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RESUMEN: Este trabajo muestra que la regresién alzada puede considerarse como una metodologia
apropiada para reducir la multicolinealidad aproximada que aparece de forma natural en los problemas
de regresién lineal. Cuando se trata de tres variables explicativas, su aplicacién reduce el nimero de
condicién de la matriz asociada al conjunto de datos. Sin embargo, este procedimiento tiene un umbral:
aunque las columnas de dicha matriz se pueden separar, se demuestra que el nimero de condicién nunca
serda menor que una constante que se puede obtener facilmente utilizando los elementos de la matriz inicial.
Finalmente, la contribucién se ilustra a través de un ejemplo empirico.

Palabras Clave: Multicolinealidad, regresién alzada, nimero de condicién, autovalores, transformacién de
datos.

ABSTRACT: This manuscript shows that the raise regression can be considered as an appropriate
methodology in order to reduce the approximate multicollinearity that naturally appears in problems of
linear regression. When three explanatory variables are involved, its application reduces the condition
number of the matrix associated to data set. Nevertheless, this procedure has a threshold: although the
columns of X can be separated, it is proved that the condition number will never be less than a constant
that can be easily worked out by using the elements of the initial matrix. Finally, the contribution is
illustrated through an empirical example.
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1. Introduction

Regression analysis is a powerful methodology to describe the relationship between a response
variable (usually denoted by Y') and one or more explicative variables (denoted by X1, Xa,..., X,).
Although researchers can consider a large list of possible models in order to study how variables
X1, X5, ..., X, explain the variable Y, linear models are, undoubtedly, the most used in practice.
Their simplicity and applicability lead most of researchers to use them at least as a first approach.

When studying a variable depending another ones, it is usual to involve a large number of
independent variables Xy, X, ..., X,, (as many variables as we can handle in practice). In some
cases it appears a problem of multicollinearity because there is a high correlation among the
input variables X1, Xs,..., X, (even they could be linearly dependent). This can be interpreted
as such variables are measuring the same phenomena but in different ways. It is well-known that
the existence of multicollinearity affects to the estimation by ordinary least squares (OLS) of
the model as well as the interpretation of the obtained results. Ridge estimation (RE) (see e.g.
Hoerl and Kennard!*) is commonly applied as alternative method to analyze data by reducing the
effects of multicollinearity. Usually labeled in statistic and econometric applications it is applied
in many different fields such as medicine, physics and chemistry (see McDonald?). Recently other
alternative methodologies have been proposed in order to (partially or totally) palliate the problem
of multicollinearity. For instance, Garcia et. al® proposed to raise an independent variable to
mitigate the effects of the linear dependence between explicative variables. This methodology is
known as raise regression and was more developed by Salmerén et. al®.

Whatever been the applied methodology, it is important to check that its application has
mitigated the collinearity. This fact justifies the development of measures to determine the presence
of multicollinearity. A widely used measure in the literature is the variance inflator factor (VIF)
(see e.g. Marquardt®, Theil”, Fox and Monette® and O’Brien”). Salmerén et. al® presented the
application of the VIF in the raise regression. However, this measure is not to always applicable,
for example, when any of the independent variables is qualitative or there is an interaction term
obtained from a dichotomic variable. This fact justifies the study of the condition number to be
applied after the application or the raise regression. Garcia et. all¥ showed, in an empiric study
with computational simulations, that the condition number decreases with the application of the
raise regression and presented some algebraical problems.

In this paper we establish the limits of such improvement when three explicative variables are
involved (including the constant term). In this way, we show that, if one variable is appropriately
raised, we can reduce the condition number of the data matrix up to a concrete limit (and not
beyond such limit). Therefore, the problem of multicollinearity can be partially overpassed by
using this process.

A second question of interest is the transformation data required to appropriately calculate
the condition number. In ordinary least squares (OLS), Belsley et. al*Y shown that the basic data
should be scaled to have equal length since it is assured that the matrix with orthogonal variables
presents a condition number equal to 1 (the minimum value possible). However, this condition is
also verified if the data are typified or standardized. The difference is that in these last cases the
model has no independent term. Thus, although a lesser condition number will be obtained (see
Belsley'?) the influence of the independent term will be lost. In this paper, this question is treated
for the raise regression.

The paper is structured as follows: Section [2] reviews how to calculate the condition number
in OLS and introduces the raise regression. Section [3| develops the calculation of the condition
number in the raise regression transforming the data to be unit length and standardized. Finally,
Section [4] illustrates the contribution of this paper through an empirical example.
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2. Preliminaries about the problem of multicollinearity

This section introduces the problem of multicollinearity and some basic preliminaries. From now
on, let M« (R) denote the family of matrices with m rows and n columns over the field of all
real numbers R, and let M,, (R) = M, x, (R) the set of all real square matrices of order n. It will
be supposed that the vectors u € R™ are given in columns.

2.1. The statement of the problem of approximate multicollinearity

Let us consider a multiple linear model
Y = o+ p1 X1 + f2 X2 + U, (1)

in which a real random variable Y (called the dependent or response variable) is explained by
means of two real random variables X; and X, (called the independent or explicative variables).
Implicitly, the constant variable X, = 1 is considered. Given a random sample { (z1;, %2, ¥i) } 11
it is possible to establish the following matrix X associated to the independent variables X; and
X5, and Y for response variable

1211 201 Y1
1 212 220 Yo

X=1. . . EMpx3(R) and Y =] | | e My (R).
1 T1in T2n Yn

When no confusion is possible, we will also denote the columns of X by Xy = 1, X; and X,
respectively. The OLS estimation of the real coefficients 5y, 81 and Bs is given by

B=(xTx)" XTY, (2)

where the matrix X7X € Ms3 (R) plays a crucial role in this process: it must be invertible.
Such property holds if, and only if, the columns of X are linearly independent vectors. If this
property is not fulfilled, that is, if the columns of X are linearly dependent, it appears a problem
of multicollinearity. In some cases, although X7 X can be invertible, its determinant can be near
to zero. In such cases, although the columns of X are linearly independent, they are near to be
dependent: this is the problem of approzimate multicollinearity. Under this condition, although
estimation (2)) can be computed, the estimation of model will be unstable.

2.2. The condition number

A simple but effective procedure to diagnose approximate multicollinearity is based on the condition
number of the matrix X, which is given by

)\max
kX - An'lin ’

where Apax is the maximum eigenvalue and Ay, is the minimum eigenvalue of a definite positive

matrix obtained as X7 X by following three possible transformations of X: (1) Normalizing the
columns of X (obtaining a matrix X,¢); (2) standardizing the data (matrix X;); and (3) typifying
the data. Taking into account that kx > 1 (because 0 < Amin < Amax), the aim to transform the
data is to consider a matrix such that its condition number is 1 when data are orthogonal. For
instance, if X is the diagonal matrix X = diag(1, 1, 10), the eigenvalues of X7 X = diag(1, 1, 100)
verify Amax/Amin = 100, and a condition number like 10 would not detect that data are orthogonal.
Hence, it is necessary to consider a transformation of data in such a way that condition number is

1 when data are orthogonal. In the following lines, we describe each transformation.
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Normalizing the columns of X, we consider the modified matrix

1 11 o1
1 T12 T22

X = ﬁ \/Zx%z \/ngz

1 Tin T2n

where we agree that, from now on, sums are given from ¢ = 1 to ¢ = n. Notice that, after this

normalization, columns of X, are unitary with respect to Euclidean metric on R", and the matrix
X&Xug has the form

T > T2
GiVER vV
XT X, - YT ) > T2 T4
“ \/5\/ Zzi vzfﬁivzmi
> T > T2 T4 1

Matrix X7, X, is real, symmetric and definite positive, so its three eigenvalues, A1, Ay and A3, are
strictly positive. For convenience, we agree that they will be ordered in the following way

0< A <X < )As.

With this notation, the condition number of X is

>\max )\3
kx =4/ =4/~ =1
X >\min >\1 o

It is usual to accept that the collinearity is moderate for values of the condition number between
20 and 30, high for values between 30 and 100, and unacceptable for values higher than 100.

The previous methodology is not the unique transformation to get that a matrix with orthogonal
variables has a condition number equal to 1. It is also possible to standardize the data since, in
this case, the matrix used to calculate the condition number coincides with the correlation matrix.

x11 — X zo1 — X
v/nVar(X1) /nVar(Xs)

10— X1 @2 — X
B Tv 1 corr(X1, X2)
Xs = \/nVar(Xl) \/nVar(Xg) > Xy X = (corr(Xl,Xg) 1 '

Tin — Y1 Ton — Yz
V/nVar(X;) /nVar(Xs)

Notice that this transformation implies the elimination of the independent term in model .

The third possible alternative is to typify the data. However, in this case, the condition number
will coincide with the one obtained from standardized data. Thus, throughout this manuscript, we
will only consider and compare the results obtained by employing the first two transformations of
data: unit length and standardization.
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2.3. Raise regression for reducing approxrimate multicollinearity

In order to overcome the above-mentioned drawbacks when collinearity appears, raise regression
was introduced in Garcia et. al., and in Salmerén et. al.”. To correct the problem of approximate
multicollinearity before proceeding to the estimation, let assume that we are interested in raising
an independent variable (for instance, X;) by using the other ones (in this case, Xy and X3).
Hence we will separate them through the following auxiliary regression

X1 =0+ a2 Xy + E, (3)
whose estimation by OLS is & = (XIX5)"'XTX;. The vector E = (eg,ea,...,
en)? € R™ cannot be zero because we assume that columns of X are not linearly dependent,

and it satisfies £ 1| Xg =1 and E L X5, so

;ei: Z:xgiei:O. (4)

i=1
The raise vector, denoted by Xi(t), is defined as
Xi(t) = X1 + tE, where ¢ € [0, 4+00) .
Let us show that
Xi(t)#0  forallt e [0,400). (5)

Reasoning by contradiction, suppose that there is ¢ty € [0,400) such that X’l(to) = 0. Then
—toFE = X1 =ap+asXo+ E, so apXo+asXa+ (14 tg) E =0. Thus E is a linear combination of
Xy and X5, which is a contradiction because £ | Xy and E 1 X5. This contradiction guarantees
that holds.

The raise method will be obtained by substituting in model the vector X7 by the raise
vector X1 (t), that is, the raise method will be the OLS regression with the vectors X1 (t) and X
instead of X7 and X5. Then, the model to estimate will be given by

Y = Bo () + Bu(t) X1 (t) + Ba(t) Xo + W, (6)

where the estimated parameters depend on ¢: they will be called raise estimators and they will be
denoted as By (1), Bl(t) and Bg(t).

By using this methodology, correlation between vectors Xl(t) and Xo will be less than the
correlation between vectors X; and Xo, so the problem of multicollinearity is partially reduced.

Example 1 Next, let apply this technique to a set of data previously considered by Hurvichi3.
Assume that X1 = “number of households” and Xo = “number of owner-occupied households” are
used as explanatory variables (both of them are measured in units of 10000 households) in order
to study the evolution of the monthly sales of backyard satellite antennas (variable Y ). Table
contains the data set obtained in nine randomly selected districts. The following linear model can

be computed by using the mentioned data set (with standard deviation in parentheses)

Y = —2.38163 + 2.40179 X, + 1.4435 X5, R> =0.9279, F,¢ = 38.63. (7)
(10.913)  (2.221)  (3.525)

Since X1 and X5 are linearly independent variables and the associated coefficient of determination
of the linear model @ 18 92.79%, one can believe that variables X1 and X explain variable Y
in an appropriate way. However, none of the estimated coefficients are significantly different to
zero while the model is globally significant which means that a possible problem of multicollinearity
appears. Also, the determinant of the correlation matriz, 0.0286, is very close to zero and the
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Tabla 1. Data set.

Satellite antenna sales
District  Sales (Y) Households (X;) Owner-occupied households (X32)

1 50 14 11
2 73 28 18
3 32 10 )
4 121 30 20
5 156 48 30
6 98 30 21
7 62 20 15
8 o1 16 11
9 80 25 17

condition number of matriz X, calculated for unit length data, kx = 36.343, also confirms the
existence of this problem. As a consequence, collinearity between variables X1 and Xo is high.

Thus, this setting seems to be ideal to use the raise regression. The following results are obtained
by raising every variable for t = 5:

Y = —4.7154 + 0.4003 X (5) + 4.5741X,, R =0.9279, Fy ¢ = 38.63.
(10.6103)  (0.3702)  (0.8311)

Y = —0.9448 4 3.1489X; + 0.2406 X5(5),  R> = 0.9279, F,¢ = 38.63.
(10.0927)  (0.5237)  (0.5875)

Note that the estimated coefficient of the not raised variable is now individually significant while
the coefficient of determination and the global significance test are not modified. It is possible to
find more information about this estimation method in Salmerdn et al®.

On the other hand, if the model is estimated from standardized data the condition number will
be lesser than 20 (kx = 11.741) suggesting that the problem of collinearity is solved. However, this
conclusion will be a contradiction to the rest of evidences since the symptoms of multicollinearity
still persist as it is shown in the estimated model

Y =0.7007 X1 +0.2654 X5,  R?=0.9279, F,; = 45.07.
(0.6) (0.6)

This example confirms that the Belsey’s statementt? about centered data (the problem is that a
low condition number for centered data need not indicate the absence of ill conditioning) is also

satisfied for standardized data.

3. About the limits of reducing the condition number by raise regression

This section studies the behavior of the condition number in the raise regression supposing two
data transformation: unit length and standardization.



About the limits of raise regression to reduce condition number 51

3.1. Unait length transformation
Before computing the condition number of the model (@, we have to modify the raised matrix

1 xy1 +ter xo1

1 x99 +tea x99
PICE B 0

1 21, + te, Ton

so that it has unit length

1 r11 + teg T21
P
VY @t te)? VR
1 Ti2 + tea T22

Xue (t) = ﬁ \/Z (-Tli + tei)Q \/ZQE%Z

1 T, + te, Ton
\/ﬁ \/Z (xh- + tei)z \/ngz

In this way, the columns of X, (¢) are unitary vectors with respect to the Euclidean metric on

R™. This normalization yields to the following matrix
Xue ()7 Xue (t) =
1 Z (z1:+te;) Z’ﬁm‘

\/ﬁ\/Z(wli-‘rﬁeiF vn in
Z (z1ittes) 2121’ (z1itteq)
1

\/71\/2(51?11'+t6i)2 \/Zl’%l \/Z(I1i+t€i)2

Zszq‘, szi (z1:4te;) 1
\/ﬁ\/Zx; \/ngz \/Z(fﬂh‘+t6i)2

Notice that, by 7

n n n n

dSo(ritte) =D i+t D e = a1

i=1 i=1 i=1 i=1
and

n n
To; (1 +te;) =D o1+t
i=1 i=1

1= 7

do not depend on ¢. Hence, for all t € [0, +00),

n n
€24 €5 = Z €24 T4
—1 i=1

1 a(t) b
b c(t) 1

where

Zl‘lz‘ b 23321'

) ’ TS 2 9
Vi) S (i +te;)? NV 9)

o(t) > T2 T1i (10)

- N IRV ($1i+tei)2 .
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Notice that numerators in @[)— do not depend on ¢t. We remark that
> T _ > T2 T1i

[Elton:a(to):c(to)] =

vnoo VS
& Ja(t)=c(t) forallt >0]. (11)
Furthermore, since E # 0,
tlgpoo a(t) = tilgrnoo c(t)=0. (12)

The characteristic polynomial of each matrix B (¢) is:

1—=Xa(t) b
Pty () = det (B (1) = M) = | a(t) 1-\ e(t)
b c(t) 1—A

=N 43X+ (a(t)® + 0>+ c(t)* — 3) A
+ (2a(t)be(t) —a(t)® = b* —c(t)® +1).

As each matrix B (t) must be symmetric and positive definite, it has three real eigenvalues that
are strictly positive. If we denote by A1 (¢), A2 (¢) and A3 (t) the three positive eigenvalues of B ()
such that

0< A (t) <A(t) <As(t),
then we have that
Pe (A) = —=(A=A (1) (A= A2 (£)) (A = A3 (1))
In other words,
A= 3N+ (3—a(t)? = b* — c()®) A+ (a(t)® + 0% + c(t)® — 2a(t) be(t) — 1)
=(A=2 @) A=2() (A= A3 (1)), (13)
for all A € R and all ¢ > 0. In particular
M)+ (t)+A3(t) =3 for all ¢t > 0,

which means that functions A1, A2, A3 : [0, +00) — (0,400) are bounded because, for all ¢ > 0 and
all j € {1,2,3},

0< XA () <A (t)+ A2 (t) + A3 (t) =3. (14)
Theorem 1 Under the previous considerations,
t_I}TOO A(t)=1-1b], t_l}gloo Ao (t) =1 and t—1>1210<> As(t)=1+1b]. (15)

In particular,
A Bxo =T
Proof 1 Notice that
Py (1—0) = — (1 =0 +3(1 -5+ (a(t)® +b* +c(t)? - 3) (1 - b)
+ (2a(t) be(t) —a(t)? — b* — c(t)? +1)
= —ba(t)? + 2a(t)be(t) — be(t)? = —b(a(t) — c(1)?,
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and, similarly, pp) (1+0) =b(a(t) —c (t))?. Furthermore,

lim pp (A) =400 and lim  pp) (\) = —c0.

A——o0 A——+o0

Taking into account (11]), there is to € [0,+00) such that a(to) = ¢ (to) if, and only if, a(t) = c(t)
for allt > 0. Hence, we consider the following four cases.
Case 1) b= 0. In this case, the characteristic polynomial of B (t) is:

e (A) = =A* 4+ 3N + (a(t)® + c(t)* = 3) A+ (1 — a(t)® — c(t)?)

Y ()\—1— a(t)2+c(t)2> (A—1+\/m),

whose roots are
M) =1—\a®)P+c@®)?  A@t)=1  and

A3 (t) =14+ a(t)’ +c)

Then (@ guarantees that (@ holds because b = 0.
Case 2) There is tg € [0,400) such that a (tg) = ¢(tg). This case is equivalent to suppose that
a(t) = c(t) for all t > 0. Therefore

e (A) = =A* 4+ 3N + (a(t)® + 0> + c(t)* — 3) A
+ (2a(t)be(t) — a(t)® — b* — c(t)® + 1)
= -XA* 4+ 322 + (2a(t)® + b* — 3) A+ (2a(t)?b — 2a(t)? — b* + 1)
——(A—1+41D) <A1”“/8“2(”w) <)\1b+\/8‘12(t)w>.

Since a (t) = 0 as t — 400,

1, ifb >0,
1—b, ifb<o0,

b2\/172{

and

1+

b+vb2 [ 1+4b, ifb>0,
2 ] 1, if b<0,

then the three eigenvalues of B (t) converge, ast — 400, to 1 —b, 1 and 1 + b, respectively.
Case 3) b> 0 and a(t) # c(¢) for all t > 0. Since

Py (0) = A1 (1) A2 (t) Az (t) > 0,
Pe@ (1= [b]) =ppr) (1 —b) =—b(a(t) —c(t)’ <0,

)
P (1 +1b]) = ppey (1 +0) = b(a(t) —c(t))” >0,
lim pp) () = —o0,

A—~4o0
the alternate of the sign and the continuity of the polynomial function implies that
M) e(0,1=0b), X@)e(l—0b1+b) and I3(t)€ (1+4+0b,+00).
Therefore, each matriz B (t) has three simple eigenvalues that satisfy

O< M) <1l=b<At)<1l4+b<As(t).



54  Rolddn, A.F., Salmerén, R., Garcia, C.

Taking limit as t — +00 in , the bounded functions A1, Ao and A3 must converge to the roots
of the polynomial
. 13 2 2 32 2 _
Jim [=A% + 377 + (a(t)® +b° + c(t)® — 3) A
+ (2a(t) be(t) —a(t)> = b* —c(t)* +1) |
=-XN432+ PP -3)A+(1-b)=—A-1)A+b-—1)(A—-b—1).
Then holds.
Case 4) b < 0 and a (t) # c(t) for all t > 0. In this case, since

P (0) = A1 (£) A2 () Az (t) > 0,

o) (1= [b]) =ppe) (14+b) =b(a(t) = c(t)* <0,

P (1+ (b)) =ppey (1—b) = =b(a(t) —c(1))* >0,

li = —
Jm P (A) = —o0,

we can repeat the arguments of the third case. O

The following result shows that raise regression is useful to reduce condition number. However,
this process has a finite threshold.

Corollary 1 Under the hypothesis of Theorem for all t € [0, +00),

vV Zl‘%z +|Z$21

kX(t)> lim kx(s) :koo

steo \% n Zsz ‘ Z‘r2l

In particular, kx > koo

Proof 2 As we have shown in the four cases of the proof of the previous theorem, Ay (t) < 1—|b]
and Az (t) > 1+ |b]| for allt >0, so

Az (t) 1410b]
k = >
x) ¢A1<t> —\/1—|b|’

where
PRES N o -
1+ n Yy, x5, +| > Ty
1+|b] vl | i=1 i=1
I - s | : .
1— | —&==2 n Y xd — T2
Zl’i z; 2 7,; ’

In particular,

RN L LI G VAV O Tau L 21y
B VARVOIEE AR DIET

O

Thus, for unit length data, kx ) is continuous in ¢ = 0 (kx () = kx) and always equal or higher

than 1

Mf koo < 1 then |b| < 0, which is not possible.
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Remark 1 For the sake of completeness, notice that |b| < 1 because of the Cauchy-Schwarz
inequality applied to vectors u = Xo = (1,1,..., 1)T and v = Xo = (21,22, . - . ,xQn)T, Indeed,

|(1,1,...,1)'(%217$22,...,£B2n)|S || (171771) ||2 || (x217x227"'7x2n)”2

& |Sen|svayTa e b=y,

and the equality can only hold when u and v are linearly dependent, but this is impossible since we
assumed that the columns of X are linearly independent.

3.2. Decreasingness of condition number

In this subsection we study the monotonicity of the function kx) : [0,400) — [1,+00). In
particular we show that it is decreasing, so its limit is, in fact, its infimum. We remark that
we will use the notions increasingness and decreasingness in a strict way, that is, a function
f:[0,400) = R is increasing if 0 < t; <ty implies that f (t1) < f (t2).

In order to study the monotonicity of the following functions, it is usual to assume that

Sa; >0, dxe; >0 and > xyx9; > 0. (16)

These conditions follows from two facts: on the one hand, socioeconomic variables are usually
non-negative; on the other hand, if this is not the case, we can replace variables X; and X5 by
raised variables X1 = X7 +¢; and Xy = X9 + ¢9, where constants ¢; and ¢ are such that ¢; > xq;
and cg > x9; for all 4 € {1,2,...,n}. Then model can be replaced by

Y=00+b5X1+B8Xe4+U=0+Xi—c1)+2(Xo—c2)+U
= (8o — Bic1 — Bac2) + 51Xy + B2 X + U
= + 51X + 82X + U.

If one of the constants given in is zero, the eigenvalues of each matrix B (t) can be easily
computed.

Proposition 1 If at least one of the following conditions holds:

b=0,
or there is t1 € [0,400) such that a (t1) =0,
or there is ty € [0,+00) such that ¢ (t2) =0

)

then the three eigenvalues of each matriz B (t) are, for all t € [0, +00),

MO =1—\a®? +02+c® M) =1,

Az () = 1+\/a(t)2+b2+c(t)2.

Proof 3 Notice that condition “there is t1 € [0,+00) such that a (t1) = 07 is equivalent to “a (t) =
0 for all t € [0,400)” because, in any case, > x1; = 0. The same is true for function c. If at least
one of the previous conditions holds, then 2a(t)bc(t) = 0 for all t € [0,+00). Therefore, the
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characteristic polynomial of B (t) is
e (A) = =A* + 3\ + (a(t)® + 0> + c(t)* — 3) A
+ (2a(t) be(t) — a(t)? —b* — c(t)? + 1)
=X 43X+ (a(t)®* + 0>+ c(t)* = 3) A+ (1 — a(t)* = b* — c(t)?)

——(—1) (A—l—\/a(t)2+b2+c(t)2>
~(/\—1+\/a(t)2+b2+c(t)2)a

whose roots are given by the above-mentioned functions. O

The previous result guarantees that if one of the numbers considered in is zero, we can
work out the three eigenvalues of each matrix B (t), so the condition number of B (¢) is, for all
t €10,+00),

exe = a(t) 1+\/a(t)2+b2+c(t)2'
A1 (t) 1— \/a () + b2 + ¢ (t)?

As functions a? and ¢? decrease to zero, then the function t — kx () is decreasing.
From now on, suppose that

lei > 0, Zl‘gi >0 and El‘lﬂ,‘gi > 0. (17)
In particular, henceforth, b > 0.

Proposition 2 The function t — > (x1; + tei)2 is increasing on [0, +00), so the functions a and
¢ are C* and decreasing on [0, +00).
Furthermore, the function

t 2a(t)be(t)
is positive and decreasing on [0,+00), and the function
t— — (a(t)® + % + c(t)?)
is negative and increasing on [0,+00), and both functions are C*.
Proof 4 Taking into account , nVar(E) = > e2, so (@ and (4)) imply that > x1;e; = n Var(E)
and Y (z1; + te;)? = S22, + nVar(E)t (2 +t). In particular, the function t — Y (z1; + te;)? is

C*, increasing on [0,400) and strictly positive. As a result, the functions a and ¢ are decreasing
on [0, +00), and both are C* on the same interval. Furthermore, it can be checked that

2a(t)be(t) = 2 w1) (o wei) Qowgizy) 1

18
n? (> 23,) Var(E) 12 + 2t (18)
(X z2:)°
— (a(t)® + b + c(t)?) = ——="4—
( )= (> a3;)
()’ (Ca3) +n (Teaw)t 1
n? (3" 23,) Var(E) 2+ 2t
so the first function is decreasing on [0,400) and the second one is increasing on [0,400), and
both functions are C* on [0, +00). O

Next, let consider the functions p1, o, 13 : [0, +00) — R given by
wi () =X (t)—1 forallte|0,00).



About the limits of raise regression to reduce condition number 57

By (14)), for all t € [0,00), p1 (t) < p2 (t) < pg (t) and gy (t)+pa (t)+p3 (t) = 0. Using the notation
1= A — 1, the previous functions are the solutions of the characteristic polynomial:
— 1>+ (a(t)® + 0%+ c(t)?) p+2a(t) be(t)
—pnoa(t) b
—la(t) —u c(t)| = det (B(t) = (u+ 1))
b oc(t) —p
= — (= (8) (= p2 (8)) (10 — s ()
= =%+ (i () + 2 (8) = pa (1)) 1® = [ (8) o () + o (8) 3 (1)
+ p2 () pa (B)] g+ pa (F) pa () 3 () -

In particular

{ 1 () p (t) 4 g (8) s (t) 4 pa (8) pa (1) = — (a(t)® +* + c(t)?), (19)
i1 (8) o (8) i () = 2a(t) be(d).

Theorem 2 Under , the function t — kp is decreasing on [0, 4+00).

Proof 5 Taking into account that b > 0, in the proof of Theorem [ we showed that if there is
tg € [0,400) such that a (tg) = c(to) then

b— \/Ra(tE 152

M) =1—b, () =1+ 8‘;”* ,
b+ \/Ra(t)E T 52
Mo (t) = 14— 8a2() i

In this case, the result follows from the fact that the function a (and also a®) is decreasing on
[0, +00). Next, suppose that a(t) # c(t) for all t € [0,400). In the above mentioned proof we also
showed that

Py (0) = A1 () A2 (t) A3 () > 0,
PE@ (1—b) = —b(a(t) — c(t))* <0,
i@y (L+) =b(a(t) —c(t)* >0,
Jim pp) (A) <.

In particular,
A (t)€(0,1=0), X(@)e(l—=b1+b) and As(t)e (1+0,3).
This property guarantees that the eigenvalues of each matriz B (t) are simple, so functions
A1, A2, Az 1 [0, 4+00) = (0, +00) are at least C* on [0, 4+00). Then functions uy, pz, ps : [0, +00) — R
also are C on [0, +00). Since
w1 () pe (8) ps (B) = 2a(t)be(t) >0 for allt € [0,+00),

then functions u1, pe and ps has constant sign on [0, 4+00). In fact,

H1 (t) € (_17 _b) ) (t) € (_bu b) and H3 (t) € (b7 2) .
As py is megative, us is positive and py (t) po (£) us (t) = 2a(t)be(t) > 0 then necessarily the
function pz is negative on [0, +00). Hence

pr(t) € (=1, =b), pa(t) € (=b,0), ps(t) € (b,2) and

pa () < pz (t) <0 < ps(t).



58 Rolddn, A.F., Salmerén, R., Garcia, C.

Next, we prove that
pa (t) #0  for allt € [0,+00).

Reasoning by contradiction, suppose that there is tg € [0, +00) such that p4 (to) = 0. Since pj (t) +
1y (t) + pf (t) = 0 we deduce that pih (to) = —pf (to). In this case, by (1§), (19) and Proposition[3,

0> g, 1260 1= | [m O @)
= 1 (to) p2 (to) p13 (to) + 11 (o)t (to) pa (to) + pa (to) w2 (to) ps (to)
= iy (to) pa (to) p13 (to) + 11 (to) (—p13 (t0)) 3 (to)
= ph (to) pa (to) (p2 (to) — w1 (to)) -

As pa (to) — p1 (to) > 0 and ps (to) > 0, we deduce that

1, (to) < 0. (20)
On the other hand, also by (@, (@ and Pmposition@

0
O<a

0

=l [ pon (£) o (8) 4 pa (8) s (£) + po () ps () ]

[ — (a(t)2 +b% + c(t)2) ]

t=to

+
= —~
N ~
—
~
=)
N—

but from this inequality we deduce that py (to) > 0, which contradicts (@) As a result, we deduce
that ph (t) # 0 for all t € [0,400). Reasoning in the same way, we can also deduce that i} (t) # 0
for all t € [0,+00). As a consequence, py and ps are strictly monotone functions. Taking into
account that

i (t) € (=1,-b) and pg(t) € (b,2) forallt € |0,+00),
lm g (t)= lim A\ () —1=-b, lim pz(t)= lm A3(t)—1=0,

t——+oo t——+o0 t——+o0 t——+oo

we conclude that py is increasing and us is decreasing on [0, +00). As a consequence, the function

s (1) 1+ s (1)
M‘“X@:\/A?(t) :\/1+/~L:13(t)

is decreasing on [0, +00). O
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3.3. Standardization transformation

In this case, before computing the condition number of the model @, we have to modify the

raisedﬂ matrix by

z1 +tep — Xy z91 — X
\/n Var(X: (t)) \/n Var(Xz)
Tip+tes — X4 Ta2 — X2
Xo®) = | y/nvar(Xy(r)) V7 Var(Xa)

T +te, — X1 Ton — Xo
Vn Var(Xy(r)) V7 Var(Xe)

so that X, (¢)" X, (¢) is the correlation matrix

B 1 COI“I“()sz (t)7X )
X, ()" X, () = (corr(f(l(t)vXQ) 11 2 ) |

where, since cov(E, X3) =0,
cov(X1(t), Xa)
Var(X;(t))/Var(Xz)
_ COV(Xl, XQ)
VVar(Xy) + (82 + 2t) - Var(E)/Var(Xz)

corr(X1(t), Xa) =

The condition number is

Fxo \/1 + corr (X1 (t), X3)?
© 1-— corr(X1 Xs5)?

+21) - Var(E)) - Var(Xp) + cov(Xy, X3)?
+2t) - Var(E)) - Var(X2) — cov(X1, X2)?”

And, in such a case,

Var(X1)+(t2+2t) Var(E)) . Var(Xg) + cov(X12,X2)2
t

i kxo =

Var(X1)+(t2+2t) Var(E)) Var(Xs) — cov(xlz,xz)2
t

— I~ ]

Var(E) - Var(X3)
= =1.
Var(FE) - Var(X3)
Also, kx ;) is decreasing in t since
akx( )= — Var(X3) - cov(Xy, X2)? - (2t + 2) Var(E) -0
ot h(t) - (g(1) - Var(Xy) — cov(Xy, X2)2)*

where

h(t) (Var(X1) + (t* + 2t) - Var(E)) - Var(X3) + cov(X1, X2)?
~ (Var(Xy) + (2 + 2t) - Var(E)) - Var(Xa) — cov(X1, X2)2’
g(t) = Var(X1) + (#* +2t) - Var(E).

2Without loss of generality, we consider that the first variable is raised.
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Thus, for standardized data, kx ;) is continuous in ¢ = 0 (where kx () = kx), it is decreasing
on t and it is always greater than or equal to 1.

Remark 2 If we have considered typified data Xy, (t), then we would have obtained the same
results because Xyyp OF Xiyp (t) = nX; ()" X, (t), and the condition number would not have
changed.

4. Tllustrative example

In this section we illustrate our study by describing an example in which raise regression can be
useful in order to reduce the effects of collinearity (see Section and, consequently, the condition
number of the matrix associated to the problem.

3 Eigenvalues

\

2,

0 10 20 30 40 t

Fig. 1. Evolution of eigenvalues of the matrix X (t).

40 - Condition number

30
201
10\
5.0574
¥
T I T — t
0 10 20 30 40

Fig. 2. Evolution of the condition number of the matrix X (t) = (X1(t), X2) and its limit for unit length (red) and
standardized data (blue).

For the data used previously by Hurvich™®, if we raise variable X; by considering the new
explanatory variable X, (t) = X1 + tE, where t € [0,+00), we observe that the highest eigenvalue
of X (t) decreases and the lowest one increases when ¢ — 400 (see Figure [1]). Thus, for unit length
data, condition number stabilizes itself around the value:

23759 + 444 /981
lim ko = \/ 3109+ 16 - 50574,

t—+oo 1855
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Figure 2] shows the evolution of condition number depending on ¢. For ¢ = 1, the condition number
is 18.453, so multicollinearity can be considered moderate, and for t = 3, the condition number is
less than 10. For ¢t = 50, it is 5.240596, which is very close to its lower bound.

If variable X5 is raised depending on ¢, then the limit of the condition number would have
been 4.78166 (see Figure . Note that the results are very similar to the one obtained when the
first variable is raised. In addition, in both cases, the condition number is continuous in ¢ = 0
(kx(0) = kx), decreasing in ¢ and it is always greater than the established threshold.

40 - Condition number

30
20
10'\
478166 P\ :
0 10 20 30 40

Fig. 3. Evolution of the condition number of the matrix X (t) = (X1, X2(t)) and its limit for unit length (red) and
standardized data (blue).

Finally, it is observed that, when data are standardized, the condition number is continuous in
A =0 (kx(0) = kx), decreasing in A and its limit is one when ¢ — +o0.

5. Conclusions and prospect work

In this manuscript we have described why the raise regression can be considered as an appropriate
methodology in order to reduce the approximate multicollinearity that naturally appears in prob-
lems of linear estimation when three explanatory variables are involved. In general, its application
reduces the condition number of the matrix associated to data set. Nevertheless, this procedure has
a threshold: although we can employ values of ¢ arbitrarily large in order to separate the columns
of X, the condition number will never be less than a constant that can be easily worked out by
using the elements of the associate matrix X.

On the other hand, the problem about that a low condition number for centered or standardized
data need not indicate the absence of ill conditioning commented by Belsey? is still verified in
the raise regression. Therefore, it is preferable to calculate the condition number from normalized
data.

Immediately the following questions arise when we employ the raise regression technique:

Open problem 1: does a limit exist on the condition number when more than three explana-
tory variables are considered? If so, is this limit computable by a simple calculation, directly related
to the matrix X7 This analysis must be done only with normalized data, that is, with X,,.

Open problem 2: Does a threshold appear when we consider another measures of the impact
of collinearity (like the variance inflation factor)?

From our point of view, it is worth considering these problems in future work.
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