to analyze
aspects of the consequence in the next sections.

Definition 3.1. Let ./ = (A,0,1,V, ~, ®) be a TK-algebra. An ideal in A is a nonempty
set I € A such that, for all x,y € A:

@D x,yel=>xvyel;

(i) x€elandy<x=>ye€l.
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If I is an ideal and a;,a,,- - ,a, €I, by induction on n, we have that a; V a, V
-Va, €I.

Definition 3.2. The ideal I is a TK-ideal when x € > ex € 1.

Examples:

(a) The set Ais a TK-Ideal in .«f.

(b) The single {0} is a TK-ideal if, and only if, ¢ 0 = 0.

(c) Given a € A, the set [a] = {x € A: x < ea} is a TK-Ideal. The set [a] is the
TK-Ideal generated by a.

Proposition 3.3. Let ./ be a TK-algebra and I be an ideal in .«/. The following
conditions are equivalent:

(i) a€l=eacl;

(i) a—»bel=>ea»ebecl.

Proof. (=)a—bel=e(ab)ecl. Sinceea>>eb <e(a> b), thenea>>ebc
I.

(&)Ifael,asa=1>a,thenl>acl. By(ii),el > eac]I= 1—>eacl=>
eac]. O

Proposition 3.4. Let .« be a TK-algebra and @ # B € A. The set [B] = {x € A :
(Ja,,... ,a,€B)(x <e(a; V... Va,)}is a TK-ideal.

Proof. (i) If x,y € [B], then there are a;,... ,a,,by,... ,b, € B such that x <
o(a;V...vVa,)and y < e(b;V...Vb,). SoxVy <e(a;V...Va,)Ve(b; V... Vb,) <
o(a; V... Va,VbyV... Vb, and xVy € [B]. (ii) If x € [B] and y < x, then

y € [B]. (iii) If x € [B], then there exists a;,... ,a, € B such that x < e(a; V... Va,)
and since o(a; V... V a,) is closed, by Proposition 2.7, ex < e(a; V... Va,) and
ex € [B]. O

Definition 3.5. TK-ideal [B] defined in the Proposition 3.4 is the TK-ideal generated
by B.

Proposition 3.6. Let .« be a TK-algebra. If I is a TK-Ideal in .o/ and b € A, then
[I,b]={x€A:(dcel)(ex <e(bvVc))}
is a TK-Ideal.

Proof. Of course, if x € [I,b] and y < x, then y € [I,b]; and x € [I,b] = ex €
[I,b].

Now, if x,y € [I, b], there are c,d € I such thatex <e(bVc)andey < e(bVd).
Hence, ¢(x Vy) = e(exVey) < e(e(bVc)Ve(bvd)) =e(bVvc)Vv(bvd)) =
o(bV (cVvd)). Therefore, x Vy € [I,b]. O
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Definition 3.7. The ideal [I, b] is the TK-ideal generated by I and b.

Definition 3.8. Let I be an ideal in a TK-algebra .. The ideal I is proper when
I # A. The ideal I is maximal when it is proper and it is not included in any proper
ideal distinct of I. The ideal I is prime when it is proper and for all a, b € A it holds:
aANbel=aclorbel.

Of course, if I is proper, then there is an a € A such that a ¢ I and therefore

1¢1.

Proposition 3.9. Let I be an ideal in a TK-algebra .. The following statements are
equivalent:

(1) I is maximal;

(ii) foreverya€A:acl ¥Y~a€l;

(iii) I is prime;

(iv) foreverya,b€A,a—belorb—acl.

Proof. As .« is a Boolean algebra (i), (ii) and (iii) are equivalent. Let’s show the
equivalence between (iii) and (iv). (iii) = (iv) Leta,b € A. As (a—b)A(b—a) =
Ol and ] is prime, thena—b €l orb—ae€l. (iv) = (iii) LetaAnb e I. If

aAN~b=a—-bel,thena=(aAb)V(aA~b)el. f bA~a=b—a €], then
bel. O

The next definitions are specific for TK-ideals.

Definition 3.10. A TK-Ideal I is TK-irreducible when it is proper and for any two
TK-Ideals I; and I,:
I:.Ilnlzilzll OT'I:Iz.

Definition 3.11. A TK-Ideal I is TK-maximal when it is proper and it is not included
in any proper TK-Ideal distinct of I.

Definition 3.12. Let I be a TK-ideal in a TK-algebra .«/. The ideal I is TK-prime
when it is a proper ideal and for all a, b € A it holds:

egNebel=>eqgcorebel.

Let I be a TK-ideal. If I is a prime ideal then I is a TK-prime ideal. However,
it is possible that I is a TK-prime ideal that is not prime. The same holds to TK-
maximal ideals. Besides, being maximal does not imply to be TK-ideal and hence to
be TK-maximal ideal.
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Example:

(@) Let E = {a,b,c}. Consider the TK-algebra ./ = (#(E),3,E,N,U, ¢, e), such
that e = &, e{a} = {a},e{b} = e{c} = e{a,b} = e{a,c} = e{b,c} = e{a,b,c} =
{a, b,c}. The TK-ideal {@, {a}} is TK-prime but it is not prime.

Proposition 3.13. If a TK-ideal is TK-maximal, then it is TK-irreducible.

Proof. Let I be a TK-maximal ideal. So I is proper. Now, if I; and I, are two proper
TK-ideals such that I = I; NI,, then I € I; and I € I,. As I is TK-maximal, so
I= Il - 12. D

Example:
(a) Let E = {a, b}. Consider the TK-algebra .« = (#(E),J,E,N,U, ¢, e), such that
o=y, e{a} = {a},e{b} = e{a, b} = {a, b}. The TK-ideal {&} is TK-irreducible and
it is contained in the TK-ideal maximal {&, {a}}.

It follows from the previous example that we have a TK-irreducible ideal which
is not TK-maximal.

Proposition 3.14. Let ./ be a TK-algebra and I a TK-ideal in .«f. The following
statements are equivalent:

(i) I is a TK-prime ideal;

(ii) forevery a € A: eithereac or ~eacl.

Proof. (i) = (ii) If I is TK-prime, then I is proper. Now, if ea € [ and ~ea € I, then
eaV ~eq=1¢€], which is a contradiction. Besides, as I is prime and ea A ~ea =
Oc€l,theneaclor~eacl.

(ii) = (i) By hypothesis, I is proper. f ea Aeb €I and ea ¢ I, then, by hypothesis,
~eac]. Hence,eb<eb V~ea=1A(eb V~ea)=(ea V~ea)A(eb V~eqa)=
(eaneb) V~eac]. Since I is a TK-ideal, then e b € I. Therefore, I is a TK-prime
ideal. O

Proposition 3.15. If a TK-ideal is TK-prime, then it is TK-maximal.

Proof. Consider I as a TK-prime ideal which is properly included in a TK ideal M and
take x such that x € M, but x ¢ I. Since I is a TK-ideal, then e x ¢ I and since M is
a TK-ideal, #x € M. As I is a TK-prime ideal, by Proposition 3.14, ~ex € I. Hence,
exeM,~ex €l CM,therefore ]l =exV ~ex €M, thatis, M =A. O

Corollary 3.16. If an TK-ideal is TK-prime, then it is TK-irreducible.

Proof. It follows from Propositions 3.15 and 3.13. O
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Example:

(a) Let E = {a, b, c}. Consider the TK-algebra .o/ = (#(E), @, E,N,U, €, e), such that
o=, o{a} = {a}, o{b} = {b}, e{c} = {c}, o{a,b} = {a, b}, e{a, c} = {b, c} =
o{a, b, c} = {a, b, c}. The TK-ideal I = {@, {c}} is TK-maximal, but it is not TK-
prime:

(1) Iis TK-maximal: if I C J with J a TK-ideal, then J has an element x such that
x ¢ 1. If x = {a}, then {a,c} = {a} U {c} € J, and like J is a TK-ideal, then
{a,b,c} = o{a,c} € J and therefore J = A. If x = {b} or x = {a, b} or x = {a,c} or
x ={b,c} or even x = {a, b, c}, we show that J = A.

(ii) Tis not TK-prime: o{a} Ae{b} =@ I, but e{a} ¢ I and e{b} ¢ I.

Definition 3.17. A chain of ideals is a sequence (Iy,I,,Is,... ) of ideals such that
LS, CI;C... .

Lemma 3.18. Let .«f be a TK-algebra and (I,1,,15,... ) be a chain of proper TK-ideals
of .«f. The union UI, is a proper TK-ideal.

Proof Let x € I and y € A, with y < x. Since I = UI,, there is n € N such that
x € I, and since I, is a TK-ideal, then y € I, € I. Let x,y € I = UI,,. Since
Iy €I, CI; €..., there is n € N such that x,y € I,,, and as I, is a TK-ideal, so
xVyel, CI. Hence, I is an ideal. Since 1 ¢ I,,, for every n, hence 1 ¢ I. Therefore,
I is a proper ideal. It is immediate that I is a TK-ideal. O

Theorem 3.19. Each proper TK-ideal in a TK-algebra is contained in a TK-maximal
TK-ideal.

Proof. The result follows from the previous lemma and by Zorn’s Lemma. O

Corollary 3.20. Let .« be a TK-algebra and a € A such that ea # 1. Then, there is a
maximal TK-ideal I for which a € 1.

Proof. Since e a # 1, the TK-ideal generated by a is proper, then by previous theorem,
[a] is included in a TK-maximal TK-ideal I and a € 1. O

Proposition 3.21. Let .o/ be a TK-algebra and I be a TK-ideal in .«/. If a ¢ I, then
there is a TK-irreducible TK-ideal I* such that I C 1" and a ¢ I*.

Proof. Let S be the ordered set of all TK-ideals J of .o/ such that I CJ and a ¢ J. By
Zorn’s Lemma and Lemma 3.18, there is a TK-maximal element M in S. If M = I;NI,,
considering thata ¢ M, thena ¢, ora ¢ I,. fa ¢ I,,since] CM CI;,thenl; €S
and as M is TK-maximal in S, M = I;. Besides, if a ¢ I,, M = I,. Hence, M is
TK-irreducible. O
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Theorem 3.22. Let h : A— B be a surjective homomorphism between .« = (A,0,1,V,
~,e)and B =(B,0,1,V,~,e). Then:

()  h(a) =h(b) & a=gern) b <45 a— Db €Ker(h) and b —a € Ker(h);
(ii) the relation =g,.() is a congruence;

(iii) .o |er(n) is a TK-algebra;

(v) A |geren) = B.

Proof. (i) (=) h(a) = h(b) = h(a) A~h(b) =0 = h(aA~b)=0=>aA~Db €
ker(h) = a — b € ker(h). In the same way, b — a € ker(h). (<) a—b € ker(h) =
aA~b e ker(h)= h(aA~b)=0= h(a) A~h(b) =0 = h(a) vV h(b) = h(b) =
h(a) < h(b). Also, b — a € ker(h) = h(b) < h(a). So, h(a) = h(b).

(i) Clearly =g, is an equivalence relation. We only need to show the details about
how to extend to a TK-algebra, that is, a =g,.(n) b = ©a =gern) ®b. S0 a =gern) b
< h(a) =h(b) = eh(a) =eh(b) = h(ea) =h(eb) < ea =, *b.

(iii) Since =g, (n) is an equivalence we have a partition on .o/ |g,.). Now, let ™ :
& —> . |gerpny such that @ = {b € A : @ =g, b}. We must produce a Tarski
operator in ./ |k, ). Let #a@ = ®a. This is the looked operator: (1) aVea=aVea =
sd =eq; (2) eaVve(avhb)=eave(avh)=eaVvelavh)=eaVve(laVvb)=
e(avb)=eaVvb=e(aVh);,(3) sea=esa—=seqa=ea=eq.

(iv) As usual, we define h : .| Ker(h) — % by h(a@) = h(a). Naturally h is well
defined and bijective. We will show that h preserves the operation e: h(e@) =
h(®a@) = h(sa) = eh(a) = e h(a). O

Definition 3.23. Let .« be a TK-algebra and I a maximal (or prime) TK-ideal in ..
Consider the following (equivalence) relation =; in .«/:

a=;b&S=y4a—-belandb—ac€l.

In the above definition, I more than TK-maximal is maximal.

The next theorem will show that the relation =; is a congruence in .o with
respect to A,V,~ and e, that is, [a] = [b] implies [~a] = [~b] and [ea] = [e b];
and [a] = [b], [c] = [d] implies [a Ac]=[bAd] and [aVc] =[bVd]. Also, [1] is
the unit, [0] is the zero element of .&/|;.

Proposition 3.24. Let .« be a TK-algebra and I a maximal TK-ideal in .o .

(i) the relation =; determined by I is a congruence relation;

(ii) considering, for every x € A, o[x] = [ex], the quotient algebra .</|; is a TK-
algebra;

(iii) the function h : .of — .¢/|; defined by h(a) = a is a surjective homomorphism;
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(iv) I is the kernel of h, and for everya €A, a €l & a=;0;

(v) foreveryac€A a¢l=a=,1.

Proof. (i) Clearly =; is an equivalence relation. Now:
MWD [al]=[b]=a-belandb—a€l < a A~belandb A~ael &
~a Abeland~bAa€l < ~a—~beland~b—~a€l & [~a]=[~b].
(2 [al]=[b]e=a—-belandb—ac€l < a A~belandb A~acl. Ifael,
theneaecland ~a ¢ => ~ea¢landbel =>ebc]=ea —ebec]and
b —eac] < [ea] =[eb]. fa¢ I, thenea ¢ and ~bel = ~eac] and
bél=>eb¢]=>~ebc]=>eaqa —ebc]andeb —eac] < [ea] =[eb]. In
any case, we have [ea] = [e b].
(3 If[a] =[b] and [c] = [d], thenaA~b €I, bA~a€l,cA~d €l anddA~c €.
Since I is an ideal, and aA~b, cA~d €I, thenaAcA~b,aAcA~d € I, therefore
(anc)A~(bAd)=(aAnc)A(~bV~d)=(aAcA~b)V(aAcA~d)e€]. Thatis,
(anc)—(bAd)el. Analogously, (b Ad)—(aAc)el. Hence, [aAc]=[bAd].
(4)If [a] = [b] and [c] = [d] thenaA~b eI, bA~acl,cA~dlanddA~c€E].
Since I is an ideal, and aA~b, cA~d €I, thenaA~bA~d,cA~bA~d €],
therefore (aVc)A~(bvd) =(aVc)A(~bA~d) =(aA~bA~d)V(cA~bA~d) €.
Thatis, (avc)—(bVvd) € I. Analogously, (bvd)—(aVc) € I. Hence, [aVc] = [bVd].

(i) We need to verify that e |- preserves the properties of operator e.
(D) [x]velx] =[x]V[ex]=[xVex]=T[ex]=-e[x].
(2) o[x]Ve[xVvy]=[ex]V[e(xVy)]=[exVe(xVy)]=T[e(xVy)]=e[(xVy)].
(3) eo[x]=[oex] =[ox]=e[x].

(iii) It is immediate.

(iv)y (=)Ifael,asa=aAl=aA~0=a—-0€land0=0A~a=0—a€l.
Soa=;0. (&)Ifa=;0thena=aAl=aA~0=a—-0€l.

Wa¢l & ~acl = ~a=0a=51. O

We observe that if I is an ideal then .«/|; is degenerate < [ = A.

Proposition 3.25. If I is a prime TK-ideal, then the quotient algebra ./ |, is linearly
ordered.

Proof. Let I be a prime TK-ideal and take a, b € A. From this we have thata—b €1 or
b—ael,thatis, [a] < [b] or [b] < [a] and, therefore .&/|; is linearly ordered. [

In the next section, a new logic associated with Tarski’s consequence operator is
introduced.
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4. Logic TK

The propositional logic TK is the logical system associated to the TK-algebras. The
propositional language of TK is L = (-, V,—, $,p1, P2, P3,-..) and TK is presented
as follows:

Axioms:

(CPC) o, if p is a tautology;
(TKy) ¢ — $¢;
(TKy) 440 — 4.

Deduction Rules:
—
vy 7 Y, ¢ :
Y
=
40— &)
As usual, we write g ¢ to indicate that ¢ is a theorem of some axiomatic system
S, and we drop the subscript when there is no possibility of misunderstanding.

(RM*)

Definition 4.1. Let T" be a set of formulas, and ¢ a formula of some system S. We

say that " deduces ¢ (notation: I' g () if there is a finite sequence of formulas

Y1,.-.>, such that ¢, = ¢ and, for every ¢;, 1 <i <n,

(i) ; is an axiom; or

(i) ¢;€Tl;or

(iii) ¢; is obtained from previous formulas of the sequence by some of the deduc-
tion rules.

Notice that the notion of syntactic consequence (deduction) presented here is
global. Accordingly, we will have, for instance, p — q - 4p — 4q. However, (p —
q) — (#p — 4q) is not a theorem (what we can show semantically after proving
completeness), and so the Deduction Theorem does not hold!.

Proposition 4.2. - ¢ — ¢(p V).

Proof.
1.o = (pVY) Tautology .
2. 40— (o V) R*in1

Proposition 4.3. - ¢ =  ¢¢.
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Proof.
1. ¢ Premise
2.9 - 4p AXryy O
3. 0 MP in 1 and 2.

Proposition 4.4. T'- ¢p vV $ — (¢ V)

Proof.
1. 40— (V) Proposition 4.2
2.4 — #(p V) Proposition 4.2 O
3. 40V Y- #(pVY) CPC.

As in the case of a TK-algebra, we can define the dual operator of ¢ in the
following way:

Op =4 470,
Proposition 4.5. Fp =Y = F Q¢ — 0.
Corollary 4.6. F @ <« = F Qp « Q).
Proposition 4.7. - Qp — .
Proposition 4.8. F Q0 — OO
Proposition 4.9. F O(p A1) — Q.

Corollary 4.10. - Q(p A1) — (O A Q).

We could, alternatively, consider the operator ¢ as primitive and substitute the
axioms TK; and TK, for the following ones:

(TK) Qv — o,

(TK5) Qv — 00y,

and the rule RM* by the rule RM?:
p =1

Op =0y’

In the following section, the algebraic adequacy of the Logic TK relative to TK-
algebras is shown.

(RM?)
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5. The algebraic adequacy

Below, we indicate the set of propositional variables of TK by Var(TK), the set of
its formulas by For(TK) and a generic TK-algebra by .¢/. The propositional logical
system TK is determined by a pair (L,” ), where L is the propositional language of
TK and ~ is a consequence operator on For(TK) given by axioms and deduction rules
of TK.

Thus, for I' € For(TK), denoting the set of axioms of TK by Ax, then T = {Y:
I'UAx k1) }. We say that ) is derivable in TK or is a theorem of TK when 1) € @, or,
Ir=@.

Definition 5.1. A TK-theory is a set A € For(TK), such that A=A,
When A = &, we have the theorems of TK, that is, ¢ € @ < F 1.

Definition 5.2. A formula v € For(TK) is refutable in ' when I" - —). Otherwise,
4 is irrefutable.

Definition 5.3. A set I' C For(TK) is irreducible if it is consistent and for any two
sets A, A, € For(TK):

FzzlﬂZZ 3F:Z1 \Y F:ZZ

Definition 5.4. A set I' C For(TK) is maximal if it is consistent and for any consistent
set A C For(TK):

TCA=T=A.
Definition 5.5. A restrict valuation is a function v: Var(TK) — .« that interprets
each variable of TK in an element of .«/.

Definition 5.6. A valuation is a function v: For(TK) — .&/ that extends natural and
uniquely v as follows:

@D v(p) =v(p);
(i) v(=p) =~v(y);
(i) v(4p)=ev(y);
(i) v AY)=v(p) Av(¥);
W vipvy)=v(p)Vvv(y).

As usual, operator symbols of left members represent logical operators and the
right ones represent algebraic operators.

Definition 5.7. Let .« be a TK-algebra. A valuation v: For(TK) — .« is a model
for a set I € For(TK) when v(y) = 1, for each formula y €T.
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In particular, a valuation v: For(TK) — .«/ is a model for ¢ € For(TK) when
v(ip)=1.

Definition 5.8. A formula ¢ is valid in a TK-algebra ./ when every valuation v:
For(TK) — ./ is a model for ¢.

Definition 5.9. A formula ¢ is TK-valid, what is denoted by F ¢, when it is valid in
every TK-algebra.

If we consider the set of formulas For(TK), naturally we have an algebra on
For(TK), 8 = (For(TK), A, V,~, #) such that A and V are binary operators, = and
¢ are unary operators.

Now, we define the Lindembaum algebra of TK.

Definition 5.10. Let ' U {p, 4y} C For(TK) and ~~ the equivalence relation defined
by:
(pﬁl,l)<:>df Fr'Fp—=vYand THY — p.

The relation ~, more than an equivalence, is a congruence, since by the rule R*:
pYp=>ThRp-oYandThHY 5= THE >@pand T H @Y — ¢ =
¢o >~ ¢y

For each 1 € For(TK), we denote the class of equivalence of ¢y modulo ~ and I"
by [Y]r = {o € For(TK): o ~}.

The Lindembaum algebra of TK, denoted by .#-(TK), is the quotient algebra
AB|.~, defined by:

-(TK) = (For(TK)|~,0,1,7.,4~,A~, V.), such that:

0=T[pA-¢],

1=[p Vel

Lol =[¢],

¢ [o]l=[0¢],

[l AL [Y]=[p AY],
[plva [Y]=[p Vvl

In general, we do not indicate the index . of operations. When I' = & we just
write ./ (TK).

Proposition 5.11. In .(TK) it is valid: [¢] < [Y] & TF e —).

Proof. [pl =[] & [plviy] =]l = [pvyl=[Y] & TFpVvy -y &
T'ke—1. O

Proposition 5.12. The algebra .«/-(TK) is a TK-algebra.
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Proof. Axrgi: TH@ — 40 = [p] < [4p] = [p] < $[p];
Proposition 4.2: T'H 4y — (o VY) = [¢¢] < [#(e V)] = ¢[e] < $[p VY];
Axro: TH 400 — 40 = [$00] < [®p] = ¢6[p] < #[p]. 0

Definition 5.13. The algebra .&/-(TK) is the canonical model of T" € For(TK).

As an immediate consequence, ./(TK) is the canonical model for the theorems
of TK.

Corollary 5.14. Let ' U {¢} € For(TK):
1) If Tk, then[¢]l=1in (TK);
(i) If T+ - (¢ is refutable in T'), then [¢] =0 in (TK);

(iii) If ./-(TK) is non degenerate, then there is a formula that is not a theorem of T.

Proof. Since ./-(TK) always has an identity element 1, then for every ¢ € For(TK),
[p] <1

(i) The formula ¢ — (y» — ¢) is a tautology and, hence, a theorem of TK. With a
substitution we have - ¢ — ((¢ — ¢) — ¢). Now, if T'F ¢, by MB it follows that
I'E(p—¢)— o, thatis, 1=[p = p] <[p] and [p] =1.

(ii) Let ¢ be refutable in T, that is, '+ —p. But I' - —p iff [-¢] =1 iff ~[¢] = 1 iff
[¢]=0.

(iii) Finally, [¢] = 1 iff T' I ¢ and, therefore, .«/(TK) has a different element of 1
iff there is ¢ € For(TK) such that ' ¥ ¢. O

Naturally, if [¢] = 1, then T' - ¢ and if [¢] = 0, then I' - =¢. So, it results
from preceding propositions that for every formula ¢: [¢] =1iff T F ¢, [¢] =0 iff
'k =, and [¢] # 0 iff ¢ is irrefutable in I", and, since ./-(TK) is non-degenerate,
then I' has some non theorem.

Theorem 5.15 (Soundness). The TK-algebras are correct models for the Logic TK.

Proof. Let ./ =(A,0,1,V,~,e) be a TK-algebra. It remains to prove that the axioms
Ax7g1 and Axpg, are valid and the rule R* preserves validity:

Axrgr: V(e — €9) = v(p) = v(#p) = ~v(p) Vv(#p) = ~v(p) V (v(p) V v(#p))
=(~v(@ V() Vv(ep) =1Vv(ep)=1.

Axrgia: V(0GP — #p) = eev(p) = ev(p) = ~eey(p) Vev(p) = ~ev(p)V
ov(p)=1.

R*: Using Proposition 2.2 (ii): vipg = Y)=1=v(p) <vy) = #v(ip) < @)
= v(4p) <v(#yY) S v(¢p - #)) =1 O

Theorem 5.16 (Adequacy). Let ¢ € For(TK). The following assertions are equivalent:

Principia 14(1): 47-70 (2010).



64 Hércules A. Feitosa, Mauri C. do Nascimento, Maria Claudia C. Grdcio

O Fe;
(i) Fe;
(iii) ¢ is valid in every TK-algebra of closed subsets of a Tarski space (S,” );

(iv) vo(@) =1, where v, is the valuation defined at the canonical model.

Proof. (i) = (ii) it follows from Soundness Theorem. (ii) = (iii) it suffices to observe
that the algebra of closed subsets of any Tarski space is a TK-algebra. (iii) = (iv)
since every TK-algebra is isomorphic to a subalgebra of closed subsets of a Tarski
space (S,” ) and ./(TK) is a TK-algebra, the result follows. (iv) = (i) if ¢ € For(TK)
and it is not derivable in TK, by Corollary 5.12, [¢] # 1 in .«/(TK) and thus vy(y) #
1. O

Corollary 5.17 (Completeness). If ¢ € For(TK), then: E ¢ & F .

In the next proposition it is proved that the formula (¢ — ¢) — (¢¢ — ) is
not TK valid by a counter example.

Proposition 5.18. ¥ (¢ — ) — (¢p — #Y).

Proof. There is a TK-algebra in which does not hold the above formula. Let E =
{x,y,z} and take the Boolean algebra (#(E), ¢,n,U,J,E). Now, define the fol-
lowing consequence operator over (Z(E), ¢,N,U,@,E): o{x} = {x,y}, o{x,z} =
{x,y,2}, and X = X, for all the other sets in 2(E). Then (#(E), ¢,e,Nn,U,J,E) is
a TK-algebra, but the formula (¢ — ) — (4@ — 1)) is not valid in it. Below we
show that v(¢ — ) € v(e ¢ — e1)), when ¢ is interpreted by {x} and ¢ by {z}:

{x’y)z}

I

x,y}  {x,z}  {y,2}

>>

{x} v} {z}
0

{x} = {2} = {x}° U {z} = {y,2} U {z} = {y,2} and
o{x} > ofz} = (e{x})C Uz} = {z} U {z} = {z}. O
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As a consequence of the previous proposition, follows that the Deduction Theo-
rem is not valid for the TK Logic when it was applied the rule R* in a deduction.

The next results involve the models of set of formulas with the concept of ideals
in a TK-algebra.

6. Strong adequacy

Definition 6.1. Let .« be a TK-algebra and I" € For(TK). An algebraic model for I is
a valuation v: For(L) — ./, such that for every y € T, v(y) = 1.

We denote that . is an algebraic model for I' € For(TK) by ./ E T, that is,
«/ ET if, and only if, forevery y €T, v ,(y) = 1.

Definition 6.2. Let I' U {y} € For(TK). The set I" implies v (or y is a semantic conse-
quence of I') when, for every model .«/, if ./ E T, then ./ F {y}.

We denote that " implies y by T E y.
Proposition 6.3. For I" € For(TK), we have: Ty =TFy.

Proof. Let v : For(L) — .o/ be a model for I'". Since ./ is a TK-algebra, then v is a
model for every axiom of TK and for every y € I'. As in the Soundness Theorem, the
rules of TK preserve validity and if 'y, then v ,(y) = 1. O

Definition 6.4. Let I' C For(TK). A model v: For(TK) — .« is strongly adequate
for I when, for every y € For(TK):

FrFyeTkEy.

Proposition 6.5. Let I' C For(TK) be consistent. Then:
(i) the algebra .-(TK) is non degenerate;

(i) the canonical valuation v, is an adequate model for T in .&/-(TK) such that
ko< if vo(y)=1, forevery y €T, then vy(o) = 1.

Proof. (i) As T is consistent, there is o such that ' ¥ 0. So [0] =0 € .-(TK) and
for any axiom ¢ of TK it follows that [¢] = 1 € .&(TK). Then .-(TK) is non
degenerate.

(ii) .&-(TK) is a TK algebra and by construction v =[ Jand 'y < [y] =1, for
anyyell=[o]=1. O

Theorem 6.6. Let ' € For(TK). The following conditions are equivalent:

(i) T is consistent;
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(ii) there is an adequate model for T';
(iii) there is an adequate model for T in a TK-algebra .« of all closed subsets of a
Tarski space (S,” );

(iv) thereis a model to T.

Proof. (i) = (ii) It follows of preceding proposition.

(ii) = (iii) Since .&/(TK) is a TK-algebra and every TK-algebra is isomorphic to a
subalgebra of closed sets of a Tarski space (S,” ), then the result follows.

(iii) = (iv) It is an immediate consequence.

(vi) = (i) Let .« be a model for I and suppose that I is not consistent. Then I" - y
and 'F—y. Sovy(y)=1land vy (-y)=1= ~vy(y). Butif v (y) =1, then
~v 4(y) =0 and therefore we have a contradiction. O

Corollary 6.7. Let ' U {y} C For(TK) consistent. The following conditions are equi-
valent:

@ Tky;
() TEy;

(iii) every model of T in a TK-algebra of all closed subsets of a Tarski space (S,” ) is a
model to y;

(iv) vo(y) = 1, for the canonical valuation vy.

7. Some meta-theorems

In this section, some other syntactic and semantic consequent results from previous
sections are established.

Theorem 7.1. Propositional calculus TK is consistent.

Proof. Suppose that TK is not consistent. Then there is ¢ € For(TK) such that F ¢
and + —p. By Soundness Theorem, ¢ and —y are valid. Let v be a valuation in
a TK-algebra with two elements 2 = {0,1}. Since ¢ is valid, then v(¢) = 1 and
therefore v(—p) = ~v(p) = 0. This contradicts the fact that -~ is valid. O

Proposition 7.2. Let ' C For(TK). The set Ir = {[¢] : Ik €N, y1,... ,yx €T F ¢ —
#(y1 V... Vyi)}is a TK-ideal in the TK-algebra .« (TK).

Proof (1) [¢l,[(¥]elr=>Fp—>#(y;V... VY )andFy — #(o, V... Vo) =
F(pvy)—>#(y1V... VY )Ve(oV... Vo,,) = (by Proposition 4.4) - (¢ V) —
¢(r1V...Vrrvorv...vog) = [e vyl =[e]Vv[y]elr.
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@ [el<Wland [y] €l =>F¢p »>Ypand-yp — #(o; V... Vo) =>F ¢ —
(o, V... Vo) =[] el.

B lelelr=F¢ > r1V... Vi) = [e] < [#(y1 V... V)]l = [¢] <
$riVv... vyl = ¢le] < #(y1 V... Vydl =[] < [#(y1 V... VIl =
Hep - #(y1V... Vri) = [¢p] = #[p] 1. O

In the logical context, this proposition is similar to the Proposition 3.4 about
ideals. In both we could take y € T because if yq,... ,yx €T, theny; V... Vy, €T
and also 4(y; V... Vi) €T. So, the above TK-ideal Ir- is the TK-ideal generated by
{ly]:yeT}h

The set I' € For(TK) is consistent if, and only if, I} is a proper ideal of .&/(TK),
because I' is not consistent iff 1 € T iff [1] € Ir- iff I is not a proper ideal.

Proposition 7.3. If J is a TK-ideal in ./(TK) and T = {¢ € For(TK) : [y] € J},
then J C Ip.

Proof. LetT'= {1 € For(TK):[y] €J}. Hence [pl eJ=>p el = [¢] €I}. O
Proposition 7.4. Let I C For(TK). The TK-ideal I} is maximal if, and only if, the set T’
is maximal

Proof. (=) Suppose that I' is not maximal. In this case, there is ¢ € For(TK) such
that I'; = TU {2} and T', = ' U {-1)} are consistent. So T € T'; N T, with T'; # T,.
Therefore, I € I, NI, and since I is maximal, then Iy = Ir, = I, what is a
contradiction, because [y] € I, ["¢] €I, and 1 & Ir..

(<) If T is maximal, for each 1) € For(TK), either ) € T or m) € T. Then for each
Y € For(TK), [y ] € I+ or [p] € I}. Since T is consistent, then I is proper and it is
not the case that 1 = [¢] V [-¢] € I.. Hence, the TK-ideal I is maximal. O

Proposition 7.5. If T" C For(TK) is consistent, then there is a maximal set A C For(TK)
such that T’ C A.

Proof. The result follows from Zorn’s Lemma. O

Proposition 7.6. If T" C For(TK) is consistent, then there is A C For(TK) irreducible
such that T' C A.

Proof. If T is consistent, by previous proposition, there is a maximal set A such that
I' € A. Now, since each maximal set is an irreducible set, then A is irreducible. [

Definition 7.7. A model for ' in a non degenerate TK-algebra ./ is a e-semantic
model of I" when for every a € A: either ea =1 or ea = 0.

Proposition 7.8. If T" C For(TK) is consistent, then T has a e-semantic model.
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Proof. If T is consistent, it is included in a maximal set I'* and it has a model .«/. By
Proposition 7.4, I+ is maximal and from Proposition 3.24, .¢/|;+ is a non degenerate
TK-algebra with the property that for every a € ./|;«, either #¢a = 0 or ea = 1.
If h is the surjective homomorphism h : .o/ — .|+, so the composition hov is a
e-semantic model for I'. O

Given I' C For(TK), consider the function h : ./(TK) — .&/(TK), defined by

h([y]) = [¢]r. We are going to denote a member of ./ (TK) by [ ], and a member
of . -(TK) by [y ]r. Naturally h is a surjective homomorphism. Now, the kernel of
h is:
Ker(h) = {[y] € «(TK) : h([¥]) = [0]r} = {[¢y] € F(TK) : [¢]r = [0]r} =
{l¥] € 4(TK) : T F )}, because [¢Y]r =0l > TFyY »0andTHO0 - &
F'kmpandTHF1 < TEyY.

By Theorem 3.22, ./ (TK)|g, ) is isomorphic to ./ (TK)

Theorem 7.9. Given I C For(TK), the following statements are equivalent:
(i) for every ¢ € For(TK) exactly one holds: T'- ¢y or T' - —4¢;
(i) T is maximal;

(iii) .2/-(TK) is isomorphic to a non degenerate TK-algebra of sets (Tarski space) .o/
which is a e-semantic model of T';

(iv) T is consistent and each e-semantic model for T is adequate.

Proof. (i) = (ii) Suppose that I" is not maximal. So there is A maximal such that
T c A. From Proposition 7.5, there is [¢] € I, but [¢)] ¢ Ir. Then [#] ¢ I
and T ¥ 4. By (i) T F —44), then A -4 and A + ), what contradicts the
maximality of A.

(ii) = (iii) By previous analysis .o/ (TK) ~ ./ (TK)|ge,). Now, since I is maximal,
r(TK) is not degenerate and, for every v € For(TK), ' - ¢ < 2 € T. So,
for every 1) € For(TK), either [44] = 0 or [43] = 1, that is, .&/(TK)|g,,(p) is -
semantic. From Theorem 2.10, this TK-algebra is isomorphic to a TK-algebra of sets
(or Tarski space) .«/.

(iii) = (iv) Considering (iii), the set I" is consistent. Now let ./ be an arbitrary
e-semantic model for I'. Given ¢ € For(TK), either v ,(¢) = 0 or v () = 1. If
vy(p)=1,thenT I 4p and if v ,(¢) =0, then ' ¥¥ ¢, and thus ' - 4.

(iv) = (i) Since T is consistent, by Proposition 7.8, there is a e-semantic model .&/
for it. By (iv) this model is adequate. So for any ¢ € For(TK), either v ,(¢) =0 or
v () =1, thatis, either ' ¢p or ' ~4¢p. O

Corollary 7.10 (Decidability). The Logic TK is decidable.
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Proof. Consider the e-semantic model 2 = {0, 1}, such that 0 =0 and e 1 = 1. Since
from previous theorem any e-semantic model is adequate, therefore 2 is adequate
and, in this way, for any formula 1 € For(TK), F ¢ < vy(yp) = 1. O

8. Final considerations

Logic TK is a kind of modal logic. The operator 4 has an intuitive algebraic interpre-
tation and another one given by the Tarski spaces.

As it is known from the modal logics, in the presence of the necessitation rule
(NR - Proposition 4.3) the K axiom: (¢ — ) — (¢ — #) is equivalent to
(o AY) — (#p A #). However, only #(¢ Avp) — (#¢ A #) holds in TK.
Therefore we can observe that TK is a subnormal modal logic. It is easier to see that
by analyzing the dual operator ¢.

Of course, we can investigate other kind of semantics for TK, particularly, some
relational semantic kind.

Maybe some variations on TK-algebras can provide natural and simple algebraic
models to other modal logics.
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Resumo. Tarski apresentou sua definicdo de operador de consequéncia com a intencéo de
expor as concepcoes fundamentais da consequéncia 1dgica. Um espago de Tarski é um par
ordenado determinado por um conjunto nio vazio e um operador de consequéncia sobre
este conjunto. Esta estrutura matematica caracteriza um espaco quase topolégico. Este artigo
mostra uma visdo algébrica dos espacos de Tarski e introduz uma légica proposicional modal
que interpreta o seu operador modal nos conjuntos fechados de algum espaco de Tarski.

Palavras-chave: Espaco de Tarski, espaco quase topoldgico, operador de consequéncia, 16-
gica modal, modelo algébrico.
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