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REACTION-DIFFUSION EQUATIONS: A CHEMICAL APPLICATION
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2003). Even for phenomena that bear no initial

1. Introduction oo .
resemblance to these processes, it is sometimdsl use

A question (Scott, 2005, pp. 783) is: How did kfepear and productive to use the reaction-diffusion metagh
and develop on Earth? Although there is not coreplet  order to gain insight into their dynamics.

agreement, a convincing answer is that given theired An important contribution to this subject comesnirthe
conditions (which were almost surely satisfiedidilb of theory of pattern formation in nature. Many phykica
years ago), life spontaneously emerged through the phenomena giving rise to natural patterns can be
endless battle of survival of the fittest from aprdial understood in terms of the interaction of a sharige
chemical soup. The theory of random catalytic nekso self-enhancing reaction and a long-range antagonist
(Kauffman, 1995) shows that autocatalytic reactiarns reaction. Take a fire, for example. It is a selh@ncing
likely in this context; thus, the theory of intetians process: more heat is released as more fuel ituin
between chemical reactions and molecular diffusides the process oxygen and fuel which act as antagonist
center stage in emergence of biological life fromnas factors are consumed and this may lead to a fire’s
and molecules in a system. extinction if fuel is not replenished. Also, the ahe

Today, reaction-diffusion systems have found many produced is transported from its local source throu
applications ranging from chemical and biological  giffusion. Thus, we have the two main ingredierds f
phenomena to medicine (physiology, diseases, etc.), pattern formation, namely, a local antagonistiefattion
genetics, physics, social science, finance, ecormmi between two species (or reactions) coupled witrearms

weather prediction, astrophysics, and so on (Amn&o of transport of their products. Historically, tligsalso one
Weinberger, 1975; Grindrod, 1996; Murray, 2002; t§co of the first examples of reaction-diffusion systems
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studied scientifically, for obvious reasons giveme t
necessity for improved heating and lighting at the
beginning of the industrial age. In his “Christmas
Lectures” at the Royal Society in London, Michael
Faraday discussed the importance of understandlieg t
candle flame and its analogy with the process of
respiration of biological organisms (Faraday, 18@1e
flame of the candle is an archetypical nonlinearctien-
diffusion system that today, after decades of mebea
provides a basis for the science of combustionthis
article, we review the essential topics in the dfigf
reaction-diffusion systems from a theoretical poaft
some of their

view and also consider numerous

applications.

2. Theoretical Aspects

A reaction-diffusion (RD) equation is typically @limed

by combining Fick's law of diffusion with the checai
reaction rate law. Although the theory can be made
rigorous by using the theory of stochastic diffein
equations leading to the Fokker-Planck equation
(Dksendal, 2003), we present here a heuristic asgtim

If we consider for simplicity a small domain intafwon

the line inside which we have a concentratibrof some
reacting species, then the diffusive f|L])|(n of C into

one side of the small region will depend on the

concentration gradien‘é'-’"' at that boundary and the

i
diffusion coefficient,D , with

Jon = =D (%52

fin

The parameteD > 0 is called diffusivity with physical

units of M? / s. The diffusive flux out of the region at

the other side]out will similarly be given by

»

Joue = —D(%/ax) .
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where the concentration gradient is now evaluatatiea
other boundary. The rate at which the concentration
grows due to diffusion then depends on the diffeeen
between these two fluxes and so involves the second

ac/

derivative { a2 If we add a kinetic reaction rate

term r(C), then the reaction-diffusion equation, which

gives the rate of change of the concentratoin time at

any spatial point, has the general form

de _ 8%c o
ar D PP f‘(C) 1)
Some problems related to population dynamics,

competition between species and chemistry lead to a

system of RD equations ( RD system) of the form

du 8 u
[F =Djz=+ flu,v) o

B

L—;=D:%—f(u,«;]

From a mathematical point of view, systems of égna
such as (2) must be well posed in order to exhibit
appropriate solutions. The problem is fully spexifonce

appropriate initial conditions

ux0=uy(¥ and vk.0OF y &) @

are known. For an IVP (initial-value problem), one
naturally asks whether there are solutions. Incthee of
reaction-diffusion systems, there are two differ@spects
to consider : local existence and global existesicthe
solutions. By local existence we mean the existesfce
the solutions over a short time interval. Globakence
properties are exhibited by the solutions of th® When
they are known to exist for all positive time.

These questions are difficult to deal with in gethdor
RD systems although there is a well-developed bufdy

results available in the literature (Grindrod, 1P96
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Moreover, even if the existence of a particularetygf
solution is established, further important theati
questions involve the unigueness of the soluticdh e

stability of this solution to small perturbations.

3. A chemical application

A simple archetypical example for a RD system is a
cubic autocatalytic reaction between two chemicals

according to the rulei + B — 2B with rater = pab®.

Denoting byu the concentration oA and byV that of

B , the two species satisfy the equations:

du & u 3
—=D,——— puv-

%T 7 4
ow __ gy, 2
5 Paga TAWY

In system (4)D, and D, are the constant diffusion

rates of A and B , respectively. We are interested in
To simplify the

calculations, we first make the transformations

exact solutions to system (4).

(.
x— |—x, t—pt (5)
N Pa

to obtain the system

o o u 5
- = T — uw
ot dx<
] 2 (6)
o= o n
— =D—+uv-
ot dx<

where D = —& .

A

Suppose that functiodd = U (X,t) andV = V(X t)

are solutions to system (6). Then functions

;= \ ;= .

p ; p
u=0l l—=x .-::r] and v = 17| =—.r..-::r]
) Da . ) Da L.

will be solutions to original system (4). In otheords, if

we know a solution to system (6), then we simpplaee

—_—

X with | D /5 and t with /5 to obtain a solution to

system (4). For this reason, it suffices to sol&em (6).

4, Exact solutionsto the proposed model

We seek solutions to system (6) in the travelingeva

Wx, ) = a, + astanhk(x —At)) (7
K, 1) = by + bitanhk(x —At)) (8)

Substituting expressions (7) and (8) into systelnwé
obtain an algebraic system of two polynomial eaureti

in the variablez = exp(k(x — At)). Equating the

coefficients of Z' (i = 0,1,2,..) in each equation to
zero, we obtain an algebraic system . Solving ibb&in

following solution:

k=-b/v2,4=v2b,,D = 1.

The value ofo, may be arbitrary, that i) is a free real

or complex parameter, say = b. Thus, a solution
(U, V) to system (6) witD = 1 is given by

r

.l—mnh(

.

%]

b

Ux,t) = b

(=]

(x —2bt) ) )

.

r

Vix,t)=5b [ 1 — tanh (

.

I.'II

2 (x — ﬁbr]) (10)

b

.

We conclude that whebB 5 = Dg = 6 functionsu and
V given by

u=u(x, t) = b(1 + tanh¢),
v=v(x,t)= fb(_l - tanh¢),

g=gx § =2 (2% —2pbt).

(11)

are solutions to system (4).
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Let b> 0. Observe that O<u< 2o and

O<v< 2o for any X and t. The graphics of
functionsu andV given by (11) are shown in Figure 1
over the domain -8 x <6 and0 <t < 1. Observe that
the corresponding surfaces meet in the three diioeals
space through the line

Figure 1. Graphics ofl andV given by (11) for
b=1,6=10 andp=5.
On the other hand, for a fixe(ulO > 0, curves
f(t) = u(x,t) andg(t) = V(x,, )

o

meet att = ——_ We illustrate this fact in Figure 2.
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Figure 2.

2. Conclusions.

We have obtained exact solutions fax cubic
autocatalytic reaction between two chemicals indase
when their constant diffusion rates coincide. The
obtained expressions are relatively simple andwallo

simulating the associated chemical process. An open

qguestion is: are there exact solutions in the edsen the
diffusion rates are different?
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