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ABSTRACT
|
A n—simplex is the convex hull of a set of (z + 1) independent points affine to a #z—dimensional Euclidean space.
A 0-simplex would be a point, a segment would be a 1-simplex, a 2—simplex would be a triangle and a 3—simplex a
tetrahedron. If we connect to each other the centroids of all the (7 - 1) faces of a n—simplex, we will obtain another
n-simplex (dual n-simplex). The volume ratio between a n-simplex and its dual is just 77"

KEYWORDS: n-simplex, centroid.

RESUMEN
|
Un n-simplex es la envoltura convexa de un conjunto de (7 + 1) puntos independientes afines en un espacio eu-
clideo de dimensién 7. Asi un O—simplex serfa un punto, un 1-simplex serfa un segmento, un 2-simplex serfa un
tridngulo y un 3—simplex serfa un tetraedro. Si unimos entre si los centroides o baricentros de las (7 - 1) caras de
un n—simplex, se obtiene otro #—simplex (#—simplex dual). Demostraremos que la razén de volimenes entre un
n—simplex y su dual es exactamente 7.

PALABRAS CLAVE: n—simplex, baricentro.

INTRODUCTION

There is a well-known theorem [1] that states that if we join the middle points of the sides of a triangle AV, V.V (see Fig. 1), we

will obtain another triangle AM M M., which is similar to the former

AVV.Y, ~AM M .M.,

and whose similarity ratiois 1 : 2,

vV =2MM , i,j=123.

(1)

@)

Equations (1) and (2) can be proved easily applying Thales’ theorem, realizing that the following triangles are similar,

AVVY, ~AMM M,
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where the indices (7, j, k) are the cyclic permutations of (1, 2, 3). According to (1) and (2) and applying Galileo’s square-cube law
[3, Prop. VIII], the area ratio of both triangles is (1/2)* = 1/4, that is,

V)=~ (MM M, ],
4 3)

According to Fig. 1, note that AM M, M is rotated 7 rad with respect to AVVY,.

If we interpret AVV,V, as a 2—simplex and the middle points M, (i = 1, 2, 3) as the side centroids, we can generalize the result
given in (3) to a higher number of dimensions

V,

v, M,

Figura 1. The medial triangle is just one fourth of the area of the
triangle in which it is inscribed.

For this purpose, let us connect the centroids of all the (z - 1)-faces of a z-simplex to each other, in order to obtain another
n—simplex (dual 7—simplex). We can establish the following conjecture.

Conjecture 1. The volume ratio between a 7z—simplex and its dual is just 77"

Equation (3) proves this conjecture for 7 = 2. Section 2 proves this conjecture for 7 = 3 and Section 3 for n>2, n € N.

THE CENTROID TRIANGLE

Lemma 2. Let us consider a plane polygon V of vertices V,,V,,...,V and a point P in the space. The point P defines with

each side of the polygon 7 sub—triangles (see Fig. 2). Joining the centroids of each sub-triangle, we get a polygon V' of vertices
v Vz', rees Vn' which is always of the same shape and area, regardless the point P chosen.
Proof. Consider three consecutive vertices of the polygon V., ¥, and V, as it is shown in Fig. 2. The centroids of the 2 sub—

2 3

triangles given by these three vertices and P are V' and ¥, . Since the polygon ¥ lies on a plane, we can consider that the Car-
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tesian coordinates of the vertices V;,V,,V, are (x,, y,, 0), (x,, ,, 0) and (x,, y,, 0) respectively. If the Cartesian coordinates of P are
(x,» ¥» 2, ), then

, 1
Vl:§(xl+x2+xp,yl+y2+yp,zl,)
, 1
Vz=§(xz+x3+xp,y2+y3+yp,zp)
Consider now the vector

’ ’ 1
VIV :g(x3_x17y3 _ylao)

Since VITV; does not depend on the coordinates of P, then, regardless the point P chosen, all the possible segments Vl,V; are

always parallel one to each other and of the same size. Therefore, all the V' polygons constructed by joining all the centroids of

the sub—triangles must be of the same shape and area. Moreover, the new polygon V" lies on a parallel plane at a distance z, / 3

to the plane that contains V.

Figura 2. Centroids Vl, and Vz’ of two sub-triangles of a polygon.

Lemma 3. Be a plane triangle of vertices ¥, ¥, and V, and a point P in the space. The point P defines with each side of
AV Y,V another 3 sub—triangles. Joining the centroids of each sub-triangle, we always get another AVI'VZ' V; (centroid triangle)

similar to AVV,V, and of l/ 9 of its area, regardless the point P chosen.

3
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Proof. By using lemma 2, every AV'V, V are of the same shape and size, regardless the point P chosen. Let us choose as point

P the centroid G of AVVV,.In Fig. 3 the centroids of the 3 sub—triangles are given by G, G, and G,, and are located on the

medians of AVV,V,. Remembering that the centroid of a triangle divides the median in the ratio 2 : 1 then,

GV =2GM, =3GG, =123,

(4)

thus
AGGG, ~AVGY,
and the sides of AG,G,G, are parallel to the sides of AVV,V, . Therefore
AGleGs ~ AVleVs’
being the similarity ratio for these triangles 1 : 3,
Vv =3GG., i#j, i,j=1273.

4 Y J J )

Applying Galileo’s square-cube law, the area ratio between AVV )V, and AG,G,G, is1:9, thatis,

17273

[V]VZVJ=é[GGG]-

Remark 4. Note that AG,G,G, is rotated 7 rad with respect to AVV)V..

|
V,

Figura 3. Centroids Gl, of the sub—triangles taking P as the centroid G of AVVV..
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Theorem 5. Connecting the centroids of each face of a tetrahedron (see Fig. 4), we obtain another tetrahedron (dual tetrahe-

dron) similar to the first one and of l/ 27 of its volume.

Proof. Let us use lemma 3 taking as AV V,V,. a face of the tetrahedron and as point P the opposite vertex. Then, all the faces of
the dual tetrahedron are similar and parallel to the opposite faces of the tetrahedron (but rotated w rad), so both tetrahedrons are
similar. Moreover, by the similarity ratio between the sides of both tetrahedrons is 1/3. Therefore, applying Galileo’s square—cube
law, their volume ratio is (1/3)% = 1/27.

Figura 4. Example of a tetrahedron and its dual.

GENERALIZATION

The previous theorem proves conjecture 1 for 7 = 3. Now, let us prove the conjecture for an arbitrary number 7 of dimensions.

Theorem 6. Let us consider a #n—simplex V' whose vertices are given by V,V,,...,V . Connecting the centroids of the (z - 1)-

faces of Veach other, we get another z—simplex V. The volume ratio of V' with respect to V' is n".

Proof. The Cartesian coordinates of each vertex of V are

and of V' are

n+l

1
I/i'z (xl'i,xz'l_,...,x;l_) = —Z(xlj,xz/_,...,xn/_), i=1..,n+1.
o ©)
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By using Lagrange’s formula [2], the volume of 1V is given by

xll o xnl 1
(V _ 1 x12 o an 1
!l 2 . : E
xl,n+l ’ n,n+l 1 (7)

where ”A” denotes the absolute value' of the determinant of 4. Then, taking into account (6), the volume of 1”is given by

n+l n+l
, , S e Y
X e X 1 j#l J j#ElL
11 nl
' ’ n+l n+l 1
(V7 1 xlz e x,,z 1 1 Z];tle/ o Zj;tzx'!f
n! ' 1 nla" :
' ’
xl,n+1 o xn,n+1 1 n+l n+l
z- 1x1j z 1xnj 1
J#En+ J#En+ (8)

. . . ’ .
Note that we can rewrite (7) and (8) transforming each row 7, into a new row 7, according to

’
L=h Tl k=Loan,
thus
X T X X~ X 0
0 Xy~ X, X T X0
| X X X2 T X il ox X X X

. 12 13 n2 n3

V= — - ,

n! n!
X —X e X —X 0
1n 1,n+1 nn n,n+l
X —x eox —x
1 1n 1,n+1 nn n,n+l
1,n+1 n,n+l (9)
and, similarly,
X~ X, X2 ™ X0 Xy =X, X ™ X0
, 1 X3 =X, Xy~ X, 1 " T X X =X
V- —— |
n n
n'n n'n
Xt ~ X watl | mn X T X T K T X (10)

1 Despite the fact that sometimes the absolute value is not explicitly stated in Lagrange’s formula, it is necessary to include it, because if we
P p y grang y

exchange two rows in , the volume does not change, but the determinant changes the sign.

S

N
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Finally, from (9) and (10), we obtain
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