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222 Julio C. Ramos Fernandez
1. Introduction and Preliminaries

This note is an overview of the one talk given by the author at “Departamento
de Matematicas” of the “Universidad Nacional de Colombia” in Bogota on the
occasion of celebrating the “IV UN Encuentro de Matemtica - 2016”. This
talk was an invitation to Professors and Students of that Department to make
some research in the topic of Operator Theory on Banach spaces of measurable
functions.

Through this note, we consider real extended measurable functions whose
domain of definition is a o-finite measure space (€2, %, ). We recall that a o-
algebra ¥ is a non-empty collection of subsets of the set €2, which is closed under
complement and it is closed under union of countably infinite many subsets of
Q. An element of ¥ is called measurable set. A measure p defined on the
o-algebra ¥ is a real extended and nonnegative function such that u() = 0

and

o0 o0

’ (U) S ),

k=1 k=1
for all {Fj}ren of pairwise disjoint sets of ¥. Furthermore, we are going to
suppose that the measure p is complete, that is, if A C B, B € ¥ and p(B) =0,
then A € ¥ and therefore u(A) = 0. The measure space is called o-finite if
2 may be expressed as disjoint enumerable union of measurable subsets all of
them having finite measure. The set of all measurable functions on (2, %, ) is
denote as Lo(p) = Lo(£2, X, 1). In this space, two functions f and g are equal if
they are equal almost everywhere (a.e.), that is, if u({t € Q: f(¢t) # g(¢t)}) = 0.
Hence Lo() consists of equivalence classes defined by the relation f ~ g if and
only if f =g a.e.

Since multiplication of measurable functions is also a measurable function,

we can propose the following problems:

e Problem 1. We fix a function u € Lo(p) and now we take functions f
belonging to a subspace X of Ly(x). The problem, in this case, consists
in to describe the set

Y={u-f:feX}

Clearly, Y is a subspace of Lo(p). But, what other properties does Y
have?

e Problem 2. We consider fixed two subspaces X and Y of Lo(p). The
question is: What properties must the function u € Lo(u) have in order
to u - f belongs to Y for all function f € X7. The set

Mult(X,)Y)={u€ Lo(u) :u-f €Y Vfe X}

is called multipliers from X to Y. We can see that Mult(X,Y) is a
subspace of Lo(u).
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Some properties of Multiplication Operators 223

In both cases, given a function u € Lo(u), the relation M, which maps each
function f € X to the element u - f € Y, defines a linear operator which it is
known as multiplication operator with symbol u. In the case that X =Y =
Lo(u) we have the following very useful properties:

Proposition 1.1. The operator M, : Lo(pn) — Lo(p) is injective or 1 — 1 if
and only if u(Z,) =0, where Z,, = {t € Q : u(t) = 0}.

Proof. Let us suppose first that x(Z,) > 0. Since 2 is o-finite, we can assume
that 0 < u(Z,) < oo, then the measurable function 1Z,, the characteristic
function of the set Z,,, is not the null function and furthermore it satis

es M,1Z, = u-1Z, = 0. This means that ker(M,,) = {f € Lo(p) : My (f) =
0} # {0} and M, isnot 1 — 1 on Lo(u).

Conversely, if u(Z,) = 0 and M, f = 0, then u - f = Op—a.e. This implies
that

Ap = {teQ: f(t) #£0} C Z,U{t € Q:ult)f(t) £ 0}

and since the measure p is complete, we can conclude that p(Ayf) = 0; that is,
f =Op—a.e. and ker(M,,) = {0}. O

Proposition 1.2. If M, : Lo(u) — Lo(p) is surjective or onto, then it is
injective.

Proof. If M, : Lo(un) — Lo(w) is not 1 — 1, then by Proposition 1, the set
Z,, has positive measure. Since ) is a o-finite space, we can assume that
0 < u(Z,) < 1. Thus, the non-null function 17, € Lo(p) does not belong
to Ran (M) = {My(f) : f € Lo(n)}, because in other case, we can find a
measurable function f € Lg(u) such that 17, = u - f. Hence for any t € Z,
we have 1 = 1Z,(t) = u(t) - f(t) = 0 which is impossible. This shows that
M, : Lo(n) — Lo(p) is not onto. O

As a direct consequence of the above proposition, we have:

Corollary 1.3. The operator M, : Lo() — Lo(p) is bijective or invertible if
and only if Ran (M,) = Lo(p).

The objective is to study other topological properties of multiplication op-
erator. We consider the operator M, : X — Y, where (X, ||-||x) and (Y, || ||y)
are Banach subspaces of Lg(u). The goal is to characterize the symbols or
functions u € Lo(u) for which the operator M, : X — Y will be continuous,
compact, Fredholm, has closed range or has range finite. Also, it is interesting
to estimate the norm and the essential norm of the operator M, : X — Y.

Allow us recall that a linear transformation 7" : X — Y is said to be
continuous or bounded if there exists M > 0 such that || T;|ly < M|z|x for
all x € X. The norm of the operator T': X — Y is defined as

1T} = sup{[| Tz |ly : ll=l[x = 1}. (1)
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224 Julio C. Ramos Fernandez

The collection of all bounded operators from X into Y is denoted by B(X,Y),
which is a Banach space with the norm of operators defined in (1). When
X =Y, we write B(X) instead B(X, X). An operator T : X — Y has closed
range if T'(X) is a closed subset of (Y, ]| - ||y). The operator T' € B(X,Y) is
an isomorphism or bounded below if there exists M > 0 such that || T;|y >
M|z||x for all z € X. It is known that T € B(X,Y) is bounded below if and
only if T is 1 — 1 and has closed range. An operator T € B(X,Y) has finite
range if dim(7T(X)) < oo; while the transformation T : X — Y is compact if
T(B) is a compact subset of (Y, || - ||y), where B ={z € X : ||z|x < 1}. Ttis
known that all operator having finite range is a compact operator. The class
of all compact operators from X into Y is denoted by K(X,Y). The essential
norm of an operator T' € B(X,Y'), denoted as ||T||., is the distance from T to
K(X,Y), that is,

IT)|e =inf{||K — T : K : X — Y is compact}.

The operator T € B(X,Y) is called Fredholm if dim(ker(7")) < oo and dim(Y =
Ran(T")) < co. The reader interested in studying the properties of the operators
de

ned in this section may consult the texts of Conway 1990 [12], Kato 1995
[18] and Miiller 2007 [25].

2. Multiplication Operators on L,(;) Spaces

In this section we gather some studies about the properties of multiplication
operators acting between L, (u) spaces. In order to put the notations accord-
ingly with the various articles that we cite later, we fix a o-finite measure space
(Q, 3, 1), where the measure p is suppose to be complete. The multiplication
operator with symbol u € Lo(u) will be denoted by M,. Let us recall the
definition and some properties of the classical Lebesgue spaces Ly(u), where
p > 0 is a parameter fixed. A function f € Lo(u) belongs to the space L, (1),
with 0 < p < o0, if || f]|, < oo, where

(Jo lFOPdu) ", it 0 < p< oo,
I1£1l, =
inf{A>0:|f| <Ap—ae}, p=oc.

The following facts are well known.

Proposition 2.1. Suppose that 0 < p < oo, then L,(u) spaces satisfy the
following properties:

o Forany 1 <p<oo, (Ly(), |- lp) is a Banach space.
o Solid. Let p > 0 be fized. If f, g € Lo(p), |f| < l|glp-a.e. and g € L, (),
then f € Ly(p) and [|f]l, < lgllp-
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o IfE€X and u(F) < 1 then 1, the characteristic function of the set E,
belongs to the space Ly, ().

o Fatou’s property. If {fn} is a bounded sequence in L,(p) such that 0 <
fo /1 f € Lo(p), then f € Ly(u) and || fully = [1f]lp-

o L,(p) is order continuous, that is, || fnll, — 0 whenever f, N\, 0.

The space Li(u) was introduced by Lebesgue in his Doctoral Thesis in
1902 [20]. The case p = 2 was studied in 1907, independently, by Riesz [32]
and Fréchet [13]. The more general case p > 1 was introduced by Riesz in
1909 [33], when he established his duality theorem (L,(u))* = Lq(p), where
1 < p<ooand % + % = 1. There are a lot of good references where we can
consult interesting properties of the classical L,(u) spaces, we recommend the
excellent text of Lindenstrauss and Tzafriri [22] and the recent texts of Castillo
[6] and Castillo and Rafeiro [10].

The study of multiplication operator in spaces of measurable functions is
outlined in the texts of the mid-twentieth century. In particular, in the book
of Halmos, A Hilbert space problem book, edited by D. Van Nostrand Co. in
(1967), appears in the Chapter 7 some properties of this operator acting on the
Hilbert space La(pt). In the Problem 64, see [14] of this text, we can see the
relation between this operator and diagonals operators and that all essentially
bounded symbol define a bounded multiplication operator on Lo(p) into itself.
The converse of this last assertion is proposed in Problem 65 of this book; while
the invertibility and the spectrum of this operator is established in Problem
67. In fact, in this book appears the following problem:

Problem 67 in [14]. The multiplication operator M,, on La(u) (for a o-finite
measure) induced by w is an invertible operator if and only if u is an invertible
function. Consequence: the spectrum of a multiplication is the essential range
of the multiplier.

Multiplication operators having closed range acting on Lo(u) were charac-
terized by Singh and Kumar in 1977 [34]. They showed the following result:

Theorem 2.2 (Theorem 2.1 in [34]). Let M,, € B(L2(p)). Then M, has closed
range if and only if u is bounded away from zero on Z* = Q\{x € Q : u(xz) = 0}.

The set Z* is also known as the support of u and it is denoted by supp(u).
The phrase u is bounded away from zero on Z* means that there exists § > 0
such that |u(z)| > ¢ for all z € Z*. As a consequence of this last result, in this
same article, Singh and Kumar also characterize composition operators having
closed range on Lo(u). Subsequently, these same authors in 1979, see [35]
characterized all compact multiplication (and composition) operators acting
on Ly(p). The results obtained by Singh and Kumar can be summarized in the
following way:

Theorem 2.3 ([35]). Let M, € B(La(u)), then:
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226 Julio C. Ramos Fernandez

1. Lemma 1.1 in [35]. M, is compact if and only if Z** is finite dimensional
for every e > 0, where Z* denotes the subspace of La(p) consisting of all
those functions which vanish outside Q¥ = {x € Q : |u(x)| > €}.

2. Corollary 1.1 in [35]. Let pu be a non-atomic measure, then M, is compact
if and only if M, is the zero operator.

3. Corollary 1.1 in [35]. Let Q = Q; U Qo be the decomposition of Q into
non-atomic and atomic parts respectively. If M, is compact then v = 0
almost everywhere on £

An atom of a measure p is an element B € ¥ with p(B) > 0 such that
for each A € ¥, if A C B then either pu(A) = 0 or u(A) = u(B). A measure
with no atoms is called non-atomic (we refer to [4] for properties of non-atomic
measures).

The compactness results in [35] were extended by Takagi in 1992, see [36].
In particular, Takagi showed that Lemma 1.1 in [35] is also true for M, €
B(Ly(p)) with p > 1. However, the most complete work about the properties
of multiplication operator acting between L,(u) spaces appeared in 1999 and
it is due to Takagi and Yokouchi, see [37]. The results obtained by the last
authors can be summarized as follows:

Theorem 2.4 (Continuity Results in [37]). Suppose that u € Lo(p), the

1. Case I: p = q (Theorem 1.2 in [37]). Suppose 1 < p < oo, then u
induces a multiplication operator M,, from L,(p) into itself if and only if
w € Loo(p). In this case | My = ||u|oo-

2. Case II: p > q (Theorem 1.8 in [37]). Suppose 1 < q < p < 1, then u
induces a multiplication operator M, from L,(u) into Ly(p) if and only
if u € L.(u), where % +1= %. In this case | M| = ||l

3. Case III: p < q (Theorem 1.4 in [37]). Suppose 1 < p < q <1, then u
induces a multiplication operator M, from L,(u) into Ly(p) if and only
if u satisfies the following two conditions:

(a) u(x) =0 for p-almost all x € B,

|U(An)‘s 1 1 1
b) sup ———— < 0o, where = + - = =
() neIl\)I :U'(An) q s )
Ap
In this case || M, || = sup [u( )1| '
neN p(A,)=

In the Case III of the above theorem, the authors use the fact that all
o-finite measurable space (§2, 3, 1) can be uniquely decomposed as follows:

0= (U An> UB,

neN
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where {A,, }nen is a countable collection of disjoint atoms and B is a non-atomic
set. Furthermore, they adopt the notation

1
F(4) = [ s

for all f € Lo(p) and each atom A.

On the conditions that the symbol u € Lg(u) must have in order to its
associated multiplication operator M, will have closed range from L,(p) into
L4(p), Takagi and Yokouchi showed that:

Theorem 2.5 (Closed Range Results in [37]). Suppose that u € Lo(p), then

1. Case I: p = q (Theorem 2.3 in [37]). Suppose that1 < p < oo, and let M,
be a multiplication operator from L,(p) into itself. Then M, has closed
range if and only if there exists a constant § > 0 such that |u(z)| > 0 for
p-almost all x € supp(u).

2. Case II: p > q (Theorem 2.4 in [37]). Suppose 1 < q < p < oo, and
let M, be a multiplication operator from L,(u) into Ly(p). Then the
following assertions are equivalent:

(i) M, has closed range,
(i) M, has finite range,
(#ii) u(z) =0 for p-almost all x € B and the set {n € N: u(A4,) # 0} is
finite.

3. Case III: p < q (Theorem 2.5 in [37]). Suppose 1 < p < q < oo, and
let M, be a multiplication operator from L,(u) into Ly(X). Then the
following assertions are equivalent:

(i) M, has closed range,
(i) M, has finite range,
(7ii) the set {n € N:u(A,) # 0} is finite.
It is very interesting the fact that for p # ¢, all multiplication operator from
Ly(p) into Lg(p) having closed range is also a compact operator, since it is a
well known result that all operator with finite range is a compact operator.

It might be interesting to address in the near future, the following problems
about the properties of multiplication operator acting between Ly, (i) spaces.

Open Problem 1. Suppose that v € Lo(u) and let M, be a multiplication
operator from L, (p) into Lg(u), where p,q € [1,00).

1. Characterize all the symbols u € Lo(p) such that M, : L,(u) — Ly(p) is
a compact operator.

2. Estimate the essential norm of M, : L,(p) — Lg(p).
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228 Julio C. Ramos Fernandez

3. When M, : L,(1) = Ly(u) is a Fredholm operator?

Observe that compact multiplication operators from L, () into itself was stud-
ied by Takagi in [36]. In [17] Jabbarzadeh and Pourreza showed that if the mea-
sure 4 is non-atomic on Lo(Q2), then M, is a Fredholm operator from Lo(u)
into itself if and only if there exists a 6 > 0 such that |u(z)| > ¢ p-almost
everywhere on ().

We finish this section with the followin problem.

Open Problem 2. Suppose that u € Lo(p). To study the properties of M,
acting from L,(Q.X1, u1) into Ly(£2, X2, o), where p, ¢ € [1,00).

In [17], Jabbarzadeh and Pourreza studied the continuity part of this prob-
lem for the case 1 < ¢ < p < oo using the conditional expectation operator.

3. Multiplication Operators between Orlicz
spaces

In 1932 Orlicz [28] gave an important generalization of the space L,(u). His
generalization is based by changing the function p(t) = [¢t|P, with ¢ € R, in
the definition of the L,(p)-norm, by a more general function ¢ with similar
properties to ¢p. More precisely, suppose that (2,%, 4) is a o-finite measure
space, where p is a complete measure. A function f € Lo(u) belongs to the
Orlicz space L, (u) if

Ny (f\c) = /Qcp ('f(/\t)l) du(t) < oo,

for some A > 0, where ¢ : [0,00) — [0,00) is a Young function, that is, ¢ is
a convex and increasing function such that ¢(¢) = 0if and only if ¢ = 0, and
@(t) = oo as t — oo. It is known that L, () is a Banach with the Luxemburg

norm
||f||¢inf{>\>0:]\7@ (ﬁ) < 1},

The space L, (i) is solid, norm continuous and satis

es the Fatou property. Furthermore, clearly 15 € L, (p) for all E € ¥ such
that p(F) < 1. Some important reference to study Orlicz spaces are the texts
of Rao and Ren [30, 31].

Properties of multiplication operator acting on Orlicz spaces were studied by
Komal and Gupta in 2001, [19]. They charecterized all the symbols u € Lg(u)
which induce invertible, compact and Fredholm multiplication operators M,
from L, (p) into itself. They show that the results obtained by Singh and
Kumar in [34, 35] and Takagi [36] are also valid for M, from L, (u) into itself.
More precisely, they showed the following results:

Theorem 3.1 ([19]). Suppose that uw € Lo(u), the
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1. Theorem 2.1 in [19]. M, € B(Ly(r)) if and only if u € Loo(p). More-
over, || Myl| = [[ulloo-

2. Theorem 2.2 in [19]. The set of all multilication operators on Ly, (1) is a
mazimal Abelian subalgebra of B(Ly,(1)).

3. Theorem 2.8 in [19]. Suppose that M, € B(Ly,(w)). Then M, is an
invertible operator in L, (1) if and only if u is invertible in Lo ().

4. Theorem 3.1 in [19]. Let M, € B(Ly(p)). Then M, is a compact oper-
ator if and only if Z} is finite dimensional for each e > 0.

5. Theorem 4.1 in [19]. Let M, € B(Ly(p)). Then M, has closed range
if and only if there exists § > 0 such that |u(x)| > & for p-almost all

x € supp(u).

6. Theorem 4.2 in [19]. Suppose that p is non-atomic measure and M, €
B(Ly(p)). M, is Fredholm on L, () if and only is M, is invertible on

L ().
However, the following is an open problem:

Open Problem 3. Suppose that u € Lo (p). Calculate the essential norm of
My = Lp(p) = L ().

The properties of multiplication operator M, from L, (x) into Ly (1), where
@, ¢ are two different Young functions is still developing. There is a recent
work due to Chawziuk et. al. 2016 [11], where the authors characterize the
multipliers between two Orlicz spaces. They showed the following interesting
result:

Theorem 3.2 (Theorem 3.1 in [11]). The multiplication operator M, maps
Ly () into Ly (p) if and only if

/ XK (t,1)du(t) < oo
Q

for some K > 1, where xK (t,u) s, for fized t € Q, the function complementary
in the sense of Young to the function ¢ o %1/1 with respect to u.

In this same article [11], the authors gave conditions in order to the oper-
ator M, : L,(p) — Lip(p) will be equi-absolutely continuous. Still is a open
problem:

Open Problem 4. To establish necessary and sufficient conditions in order to
the operator M, : L,(n) — L(u) will be compact, Fredholm, has finite range
or has closed range.
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4. Multiplication Operators acting on other
spaces of measurable functions

Techniques developed by Singh and Kumar in [34, 35] and Takagi in [36] have
been modified by a big numerous of researchers which have extended (and
continue extending) their results to other spaces of measurable functions which
are generalizations of the classical L, (ut) spaces. Listed below are some of these
generalizations. First we recall the definition and some of the properties of the
Lorentz spaces.

There is another interesting generalization of spaces L, (1) made by Lorentz
in 1950 [23]. His generalization is based in terms of the distribution and the
non-increasing rearrangement functions. More precisely, the Lorentz space
Lip,q (), with 1 < p < oo and 1 < g < 1 fixed parameters, consist of all
functions f € Lo() such that || f||5 , < oo, where

1/q

qdt

(Zfow (t%f*(t)) t) , l<p<oo, 1<g< oo,
1£1l5.q =

sup {7 f*(t)} . 1 <p<oo, q=o0
>0

Here f*(t) = inf{s > 0 : uy(s) < t} is the non-increasing rearrangement of f
and

py(s) = p({z € Q: [f(x)] > s})

is the distribution function of f. As before we are considering a o-finite measure
space (£2,%, 1), where the measure p is complete. The relation [ - |7 , is a
seminorm for Lp, q)(). The Lorentz space is a Banach space with the norm

1/q
dt
< fO ( f** )qt> ) 1<p<OO71Sq<OO,

1f1l5,q =

Sup{t%f**(t)}, 1<p<oo, ¢g=00
t>0

where, for ¢ > 0, the relation f**(t) is defined by

I
7¥/0f(s)ds

and it is called the maximal function of f*. This maximal function was in-
troduced by Calderén [5] in 1964. It is known that the quantities [|f[|; , and
| fllp,q are equivalent for all f € L, 4)(1). An obligatory reference for the study
of Lorentz spaces is the celebrated article of Hunt [16] published in 1966. We
also recommend the recent text due to Castillo and Rafeiro [10].

The properties of multiplication operators M, acting from a Lorentz space
L(p.q)(p) into itself were established in 2006 by Arora, Datt and Verma [1].
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Using the same techniques due to Singh and Kumar [34, 35] and Takagi [36],
Arora, Datt and Verma show that the same results obtained by Komal and
Gupta in [19], see Theorem 5 above, are also valid by changing L () in The-
orem 5 by L, q) (). Hence, we may enunciate the same Problems 2 and 3 by
changing the Orlicz space L, (u) by a Lorentz space L, 4)(1). In 2009, Arora,
Datt and Verma [2], show the existence of non-null compact multiplication
operators acting on the Lorentz sequence spaces. They showed the following
result:

Theorem 4.1 (Theorem 2.4 in [2]). Let M, € B(lpg), 1 <p < 00, 1 <
q < co. A necessary and sufficient condition for M, to be compact is that
|u(n)] = 0 as n — oo.

Here, [(, ) is the Lorentz sequence space which is obtained when Q =
N, ¥ = P(N) and p is the counting measure.

This last result was generalized in 2016 by Castillo, Ramos-Fernandez and
Salas-Brown in [29]. They calculate the essential norm of multiplication oper-
ator on Lorentz sequence space; more precisely, they showed the following:

Theorem 4.2 (Main Theorem in [29]). Let M, € B(lp,q), 1 <p < oo, 1<
q < 00. Then

[Myle =lim sup [u(n)].
n—oo
Clearly Theorem 8 implies Theorem 7 since My, : I q) — l(p,q) is compact if
and only if || M,]|. = 0.
About the properties of multiplication operators acting on Lorentz spaces,
we can formulate the following problem:

Open Problem 5. Study the properties of multiplication operators acting
between two different Lorentz spaces.

In 1996, Nakai [27] characterized the pointwise multipliers between two dif-
ferent Lorentz spaces under certain conditions on the parameters which define
the spaces.

A big numerous of researchers have adapted the techniques developed by
Singh and Kumar [34, 35] and Takagi [36] and they have concluded that The-
orem 5 is also valid for other spaces which are generalizations of the classical
L,(p) space. About this topic, the author of this note and his collaborators
have obtained the following results:

1. In 2015, Castillo, Vallejo-Narvaez and Ramos-Fernandez [9] showed that
Theorem 5 is also valid for Weak L, (u) spaces, where f € Lo(u) belongs
to Weak L, (p) if

Sp(f) = sup p({z € w:|f(z)|ZA}) < oo

Weak Ly (p) is a Banach space with the norm || f{|(,,1) = S,l,/p(f).
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2. In 2015, Castillo, Chaparro and Ramos-Ferndndez in [7], established that
Theorem 5 holds for Weighted Lorentz-Orlicz spaces L, ., (1), where f €
Lo (1) belongs to Ly (i) if

No o (&) = /OOO o (f‘ 3(0) w(t)dt < oo

for some A > 0. Here, ¢ : [0,00) — [0,00) is a Young function and the
weight function w : [0, 00) — [0,00) is an integrable function. The space
L (1) is Banach with the norm

Wﬂzinf{)\>O:N¢,w (J;) < 1},

where it is understood that inf(0)) = +o0.

1]

3. In 2015, Castillo, Ramos-Ferndndez and Rafeiro in [8], showed that The-
orem 5 is also true for variable Lebesgue spaces LP() (1), where f € Lo ()
belongs to L, (1) if

Ny (R)(f) iz/ﬂlf(t)lp(') dt < 0.

The space Lp(‘)(u) is Banach space with the Luxemburg norm
: I
[ fllpcy = inf {)\ > 0: Ny (A <1l;.

It is important to remark that in the articles cited before also are established
new properties of the spaces cited therein and also they give new proof of known
properties of those spaces.

5. Multiplication operators acting on Kothe-
type spaces

The fact that the same results about the properties of multiplication operators
are valid for too many spaces generalizing the classical L,(u) spaces make us
think that they are part of a more general result. Indeed, the spaces mentioned
in the above section are examples of certain Banach lattice which are known
as Kothe spaces or Banach function spaces which we define below.

Let (Q,3,u) be a complete o-finite measure space and let Lo(u) =
Lo(2, %, 1) be the space of all equivalence classes of p-measurable real-valued
functions endowed with the topology of convergence in measure relative to each
set of finite measure. A real Banach space (X;|| - ||x) consisting of equivalence
classes modulo equality almost everywhere of locally integrable real-valued
functions on 2 is called a Kothe function space if the following conditions hold:
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(1) I |f(t)] > |g(t)| a.e. on Q, with f measurable and g € X, then f € X
and || fllx < |lgllx (often this property is refer as the space is solid).

(ii) For every A € ¥ with u(A) < oo, the characteristic function 14 of A
belongs to X.

A function f is said locally integrable if belongs to Lo(p) and [, |fldp < oo
for each A € ¥ such that u(A) < co. Clearly, every Kothe function space is a
Banach lattice in the obvious order (g > 0 if g(t) > 0 a.e.). By (i), every Kothe
function space is a o-order complete space, see [21]. The spaces mentioned in
the above Section are examples of Kéthe spaces. For more properties of Kothe
spaces, we refer the reader to [21] and [22].

A Kothe space X is said to have the Fatou property if whenever {f,} is
a norm-bounded sequence in X such that 0 < f, 7 f € Lo(u), then f € X
and [|fullx — ||fllx- Similarly, a Kéthe space is said to be order continuous
if || fnllx — 0 whenever f,, N\, 0. The assumption that every g € X is locally
integrable implies that for every finite measurable set A € X, the positive
functional g — [, g(t)1A(t)dp is well defined and thus bounded; i.e., it is an
element of X*, the (topological) dual space of X. In fact see [24], every g € X
such that fg € L1(u) for all f € X defines an element T, of X* by

T,(f) = / fodu(f € X),

which is called an integral. The set of all measurable functions ¢ such that
fg € Li(p) for all f € X is denoted by X’ and it is called the Kéthe dual of
X. The space X’ is a Kothe space endowed with the norm

IGlx = sup / |F5ldy
1fllx<1JQ

It is known see [21] that if X is order continuous then X* is isometrically equal
to X’. Also, it is known that

I fllx = SUP{‘E(f)‘ ‘heX'

=13 ®

for every f € X (i.e. X’ is a norming subspace of X*) if and only if whenever
{fn}, f are nonnegative elements of such that f, 7 f a.e., we have ||f||x —
Ifllx. Observe that from the relation (2) we have

o] < i

| <A, 17x

for all h € X’ and all f € X. For more properties of Kbthe spaces, we
recommend the excellent books [22] and [21].

In 2006, Hudzik, Kumar and Kumar [15] published an important article
about the properties of multiplication operators acting on Kéthe spaces. They
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assume that X = Xb, that is, the simple functions are dense in X and that
X has absolutely continuous norm. Hence its Banach dual space X* and its
associate space X’ coincide. In this case, the Kothe space X is also known as a
Banach function space. As consequence of the results obtained by the authors
in [15], we can write the following:

Theorem 5.1 ([15]). Let X be an order continuous Kdthe space satisfying the
Fatou property, then

1. Continuity (Theorem 1.1 in [15]). The multiplication operator M, is a
bounded operator on a Banach function space X if and only if u € Lo ().
Moreover, | Myl = ||uco-

2. Invertibility and spectrum (Proposition 2.1 in [15]). The operator M, has
a bounded inverse if and only if 0 ¢ uess(Q) = o(M,,), where

Uess () ={NEC: u({s€Q:|uls) — A <e}) #0V. >0}

is the essential range of uw and o(M,) = {A € C: M, — A : X —
X is not bijective} is the spectrum of M,,.

3. Theorem 2.2 in [15]. The set of all bounded multiplication operators on a
Banach function space X of C-valued functions forms a mazximal abelian
subalgebra of B(X), the space of all bounded linear operators on X.

4. Closed Range (Theorem 2.3 in [15]). Let X be a Banach function space
of C-valued measurable functions on ¥ and M, € B(X) for some u €
Loo(p). Then M, has closed range if and only if there exists some 6 > 0
such that |u(z)| > &, for p-almost all x € supp(u).

5. Compactness Theorem 2.4 in [15]). Let X be a Banach function space
of C-valued measurable functions on  and M,, € B(X). Then M, is
a compact operator if and only if X (N, ¢€) is finite-dimensional, for each
e >0, where N = N(u,e) = {z € Q : |u(z)| > €} and X(N,e) = {f €
X:f(x) =0V e Q\ N}.

6. Fredholm (Theorem 2.5 in [15]). Suppose (2,3, p) is a non-atomic mea-
sure space and M, € B(X), where X is a Banach function space having
absolutely continuous norm. Then, M, is Fredholm if and only if M, is
invertible if and only if there exists 6 > 0 such that |u(x)| > § for p-a.e.
x e Q.

Although this article is quite general, it continues appearing results about
this topic, for example, recently in 2016, Mursaleena, Aghajanib and Rajc
[26] show that Theorem 5 is also valid for Cesaro function spaces Ces,(€2).
Certainly, almost all the results shown in the article [26] are consequence of
the results that appear in [15], see Theorem 9 because Ces,(f2) is a Banach
function space. However, still there are some open problems about this subject,
for instance:
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Open Problem 6. Suppose that u € Lo (u). Calculate the essential norm
of M, : X — X. Characterize when M, : X — X is Fredholm for the more
general case. Establish the properties of M, : X — Y in the case of X, Y
Ko6the-type spaces on the same measurable space.

Finally, we note that there exist a lot of works about the properties of mul-
tiplication, composition and weighted composition operators acting on Kéthe-
type spaces as we can see in the reference of the articles cited in this note.
Also there are great number of works about the properties of these operators
acting on non-Kdéthe spaces, for instance, recently, in 2016 Astudillo-Villalba
and Ramos-Ferndndez in [3] made a very complete study of the properties of
multiplication operator acting on the classical space of functions of bounded
variation.
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