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Topological Global and Partial Actions: Some
Properties and Examples

Acciones Globales y Parciales Topolégicas: Algunas Propiedades y
Ejemplos

Jestis Avila''?, Fabidn Molina?-®

Abstract. In this work we study the global and partial group actions of
topological groups on topological spaces. We present the basic concepts and
their properties, together with enough examples to understand the theory. We
introduce the concept of globalization of a topological partial action and we
show that any topological partial action arises from the restriction of a mini-
mal globalization, which is called an enveloping action. Finally, we explicitly
show several examples of topological partial actions and we construct their
enveloping actions in full detail.
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Resumen. En este trabajo estudiamos las acciones globales y parciales de gru-
pos topoldgicos sobre espacios topoldgicos. Presentamos los conceptos basicos
y sus propiedades, junto con suficientes ejemplos para entender la teoria. In-
troducimos el concepto de globalizacién de una accién parcial topolégica y
mostramos que cualquier accién parcial topoldgica proviene de la restriccion de
una globalizacién minimal, la cual es llamada accién envolvente. Finalmente,
mostramos explicitamente varios ejemplos de acciones parciales topoldgicas y
construimos detalladamente sus acciones envolventes.
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1. Introduction

Historically, the works of Lagrange and Galois on the solvability of an algebraic
equation by radicals originated the concept of group action on a set. Group
actions have because been used successfully throughout the twentieth century
in almost all areas of mathematics (see [9, 11]).
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The theory of partial actions was developed in the last eighteen years and it
has been shown to be an excellent generalisation of global actions. The theory
of partial actions was defined and studied by Exel in [6], and later in [1] and
[10], where the study of the globalizations of a partial action was initiated.
These actions have been fundamental to obtain new results in rings (see [5, 7]),
in metric and topological spaces (see [2, 3]), in homotopy theory ([13]), in
operator theory and in dynamical systems, among many others (see [10, 4]).

Kellendonk and Lawson in [10] introduced the notion of globalization of
a partial action and proved that any partial group action on a set possesses
a unique minimal globalization, which is called an enveloping action. This
concept became relevant for any study on partial actions (see [4]).

The purpose of this paper is to study topological partial actions. Although
this concept was introduced by Abadie in [2] with some properties and general
examples, we believe that it is necessary to explain certain important details
to facilitate the understanding of this topic. In particular, we will explicitly
develop several concrete examples and we will also make several proofs, which
were not included in [2]. In addition, we introduce the concept of globalization
of a topological partial action, which was not considered in [2]. This concept of
globalization naturally leads to the enveloping of a topological partial action,
which was considered in [2]. This paper is organised in the following manner.
In Section 2, we present the topological global actions, some of their prop-
erties and we also give several interesting examples. In Section 3, we study
the topological partial actions and show in detail several results of [2]. More-
over, we include several examples of topological partial actions, which are fully
developed. Finally, in Section 4 we introduce the concept of globalization of
a topological partial action and we prove that any topological partial action
arises from a minimal globalization, which is called an enveloping action. In
addition, we explicitly construct the enveloping actions of the examples given
in the previous section.

2. Topological Global Actions

In this section we present the topological global actions, including a description
of some of their properties and several examples.

Definition 2.1 ([8]). Let G be a topological group with identity element e
and X a topological space. A topological global action of G on X is a function
¢ : G x X — X which satisfies:

1. p(e,z) =z for each z € X.
2. o(gh,z) = ¢(g, p(h,z)), for every pair g,h € G and each z € X.
3. ¢ is continuous with the product topology on G x X.

In this case, we say that G acts globally and topologically on X. Also, if
x € X and A C X, the G—orbit (or simply, orbit) of x with respect to ¢ is
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the set G(z) = {¢(g,z) : g € G} and the A— orbit with respect to ¢ is the set
G(A) =U,ea G().

Example 2.2. 1. Given a topological group G and a topological space X,
the projection mx : G x X — X is a global topological action of G on X.

2. The topological group (Z,+) with the discrete topology, acts globally
and topologically on S' with the function 8 : Z x S* — S! given by
B(k,z) = e*™*9% for some fixed angle 0, each pair k € Z, and z € S*.
In fact, 1. and 2. are easy to check. For 3., given (k,2) € Z x S* and a
basic open set U C St such that 3(k, z) € U, there exists 7 > 0 such that
U = B(B(k,2);r) N St where B(8(k, 2);7) C C is the ball with center in
B(k,z) and radius r. Thus, we define V = B(z;7) NS and so z € V.
Now, if w € S({k} x V), then w = B(k,t) for some t € V. That is, [|t| = 1
and t € B(z;r). Therefore, ||t — z|| < r and thus

lw — B(k, )| = [|e*™ 0 — 2™ H02|| = || ||t — 2| <.

Moreover, ||w|| = [|e2™™*?||||t|| = 1 and thus w € B(B(k,2);r) NS = U.
That is, S({k} x V) C U and consequently {k} x V is an open set of
Z x St such that (k,z) € {k} x V and B({k} x V) C U. Hence, f3 is

continuous.
3. The group GL, (R) with the topology induced by

A
4]l = sup{”g”H Lz e R, o] £ o},

[E I

acts globally and topologically on R™ with the function ¥(A,z) = Az,
for each pair A € GL,(R) and = € R”. In fact, 1. and 2. are verified
immediately. For 3., given ¢ > 0, B € GL,(R) and y € R", let us define
0 = min{1,¢/(1 + ||y|| + ||B]])}. Then for each pair A € GL,(R) and
z € R™ such that ||(4,z) — (B,y)|| < § we have

(A, 2) = (B, y)ll = Az — By]|
= [[(A=B)(z —y) + (A= B)y + B(z -y
<I(A=B)(z =yl + (A= Byl + | B(z = y)||
<[l A= Blllle = yll + 1A = Bllllyll + [ Bllllz = vl
< 6%+ dlyll + oIl B]
<5+ 4[lyll + 4Bl
= (L + [yl +1Bl) <e

Thus ¥(A,x) = Ax is continuous and consequently it is a topological
global action of GL,(R) on R".
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Note that if ¢ is a topological global action of G on X, then for each g € G,
the function ¢, : X — X defined by ¢4(z) = ¢(g,z) for each z € X, is a
homeomorphism. In fact, ¢4 is bijective for every g € G. Now,letz € X, g€ G
and U C X an open neighborhood of ¢4(z). We then have that ¢(g,z) € U.
Since ¢ is continuous, there are open sets H C G and V C X such that
(9,2) € HxV and o(H x V) C U. Thus, V is an open neighborhood of x
such that ¢g(V) = ¢({g} x V) C o(H x V) C U . Therefore, ¢, is continuous.
Meanwhile, gpg_l = g1 is a continuous function.

Furthermore, the following proposition shows that every topological global
action of G on X determines a representation of G as homeomorphisms of X.

Proposition 2.3. If ¢ is a topological global action of G on X and Hx is
the set of all homeomorphisms of X, then the function © : G — Hx given by
©(9) = pq for each g € G, is a continuous homomorphism of topological groups
where Hx has the topology whose subbase is given by the sets

S(z,U)={f € Hx : f(z) € U},
where x € X and U is an open set of X.

Proof. Tt is clear that Hx is a topological group. Note that

O(gh)(x) = wgn(z) = @(gh, =) = ¢(g, ¢(h,z))
= wg(pn(x)) = (¢4 0 @n)(x) = (O(g) o O(h))(x).

So ©(gh) = O(g) 0 ©(h). In addition, if S(x,U) is an open neighborhood of
O(g), then ¢, € S(x,U) and hence ¢4(x) € U. Since ¢ is continuous, there
are open neighborhoods W C G and V C X of g and z, respectively, such that
(W x V) CU . Note that if A € ©(W), then A = ¢, for some h € W where
Az) € pn(V). Furthermore, pn(V) C U,cw 0t(V) = (W x V) C U, then
A(z) € U and thus A € S(z,U). Then, g € W and O(W) C S(x,U); that is, ©
is continuous. O

Reciprocally, each representation of a topological group G by homeomor-
phisms of a topological space X determines a topological global action of G on
X.

Proposition 2.4. Let G be a topological group and X a topological space. If
Q : G — Hx is a continuous homomorphism, then ) induces a topological
global action of G on X.

Proof. Since (g) : X — X is a homeomorphism, then the function ¢ : G x
X — X given by ¢(g,2) = Q(g)(z), for every pair ¢ € G and = € X, is
a topological global action. In fact, 1. ¢(e,z) = Q(e)(z) = ix(z) = z for
each z € X. 2. ¢(gh,x) = Q(gh)(z) = (Ug) o Q(R))(x) = g)(Q(h)(x)) =
(g, p(h,x)) for every pair g,h € G and for each x € X. 3. Suppose that U C
X is an open neighborhood of (g, z), then Q(g)(x) € U. Thus, Q(g) € S(z,U)
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and since (2 is continuous, then there exists an open neighborhood W C G of g
such that Q(W) C S(x,U). On the other hand, if kK € W then Q(k) € S(x,U)
and therefore Q(k)(z) € U. Thus, there exists an open neighborhood V of z
such that Q(k)(V) C U. Now, if t € (W x V), then t = ¢(h,y) for some
pair h € W and y € V. Hence t = Q(h)(y) € Q(h)(V) C U and consequently
(g,2) € W x V and (W x V) C U. That is, ¢ is continuous. O

3. Topological Partial Actions

The main aim of this section is to introduce the concept of topological partial
action, show some examples and properties, and compare it with the concept
of topological global action.

Definition 3.1 ([2]). Let G be a topological group and X a topological space.
We say that « is a topological partial action of G on X, if there exists a class
of pairs {(Xg, ay)}gec where X, is an open set of X and oy : Xj-1 — Xy is a
homeomorphism such that:

1. X, = X and a, = idx.

2. agl(Xh NXy-1) € X(gn)-1, for every pair g,h € G.

3. (agoan)(x) = agn(z), for each z € a;, ' (X N X, -1).

4. Theset 'y = {(9,2) € G x X :x € X1} is open in G x X.

5. The function « : I'y, — X given by a(g, z) = ay4(z), is continuous.
In this case, we also say that G acts partially and topologically on X.

From the previous definition, we claim that all topological global action is
a topological partial action. In fact, if ¢ is a topological global action of G on
X, then {(X, ¢4)}gecc is a collection of pairs that satisfies the conditions 1-5
of the Definition 3.1.

If « is a topological partial action of G on X, then there exists a class of
pairs {(Xg, ag)}gec such that:

1. For each z € X we have that (e,z) € 'y, because z € X = X.. Hence
ale,x) = ae(x) = x for each z € X.

2. If v € o) ' (Xp N X,y-1), then ap(z) € X; N X, -1. Thus:

(a) z € Xj,—1 and so (h,z) € T,,.
(b) an(z) € Xy-1 and so (g, an(x)) € Ly.

Moreover, © € X(gp)-1 where (gh,z) € 'y, and therefore
a(gh, z) = agn(z) = ag(an(z)) = a(g, alh, v)).
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3. The function o : T'y — X given by a(g, z) = a4(x), is continuous.

Thus, « is a topological global action of G on X, if and only if, I', = G x X.
The following example, created by the authors, shows a simple topological
partial action, which is related to the reflection of the plane R? over the z—axis.

Example 3.2. Let G = {1, —1} (with the discrete topology) and X = {(z,y) €
R?:y > 0} (with the usual topology). If {(X¢, o) }ieq is the collection given
by X1 =X, X 1 =0, a; =ix and a_; = 0, then ', = {1} x X and the
function o : I'y, — X given by a(1, (z,y)) = (x,y) is a topological partial action
of G on X.

In the next section it will be seen that the following example is closely
related to the concept of suspension in dynamical systems [14].

Example 3.3 ([2]). Let X be a topological space and let h : X — X be a
homeomorphism. If {(X;, at)}ter is given by Xy = X and ay = h? when t € Z,
and X; = () and oy = ) when t € Z. Then 'y, = Z x X and the function
a: T, — X given by a(t, ) = hi(z), is a topological partial action of Ry (with
the discrete topology) on X.

The following example shows that topological partial actions appear nat-
urally in differential geometry. Although this example is taken from [2], we
develop all the details to prove that there is a topological partial action. In
addition, we include a particular case to facilitate the understanding of these
concepts.

Example 3.4 ([2]). The flow of a differentiable vector field is a topological
partial action. More precisely, let X be a differentiable manifold of class C?
and let v : X — TX be a vector field of class C' of X in the tangent bundle
of X. For each z € X, ~, denotes the integral curve such that 7, (0) = x and
i (t) = v(7y,(t)) whose domain is a maximum open interval I, C R containing
0. For each t € R, let us define X _;, ={zx € X :t€ I} and oy : X_; — X, the
function given by oy (z) = v5(¢). Then, I'y = {(t,2) e R x X : —t € I} and
therefore the function o : ', — X given by a(t,z) = a:(z) is a topological
partial action of R on X. In fact,

1. For each t € R, X; is an open set and «; is a diffeomorphism. Then,
oy and oy 1 are differentiable and thus they are continuous. So, «; is a
homeomorphism for each ¢t € R.

2. Note that Xo ={z € X :0€ I,} = X and ap(z) = 7,(0) = = = idx(z),
for each z € X .

3. If s,t € R, then a; "(X;NX_y) Ca; "(X_y) = X_4NX_(510) € X (530
4. Ifx e at_l(Xt NX_,), then x € X_(,44) and thus,

(s 0 a)(2) = as(ar(w)) = as(12(t) = Y. (0)(8) = Yals +1) = @spe(2).
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5. If (t,z) € Ty, then z € X_; and thus t € I,. So, I, x X_; is an
open neighborhood of (¢,z). Furthermore, I, x X_; C I'y. In fact, if
(s,y) € I, x X_4, then s € I, y € X_; and thus,

yeX 1 =a (X NX,y) Ca o(X,)=a; (X)) = X_,.
Then, (s,y) € T, and hence T, is an open set.

6. The funtion o : 'y, — X given by a(t, z) = oy (x) is continuous. Suppose
that (¢,2) € Ty and let U C X an open neighborhood of «(t,z). Since
ay is continuous, there is an open set V; C X,-1 such that z € V; and
a (V) C U. Hence, t € I, (t,x) € I, x V; C Ty, and a(l, x V;) =
User, as(Vs) CU.

In particular, let X = R and let v : X — TX be the vector field given
by v(w) = e"¥9/0w. If a is the topological partial action described in the
previous example, then X; = {z € R:t < €} and a;(z) = In(t + ¢”) (Figure
1). Moreover, note that ', = {(t,z) € R? : —t < e*} C G x X (Figure 2).

<0 t>0
Figure 1. Graph of ay(z). Particular Case of Example 3.4.

Figure 2. Graph of I',,. Particular Case of Example 3.4.

Note that all of the topological partial actions of the previous examples are not
topological global actions. Abadie in [2] determines the sufficient conditions on
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the topological group and the topological spaces under which any topological
partial action necessarily ends up being a topological global action. We present
this result later on and we will include all of the details of the proof by showing
clearly where the correspondence assumptions are used.

Theorem 3.5 ([2]). If a is a topological partial action of G on a compact
topological space X, then there exists an open subgroup H C G such that H X
X C T, and the restriction of o to H x X is a topological global action of H
on X. Moreover, if G is connected, then « is a topological global action of G
on X.

Proof. Let {(Xg4,a4)} be the collection given by a. For each y € X, let us
define Ay ={ge G:yec X,1} and let A ={A,:y € X}. Then:

1. If x € X, then x € X.. Therefore, e € A, and so e € A.

2. If v € X and g,h € A, then g,h € A, for each y € X. In particular,
g€ Ay and h € Ay, (o), thus @ € X1 and ay(z) € Xj-1. So ay(x) € X,
and consequently og4(x) € Xy N Xp,-1. Hence, z € a;l(Xg NXp-1) C
X(gny—1 and so gh € A;. Therefore, gh € A.

Thus, A is a submonoid of G. In addition, for each € X we have (e,z) €
I', and so there are open neighborhoods U, C X of z and W, C G of e such
that W, xU, CT',. Consequently, there exists a symmetric open neighborhood
V. of e such that V, C W,.

Given that {U, : x € X} is a covering of X, there are z1,...,x, € X such
that X = J;_, Us,. £V =(_, Vi,, then V is a symmetric open neighborhood
of e. Furthermore, if t € V and « € X, then t € V,, for every i = 1,...,n and
z € Uy, for some 1 < ip < n. Therefore, (t,z) € Vi, X Usyy © Ty and so
x € Xy—1. Hence t € A, and consequently V C A.

Note that V' generates an open subgroup contained in A. In fact, since
A is a monoid then V™ C A and it is an open set for every m € N. Thus,
H =J,°_, V™ is an open subgroup generated by V which is contained in A.

Now, if (h,z) € H x X, then h € A and therefore h € A,. Thus z € X},-1,
that is, (h,z) € T',. Therefore, H x X C T',. In addition, given that H is a
group, then the restriction ¢ of a to H x X is a topological partial action of
H on X. So the function ¢ : H x X — X given by p(h,z) = ap(x) is well
defined and it is a topological global action of H on X.

Finally, since H is an open subgroup, then for every g € G is fulfilled that
gH is open (see [12] for details). From group theory, G is the disjoint union
of H and the union of the left cosets gH where ¢ ¢ H. This implies that
He =J{gH : g & H} is open and therefore H is closed and not empty. Hence,
if G is connected, then H = G and so I'y, = G x X. Thus, « is a topological
global action of G on X. O

Corollary 3.6. The flow of a differentiable vector field on a differentiable
compact manifold is a topological global action.
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Example 3.7. Let X = S! and let v : X — TX be the vector field given
by v(z) = iz0/dz. If « is the topological partial action described in Example
3.4, then ay(r) = we® and X; = S'. Thus, I'y, = R x S! and the function
a: T, — St given by a(t,z) = ze', is a topological global action of R on St.

The following proposition states that the restriction of a topological global
action to an open set of a topological space is a topological partial action. This
result is very important because from it arises the notion of globalization of a
topological partial action, which will be studied in the next section. This result
is in [2] without proof, but we include it here for the sake of completeness of
this work.

Proposition 3.8 ([2]). Let ¢ be a topological global action of G on X, S
an open subset of X, and the collection given by {(Sg,a4)}gec with Sy =
SNpy(S) and oy : Syg-1 — Sy defined as ag(x) = @g(x), for each v € Sy-1.
IfTo ={(g,2) € Gx S :x € Sy-1}, then the function o : T'o — S given by
a(g,x) = ag(x) is a topological partial action of G on S. This restriction of ¢
1s called the induced topological partial action of G on S.

Proof. 1. Since S is an open set, then ¢, (S5) is also an open set. Thus,
Sy = SNpgy(S) is an open set of S, for each g € G. Moreover, ¢, : X — X
is a homeomorphism for each g € G and consequently ay : Sg—1 — S, is
also a homeomorphism.

2. Note that S, = SNa.(S) = SNS = S. Furthermore, a.(x) = () = z,
for each x € S and hence o, = idg.

3. Ifz € S and g, h € G are such that € o}, ' (S, N Sy-1), then z = aj, ' (y)
for some y € Sj, N Sy-1. Thus, y € Sg-1 and so y € p,-1(S). Therefore,
Y = pg-1(z) for some z € S. Consequetly,

z = ap-1(y) = en-1(y) = @n-1(pg-1(2)) = Pr-14-1(2) = P(gn)-1(2)-
Hence 2 € @(gp)-1(S) and so x € SN @gn)-1(S) = S(gny-1-

4. If g,h € Gand x € a;l(Sh N Sy-1), then z € S(gp)-1 and therefore
(ag o an)(x) = (pg © pn)(x) = pgn(z) = agn(z).

5. If (g,x) € Ty, then € S,-1 and thus ¢(g,z) = ag(x) € S; € S.
Since ¢ is continuous in G x X, then it is also continuous in G x S.
Now, since S is an open neighborhood of ¢(g,x), then there are open
sets U C G and V C S such that (g,2) € U xV and (U x V) C S,
which implies that U x V C T',. In fact, for each ¢t € U we have that
0i(V) = p({t} x V) C (U x V) C S and thus V C ¢; 1(S) = ¢,-1(9).
Hence, if (h,y) € U x V, then y € V C ¢p,-1(5); that is, y € Sj,-1 and
therefore (h,y) € T'y. Consequently, T',, is open.
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6. The function a : 'y — S, given by «a(g,z) = ag4(z) is continuous. In
fact, if (g,2) € T, and W C S is an open neighborhood of (g, x), then
r € Sy-1 and ag,z) = ¢(g,2). Hence, W is an open neighborhood
of ¢(g,x) and thus there are open sets U C G and V C S such that
(g,2) € U x V and (U x V) C W. Finally, by the previous paragraph,

U xV CT, and therefore a(U x V) = (U x V) CW.
O

4. Enveloping Action of a Topological Partial
Action

In this section, we introduce the concept of globalization of a topological partial
action and prove that any topological partial action arises from a minimal
globalization, which is called an enveloping action. Although this last concept
was introduced in [2], we give several definitions and prove some results to
clarify the difference between globalization and an enveloping action. Finally,
we construct the enveloping actions of the examples given in Section 3.

Definition 4.1 ([2]). Let « and S be topological partial actions of G on X
and Y, respectively. We say that o and [ are equivalent, if there exists a
homeomorphism f : X — Y such that f(X,) C Y, and B,4(f(x)) = f(ay(x)),
for every pair g € G and v € X 1.

Definition 4.2. Given a topological partial action a of G on X, we say that
(Y, 1, 7) is a globalization of «, if ¢ is a topological global action of G on Y
and j : X — Y is an injective continuous function, such that, j(X) is an open
subset of Y and the induced topological partial action of G on j(X) and « are
equivalent.

Proposition 4.3 ([2]). If a is a topological partial action of G on X, then the
relation ~ on G x X given by (g,x) ~ (h,y) if, and only if, x € Xy-1), and
ap-14(x) =y, is an equivalence relation.

Theorem 4.4 ([2]). Let ~ be the equivalence relation of the previous propo-
sition. If X¢ = (G x X)/ ~ and ¢ : G x X — X is the quotient function,
then:

1. The function ¢ : X — X°© given by t(z) = q(e,x) is injective and open.
Moreover, the set o(X) is open in X©.

2. The function a® : G x X° — X°® given by o°(g,q(h,x)) = q(gh,x), is a
topological global action of G on X©.

3. (X®,a°%, 1) is a globalization of c.
Proof. 1. If z,y € X and «(x) = ¢(y), then g(e,z) = q(e,y); that is, (e,x) ~
(e,y). Thus, x = a.(x) = y. Now, suppose that U C X is an open
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set. Since a : I'y, — X is a topological partial action of G on X, it is
continuous. Thus,

{(t,2) - q(t, ) € L(U)}
={(t,z) : q(t,z) = q(e,y) for some y € U}
{(t,z) : 2 € Xy—1,4(x) € U}

is an open subset of T',. Since ', is open in G x X, then so is ¢~ (¢(U)).
Finally, for the quotient topology we have that «(U) is open in X©. In
particular, ¢(X) is open in X¢©.

2. It is easy to verify that a® is well defined. Moreover,

(a) a®(e,q(h,x)) = q(eh,x) = q(h,z), for every pair h € G and x € X.
(b) If s,t € G, then for every pair h € G and z € X we have that

a®(st, q(h, x)) = q((st)h, z) = q(s(th), z)
= (s, q(th, z)) = a®(s, a®(t, q(h, x))).

(¢) Before to prove that a® is continuous, let us v : GX (Gx X) - Gx X
given by v(g, (h,z)) = (gh,x) for every pair g,h € G and for each
x € X. Then ~ is a topological global action of G on G x X. In
fact,
i. y(e, (h,x)) = (eh,z) = (h,x), for every pair h € G and = € X.
ii. If s,t € G, then for every pair h € G and z € X is fulfilled that

V(s,v(t; (h,2))) = (s, (th, ) = (s(th), z)
= ((st)h, z) = ~(st, (h, x))

ili. Now, if g € G, (h,2) € Gx X and P C G x X is an open neigh-
borhood of (g, (h,z)). Then, (gh,x) € P and there are open
neighborhoods @ € G and R C X of gh and z, respectively
such that @Q x R C P. Furthermore, there are open neighbor-
hoods @1 and Q2 of g and h, respectively, such that @1Q2 C Q.
Thus @2 X R is an open neighborhood of (h,z) and therefore,
Q1 X (Q2 x R) is an open neighborhood of (g, (h,x)) such that

Y(Q1 x (Q2x R)) = (Q1Q2) x RCQx RCP.

Thus, v is continuous.

From the previous observation of Proposition 2.3, for each g € G, the
function v, : (G x X) — (G x X), given by v4(h,x) = (g, (h,x)) =
(gh,z) for every (h,z) € G x X, is a homeomorphism of G x X.
With this, we claim that the quotient function ¢ is open in G x X.
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If M x N is a basic open subset of G x X, we shall prove that
¢ Y(g(M x N)) is open. In fact, if (g,7) € ¢ 1 (g(M x N)), then
q(g,z) € q(M x N) and there exists (h,y) € M x N such that
q(g,7) = q(h,y). Sox € Xg1j, = X(p-1g9)-1. and y = ap-14(x) =
Qe-1(p-1¢)(2) € Xj-14. This implies that q(h~tg,z) = q(e,y).
Since y € N, then ¢(h~tg,x) = qle,y) = t(y) € «(N) and thus
(h=tg,z) € ¢71(t(N)). Applying 75, we obtain that

(9.2) € Mg~ (N)))

where v, (¢~ 1(1(N))) is open since ¢ is open, ¢ is continuous and 7y,
is a homeomorphism.

On the other hand, let us (k,2) € y,(¢ 1 (¢(N))). Then
q(h ™k, 2) € L(N)

and there exists n € N such that q(h™1k,2z) = «(n) = q(e,n)
and therefore z € X131, = Xp-1, and n = ae-1(-1p)(2) =
ap-1;(2). Hence,

q(k, z) = q(h,n) € (M x N)
and consequently, (k,z) € ¢~1(¢(M x N)). So, we have that

(9:%) € (g~ (L(N))) € q ' (¢(M x N))

and thus ¢! (g(M x N)) is open. By the quotient topology, (M x N)
is open in X and thus ¢ is an open function.

Now, let us g € G, q(h,z) € X® and U C X* is an open neigh-
borhood of a®(g,q(h,x)). Then, q(gh,z) € U and since q is con-
tinuous, there are open neighborhoods M C G and N C X of gh
and z, respectively such that ¢(M x N) C U. In addition, there are
open neighborhoods V; and V5 of g and h, respectively, such that
V1Va C M. Given that ¢ is open, then ¢(V2 x N) is an open neighbor-
hood of g(h,x). Therefore, V1 x q(V5 x N) is an open neighborhood
of (g,q(h,z)) such that

a®(Vp x q(Va x N)) =q(ViVax N) Cg(M x N) C U.
Thus, a® is continuous.

3. Given that o is a topological global action of G on X*©, the restriction of
a® on ((X) induces a topological partial action € of G on S = (X)) given
by the collection {(Sy, ¢5) }gec where S, = SNa§(S) and ¢, : Sg-1 — S

is the homeomorphism defined as ¢, (¢(z)) = a§(¢(x)) for each Wz) € Sy-1.

Now, if g € G and «(y) € 1(X,), then t(y) = t(ag(2)) for some z € X1 C
X and so 1(y) = ag((2)) € ag(S). Note that X, C X, then ((X,) C S
and so 1(y) € SN ag(S) = S,. Consequently, t(X,) C S,.
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In addition, if g € G and x € X -1, then ay(x) € X, and ay-1.(ay(2)) =
z. So (e,ay(x)) ~ (g,z) and therefore q(g,z) = q(e, ay(z)) = t(ay(x)).
Furthermore,

eg(1()) = ag(u(x)) = a®(g,q(e,x)) = q(g, x) = t(ay(x)).

Finally, ¢ is the composition of the inclusion function = +— (e, z) and the
quotient function ¢. Because these functions are continuous, then so is
t. Hence, ¢ : X — +(X) is a homeomorphism such that «(X,) C S, and
t(ag(z)) = €4(t(x)), for each g € G and x € X,-1. Thus, a and € are
equivalent and therefore (X©, a®,:) is a globalization of a.

0

With the following definitions, we will prove very important properties of
the globalization defined in the previous proposition.

Definition 4.5. Let ¢ and 1 be topological global actions of G on X and Y,
respectively. We say that a continuous function f : X — Y is a G—morphism
of X in Y (or simply G—morphism), if for every pair z € X and g € G, it holds

flelg, ) = ¥(9, f(=)).

Definition 4.6. If a is a topological partial action of G on X, we say that the
globalization (Z, ¢, m) of « is minimal, if for any globalization (Y, j) of a,
there exists a unique G—morphism p : Z — Y such that j = pom.

The existence of p guarantees that the following diagram commutes:

X"s7z

|
) I p
J ¥

Y

Definition 4.7. Let ¢ and ¢ be topological global actions of G on X and Y,
respectively. We say that ¢ and 1 are equivalent, if there exists a homeomor-
phism f: X — Y, which is a G—morphism.

Proposition 4.8. If a is a topological partial action of G on X and (Z, ¢, m) is
a minimal globalization of «, then (Z,¢, m) is unique, except for equivalences.

Proof. Let (W,w,k) be a minimal globalization of «. Then, there are
G—morphisms p: Z — W and v : W — Z such that pom =k and vok =m:

N}
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Note that, iy : Z — Z is a G—morphism such that iy o m = m. Meanwhile,
vou is a G—morphism of Z in Z such that (vou)om =vo(uom) =vok =m.
Hence, v o 4 = iyz. Analogously, u o v = iy and therefore v = p~!. Now,
since v is continuous, then so is p~! and so p : Z — W is a homeomorphism.
Finally, since u(¢(g,2)) = w(g, u(z)), for every pair g € G and z € Z, then ¢

and w are equivalent and hence the proof is complete. O

Theorem 4.9. If a is a topological partial action of G on X, then with the
notations of the Theorem 4.4, (X, a®,1) is a minimal globalization of «.

Proof. Let (Y,1,j) be a globalization of «. Note that if g € G and « € X, then
q(g,x) € X°, j(z) € Y and ¥(g, j(x)) € Y. Therefore, the function p : X® - Y
given by u(q(g,z)) = ¥ (g, j(z)) is well defined. In fact, if ¢(g, z) = q(h,y), then
r € Xy, and ap-14(x) = y. So j(ap-1,(x)) = j(y). In addition, v induces
a partial topological action 8 of G on T = j(X) equivalent to « given by the
collection {(Ty, Bg)}gec where Ty = T N 1)y(T) and By : Ty-1 — Ty is the
homeomorphism defined as 34(t) = 1),4(t) for each t € T,-1. Hence,

Br-14(d(2)) = jlan-14(2)) = i(y).

Consequently,
(Brn-1 0 Bg)(j () = n-1(¥g(i§(2))) = Yn-14(i(2)) = Bu-14(i()) = j(y)

(
and so B,(j(a) = Bu(i(y). Thus, ¥(g,j() = w(h.j(y)), that is,

n(q(g, ) = u(q(h, y)).
Now, suppose that ¢(g,z) € X© and U C Y is an open neighborhood of

w(q(g,z)) = ¥(g,j(x)). Since v is continuous, there are open sets M C G
and N C Y such that (g,j(x)) € M x N and ¥(M x N) C U. Because the
function j is continuous, there is an open S C X such that € S and j(S) C N.
Moreover, given that the quotient function g is open, V = ¢(M x S) C X® is an
open neighborhood of ¢(g, x) such that u(V) = u(¢(M x S)) = (M x j(S)) C
W(M x N) C U. Therefore, p is continuous. In addition, if g,h € G and z € X,
then

1(e®(g, q(h, z))) = p(a(gh, z)) = ¥(gh, j(z))
= (g, ¥(h, j(2))) = (g, nq(h, x))).
Thus, p is a G—morphism. Furthermore
(Lou)(z) = p((z)) = plgle, x) = ¥(e, j(z)) = j(z)

for each x € X. Therefore, j = p ot and thus the following diagram is commu-
tative:
X —=Xe

|
) I p
I ¥

Y
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Finally, if v : X® — Y is a G—morphism such that j = v o, then for each
q(g,x) € X© we have

n(a(g, x)) = ¥(g,4(x)) = ¥(g,v(v(x)))
=1(g,v(q(e, 2))) = v(a®(g,q(e, x))) = v(q(g, x)).
Thus, u is unique and therefore (X©, a®, ¢) is the minimal globalization of . [

Definition 4.10 ([2]). Let a be a topological partial action of G on X. The
minimal globalization of «, given by (X©, a®,¢) is called the enveloping action
of a.

Now, we explicitly construct the enveloping actions of the examples given in
the previous section. We include all of the details for the benefit of the reader.

Example 4.11. Let G = {1,-1}, X = {(z,y) € R? : y > 0}, and « the
topological partial action of G on X of Example 3.2. For (a,b) € X, we have
that q(1, (a,b)) = {(1, (a,b))} and q(—1, (a,b)) = {(-1, (a,b))}. Thus,

X ={q(1, (2,9)) : (x,9) € X} U{q(=1, (z,9)) : (z,9) € X}
>~ {(z,y) €ER? 1y > 0} U {(,y) € R? : y < 0} (Figure 3).

So a®: G x X® — X¢ is equivalent to a°(t, (z,y)) = (z,ty) and +(X) = X.

X Ye

=4 0 1 7 B< ’

Figure 3. Graph of X and X°. Example 4.11.

Example 4.12. Let G =Ry, X =R, h: X — X the homeomorphism given
by h(z) = —x for each x € R, and « the topological partial action described in
Example 3.3. Then, o® : Ry x X® — X°© is defined as a®(s, ¢(t,z)) = q(s+¢, z).
Furthermore,

1. If t € Z and x € X, then

(a) If t € Z is even, we have that ¢(¢,x) = ¢(0, x).
(b) If t € Z is odd, we have that ¢(¢,z) = ¢(0, —x).

2. Ift ¢ Z y x e X, then there exist n € Z and s € R such that t — s = n,
where n = [|t|]] and 0 < s < 1. Thus,
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(a) If n is even, we have that q(¢,z) = ¢(s, x).
(b) If n is odd, we have that ¢(¢,z) = ¢(s, —x).

Consequently, X© = [0,1) x R (Figure 4) and +(X) & {(z,y) € R* : z = 0}.

Figure 4. Enveloping space X°€. Example 4.12.
The enveloping action constructed in the previous example is known in dynam-
ical systems as the suspension of h [14].

Example 4.13. Let us suppose that X = R and let v : X — T'X be the vector
field given by v(w) = e~*9/0w. If a is the topological partial action described
in Example 3.4, then for every pair t € R and x € X we have that

qlt,z) = {(s,y) ER*:s < e +t,y=In(e"+t—s)}.
Therefore, X*© is the set of all curves of the form y = In(e* + ¢t — s). While

a®(r,q(t,x)) is the curve y = In(e* + t + r — s); that is, a® acts globally and
topologically through horizontal translations of the curves of X¢ (Figure 5).

% a®(r,q(t,x))
m (t+1,x)

-1 0 1 2

q(t,x)

Figure 5. Graph of ¢(¢,z) and a®(r, ¢(t,x)). Example 4.13.

Note that if « is a topological partial action of G on X and = € X, then the
orbit of ¢(z) with respect to a® is the set {¢(g,x) : g € G}. Consequently, the
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orbit of +(X) with respect to a® is |J,cx{q(9,z) : g € G} = X°©. Therefore, X
can be seen as an open subset of X© and « as the induced topological partial
action of a® on X. So X and X© have the same local topological properties.
However, its global topological properties are not preserved, as shown later on.

Example 4.14 ([2]). In the Example 4.11 we can see that X is connected, but
the space X*© is not connected.

Example 4.15 ([2]). Consider the topological global action 3 : Z x St — S*
given by B(k, z) = €292 X an open arc of S, and « the topological partial
action given by the restriction of 5 on X. Since the enveloping action of « is
minimal and unique except for equivalences, we have that X = S*. However,
X and S*! have a different fundamental group.

Example 4.16 ([2]). Suppose that G = {1,—1}, X = [0,1], and « is the
topological partial action of G on X given by X; = X, X_1 =V, oy = iy,
a_1 = iy where V = (a, 1] for some fixed 0 < a < 1. If G x X has the product
topology, then X*© is the topological space obtained by identifying the point
(1,t) with (—1,¢) for each t € (a, 1] (Figure 6). Note that X is Hausdorff, but
not there are disjoint open neighborhoods in X¢ for ¢(1,a) and ¢(—1,a); that
is, X is not Hausdorff.

GxX Xx*
(1,0) (La) (Lt) (1,1) @(10)
— E{} \.q(l,a) q(1,t)=¢(—1,%)
r—:yr—r—
(—1,8)(—=1,0)(—~1,2) (—1,1) g(—1,0)

q(=1,a)

Figure 6. Enveloping space X°©. Example 4.16.
Proposition 4.17. Let a be a topological partial action of G on a connected
topological space X. If X is dense in X€, then X€ is a connected space.

Proof. If X is dense in X©, then X = X®©. Since X is connected and the closure
of any connected is connected, we have that X© is connected. O

The following result shows under what conditions the enveloping action
turns out to be a Hausdorff space.

Proposition 4.18. Let a be a topological partial action of G on a Hausdorff
topological space X. If K = {(g9,7,y) € G x X x X : 2,y € Xg-1,05(x) =
ag(y)} 18 a closed subset of G X X x X, then the space X®€ is Hausdorff, .

Proof. Let ¢ and y® be distinct elements of X® and g € G. Then, 2° = a§ ()
and y® = o (y) for some pair x,y € X C X® because o : X¢ — X€ is bijective.
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Therefore, af(z) # ag(y); that is, (g9,7,y) ¢ K. Since K¢ is open, there are
open sets H C G and M, N C X such that (g,z,y) € Hx M x N C K°. So
r¢ = ag(z) € ag(M) and y® = a5(y) € ag(N) where ag(M) and ag(N) are
open sets because ag is a homeomorphism. Moreover, H x M x N and K are
disjoint and this implies that ag (M) and ag(N) are also disjoint. In fact, if
t € ag(M)Nag(N), then t = ag(m) and t = ag(n) for some pair m € M and
n € N. So, ag(m) = ag(n) and thus (g,m,n) € K which is a contradiction.
Consequently, X© is Hausdorff. O
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