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Abstract

A characterization is given for graphs whose matching polynomial is the deter-
minant of their matching matrices. The matching matrix is then modified and its
relation with other graph polynomials is examined.
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Resumen

Se da una caracterizaci’on de grafos cuyo polinomio de apareo es el determinante
de sus matrices de apareo. La matriz de apareo es entonces modificada y se examina
su relaci’on con otros polinomios de grafos.
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1 Introduction and basic definitions

The graphs considered here will be finite, loopless and can have multiple edges unless
otherwise stated. Let G be such a graph with p nodes and ¢ edges. We define a matching
M in G to be a spanning subgraph whose components are nodes and edges only. If M has
k edges, then M is called a k-matching.

Let us assign weights wy and ws to each node and edge respectively in G. w is the
vector (wi,wsg). If aj is the number of k-matchings in G, then the total weight of a k-
matching is akwﬁ’_zkw’g. The matching polynomial of G is M (G;w) = Z,[fﬁ)} akwﬁ’_zkw’g.
An unwanted matching term is an expression of the form akwﬁ’_zkw’; but does not cor-
respond to a matching of G. U(G,w) is the sum of all such terms. This can arise in a
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determinant expansion. The standard graph theoretical definitions are found in Harary [6].
Gvi,v9,...,,V, is the graph obtained from G by removing the set of nodes vy, vs, ..., v,.
Also G — e is the graph obtained form G by removing edge e.S) is the symmetric group on
p elements. The following definitions can be found in Farrell and Wahid [3]. The matching
matrix of a labelled graph is the pxp matrix A(G) = (a;j), where

Vkws  if 3k edges between nodes v; and v; with i < j
—vkwy if 3k edges between nodes v; and v; with i > j
0 if nodes v; and v; are not adjacent

w1 ifi=j

aij =

A D-graph of G is a graph D(G) such that M (G,w) = |A(D(G))| . The d-function of G
is the function defined on A(G) as follows:

(i) If G is the null graph, then d(A(G)) =1
(i) d(A(G)) = JAG)| ; if 0 < p <3

(i) d(A(GQ)) = w1d/A(G —v;)) + wo vajeE(G) d(A(G — v;v;)), for p > 3.

2 Preliminary results

The following result gives a reduction algorithm for finding M (G;w).

Lemma 1
M(Giw) = M(G — ejj;w) + woM (G — {vjv;};w).

PRroor. This is proved by considering the matchings of G which do not have the edge e;;
or which must have the edge ¢;;. m

The following result is the determinant expansion |A(G)| in terms of permutations.
Lemma 2 [A(G)| = 3., .c5, w(oi)e(oi) where w(oi) is the weight of the cycle o; and
e(0;) = 1 if o; is an even permutation

Yl =1 ifo; is an odd permutation.
ProOOF. This is straightforward. m

The following result is obtained by applying a function to the different sets of objects

that are described by the principle of inclusion and exclusion.

Lemma 3

n n

FOAL2, ) = F@) = S AT + 3 F(Tg) — o+ (~1)" F(Tha, )

i=1 i#j
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PROOF. Let b; for ¢ = 1,2,...,n be properties that are defined on the elements of a set.
The principle of Inclusion and Exclusion states that

n n

Ny b)) =N — ZN(bi) + ZN(bibj) — .+ (=1)"N(b1by...by).
i=1 i#£j

In using the principle of Inclusion and Exclusion we define a function f on each set of

objects that are enumerated. T is the universal set with respect to the properties that are

defined. The set whose elements have the properties b; and b; say is denoted by T; ; and

the set whose elements have none of the n properties b; for i = 1,2,...,n is denoted by

T, 2, ... K.

Thus f(T3) = Y, er, fla2):

After applying f to the statement of the principle we get

F@2, o) =FT) =D ft)+ > F(Tg) — oo+ ()" f(Di2,.m)-
i=1 i#j

3 The main results

The following result gives |A(G)| in terms of matching terms and unwanted matching
terms.

Theorem 1
|A(G)] = M(G,w) +U(G,w).

Proor. From Lemma 2, the elements of S, are permutations which are written as
products of disjoint cycles o;. An edge e;; of G gives rise to a cycle (ij) with weight
w2 (/i) (= /) (1), fe. wawi ™.

Generally a k-matching corresponds to different collections of k disjoint transposi-
tions. The resulting matching term is (—wg)k(—l)kw{)_zk, ie. wéw’l’_% for one of these
combinations. Let us consider the product of two cycles which are not transpositions
ie. (i1i2...ik—p)(ik—rt1ik—ri2---ig+r). The weight is (£1)(y/w2)*"(\/wz)k~". This is
+wokD 2 and is a term of U(G, w). The result follows. m

The G has no circuits, then Theorem 1 reduces to the following result.
Corollary 2 If G has no circuits, then |A(G)| = M(G,w).

PrOOF. If G has no circuits, then there will be no contributing cycles of length greater
than 2 which may give rise to unwanted matching terms. The result follows. m

The following result shows that there is no unwanted term for each cycle having odd
length.

Lemma 4 If G is circuit with p being an odd integer, then |A(G)| = M (G, w).
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PROOF. We show that the weights of the proper cycles of odd length cancel. Let o =
(41i2...4p—11p) be proper cycle where p is odd with weight w§/2. In ¢ we have i1 — io,
iy — 13, 93 — i4,..., ip—1 — ip and i, — i1. Now in o* the reverse orientation (same as
o~1), the cycle is (i1ipip—1...12%1). In o1 we have iy — ip, Ip — lp—1, ..., i3 — ig and
19 — 1. The associated weight is now (—1)pw§/ ?. Hence the terms cancel and the result

follows. m

The following result is immediate.
Theorem 3 If the circuits of G all have odd length, then |A(G)| = M(G,w).

ProOF. This follows by the use of Lemma 4. m

The following result gives the unwanted matching terms in an even circuit.
Lemma 5 If G is a circuit with p being even, then |A(G)| = M (G, w) £ 2w§/2.

PRrROOF. The proof is similar to that of Lemma 4. In this case the weight of the reverse
orientation of o is also (—1)7’11)5/ 2, Clearly the sign of ¢* and o is the same and thus the

p/2 or —2w§/2

terms do not cancel. The contribution of even cycles is either 2w;, . m

The following result gives the expansion of M (G;w) involving the unwanted term for
each even circuit.

Theorem 4 Let C1,Cs,...,C, be the even circuits of a labeled graph G on at least 4
nodes. Then

M@G) = |AG)]= Y JAG-Csw)|UC)+ Y |AG = Ci—Cpw)|U(CHU(C))
c;eG C;,CjeG
++(—1)t‘A(G—C”—CZ —...—Cit;w)‘

where we sum over sets of disjoint circuits C; in G.

PrROOF. We use the principle of Inclusion and Exclusion in the manner described in
Lemma 3. In G for an even value of r, there may be more than one circuit on r nodes
with 4 < r < p. Let b; be the property that either cycle m; or 7, ! corresponding to the
labelled even circuit C; is a factor in the decomposition of elements S, for i =1,2,...,n.
T; = {a; : o € Sp and has m; or 712-_1 as a factor}. Let o € T;. We define the function f
such that f(o;) =weight of ;X sign of ;. Now from lemma 5, both m; and 7, ! have the
same weight. Thus f(q;) = 2x(weight of 7;)x (weight of remaining factors)x (sign of «;).
But weight of m; is U(C;). The weight of remaining factors times sign of «; are obtained
by considering the associated matrix of GC; and its resulting determinant.

Thus f(T7) = Y er, £l0r) = [AG = CHIU(Cy).

Therefore > 7" | f(T;) = >y |A(G — C))|U(Cy).

The set T is S, and f(T) = |A(G)|. Tij = {B: : Bi € S, and S; has o; or o; ' as factors}.
f(Bi) = 2x(weight o;) x (weight o;)x (weight of remaining factors)x (sign 3;).

From Lemma 5, this gives U(C;)U(C;) times weight of remaining factors and sign ;.
We thus remove the two disjoint circuits C; and C; from G and find determinant of the
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associated matrix i.e |A(G — C; — Cy)|.
Thus Z?;éj (L) = Z?gi;éjgn |A(G = C; = C)|U(CHU(C5).
The other terms on the right hand side are found likewise.

T(1',2,...,n') is the set of permutations of S, which do not have even cycles (expect
two cycles) as factors. This consists of odd cycles of length k where k > 3, one cycle and two
cycles. By Lemma 4, there are no unwanted matching terms and thus f(7'(1',2/,...,n/)) =
M(G,w). The result follows on adding the respective terms. m

An illustration

We illustrate t

1 2 3
reductionss gt o [ || — [ [+ ow[ ]
4 5 6

|
*WZ‘

graph and its

M(G,w) = (wf+5waw] + 6wiwi + wi) + wo(w] + dwiwi + 2w3) + wa(w] + wiwy)

= w8+ Twyw] 4 11w3 + 3ws.

The following table gives the elements of Sg and their weights.

Permutation Weight
e w§

7 transpositions 7wgw§11
11 sets of cycles of form (12)(34) Nwiw?
3 sets of cycles of form (12)(34)(56) 3w3
(1256), (1652), (2345), (2543) dwsw?
(1256),(34), (1652)(34), (2345)(16), (2543)(16) | 4ws
(123456), (165432) 2w3

The even cycles are C1 = (1256), Cy = (2345) and C5 = (123456). The total weights of
the permutations listed in first four rows is w$ + Twow! + 11w3w? + 3wj. This is M (G, w).
The total weights of the other permutations is 4w%w% + ng’. This is U(G,w). Now
|A(G,w)| = w$ + Twow] + 15waw? + 9w3. Also U(Cy) = U(Cs) = 2w3 and U(C3) = 2ws.
Also |A(G — C1);w| = |A(G — Co);w| = w? + wq and |A(G — C3),w| = 1. We substitute
into Theorem 3 to get

(w8 + Twowt + 15wiw? + 9wd) — 2ws (w? 4 wy) — 2w3 (w? + wo) — 2ws.

This is M (G, w).
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4 Connections with other graph polynomials

The characteristic polynomial ®(B) of a simple graph G is defined as the characteristic
polynomial of the adjacency matrix B of G, i.e |[xI — B|, where I is the identity matrix
and B = (b;;) is defined as follows:

1  if nodes i and j are adjacent with ¢ < j
bijj =4 —1 if nodesi and j are adjacent with i > j
0  otherwise.

It is well known that for a tree 7' that the matching polynomial M (T;w’) where w' =
(x,—1), i.e. the acyclic polynomial «(G,x) coincides with the characteristic polynomial
®(T;x) (see Godsil and Gutman, [4], [5]).

The following result is taken from [4] and Cvetkovic, Doob and Sachs, see [1],[2].

o(Gz) = BB +2Z (G—Ciz) =22 a(G-C;— Cjiz) +

1<J
(—1)t—12tza(0—01—02—03—...—@;3;) (1)
for node disjoint circuits C; of length (> 2) in G.

In this paper, we modify the definition of A(G) to A(G) = (a;;) expressed in terms of
complex numbers to facilitate the conversion of M(G,w) to a(G, z), as follows:

ivE  if 3k edges between nodes i and j with i < j
aij =< —ivk if 3k edges between nodes i and j with i > j
0 otherwise.

The following result is immediate.

Lemma 6 The characteristic polynomial of A(G), i.e. ®(A(G)) is the same as D(—A(G))
and is equal to the acyclic polynomial o(G, ).

PrOOF. Now ®(A(Q)) is |z — A(G)|. Also ®(A(G)) is the same as |A(D(G))|, where
A(D(G)) is the matching matrix of D(G). Then we replace wy by x and wy by 1 in the
result |[A(D(G))|.

In order to convert to the acyclic polynomial from |A(D(G))| we place z’s on the
leading diagonal and replace /w2 by complex number i. But this resulting determinant
is ®(—A(G)). It should be noted that the transpose of ®(—A(G)) is ®(A(G)). The result
follows. m

The following theorem gives the conversion of Equation (1) above by the use of the
matrix A(G).

Theorem 5 Let G be a labeled graph without even circuits. Then

D(AG)) = +2Z<1> (G —C) —222@ (G —Ci —Cy))

—+... tthZCP G Ci — 02—03—...—Ct));

where C; are disjoint odd circuits of length greater than 2.
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PROOF. Now if (@ has no even circuits, then G is a D-graph. Also ®(A(Q)) is obtained
from M (G, w) on replacing w; by @ and wy by —1. This is exactly how a(G, x) is obtained
from M (G, w). Thus we replace appropriately in Equation (1). m

It is interesting to note that a(G,x) can now be written only as determinants for
certain graphs. The following theorem shows how a(G,x) is written as the sum of two
characteristic polynomials.

Theorem 6 Let G be a graph without when circuits and B its adjacency matriz. Then
2a(G,z) = ®(B) + ¢(—B).

PRrROOF. We replace every term except ®(B) in Theorem 4 by the acyclic polynomial since
G is a D-Graph. This gives equation (1) above. A relation between a(G,x) and ®(—B)
is obtained using Lemma 3. In this case we let b; be the property that either cycle 7; or
T, ! corresponding to the labeled odd circuit C; in G is a factor in the decomposition of
element of S, the other factors being one and /or two cycles. Since B is symmetric then
m; OF T, ! have the same weight.

The rest of proof is similar to that of Theorem 3. We finally get
a(G,x) = ®(—B)-— 22 (G — cix) + 22 Z a(G—c¢ —cjx)
i i<j
+...+(—2)t2a(G—c,-—62—63—...—ct;a:) (2)

for node disjoint circuits of length greater than 2 in G. The result follows by adding
Equations (1) and (2) m

We now examine a modification of A(G) which leads to a different form of the unwanted
terms.

5 Modification of the matching matrix

We define a new matrix A*(G) = (a;;) as follows:
Vkw;;  if 3 edges between nodes v; and v; with ¢ < j
—y/kw; ; if 3 edges between nodes v; and v; with ¢ > j
if nodes v; and v; are not adjacent
wy if i = j
The following result is immediate.

Theorem 7 Let A*(G) be as defined above. Then |Ax(G)| = M(G,w) + R(G,w); where
R(G,w) are the terms with square root signs.

PROOF. This matrix has the same form as A(G). Thus by Theorem 2, all graphs without
proper even circuits i.e. D-graphs are such that M(G) = |A*(G)|. The contribution of
even circuits is different. If o = (i1i9...4,-1%,) is an even cycle associated with an even
circuit is G, then in the determinant, we get the term

O = \/Wiyi \/ Wi/ Wigiy ** * /Wiy, X (—1)"




58 S. WAHID

where iy < iy < ... <4,. Now 07! = (i1i,i,_1...13i2). The associated weight in determi-
nant is also o. Thus an even circuit in G contributes 2c.. The transposition (iyi,) gives a
weight /Wi 5\ /Wi,i,, 1.e. w;,w;,. Combinations of such terms have no square root signs
and one can easily distinguish the matching terms. m

6 Discussion

The problem of finding a D-graph for a graph G is essentially unsolved. However, a charac-
terization of graphs without even cycles has been obtained. The fact that a determinant
is used to find the matching polynomial shows that methods of Linear Algebra should
be used in investigating properties of the polynomial. Different proofs may be possible
for results on acyclic polynomial. For given graphs, if there exists recursive relations for
acyclic polynomials then it is possible to find the eigenvalues of ®(B) without actually
finding ®(B).
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