UNIVERSIDAD

NACIONAL

DE COLOMBIA

DYNA

http://dyna.medellin.unal.edu.co/

A general model for rectangular footings part II: modeling for
design

José Benito Rivera-Mendoza, Arnulfo Luévanos-Rojas, Sandra Lopez-Chavarria,
Manuel Medina-Elizondo & Marylu Garcia-Galvan

Instituto de Investigaciones Multidisciplinarias, Universidad Autonoma de Coahuila, Torreon, Coahuila, México. benitoriveramendoza@hotmail.com,
arnulfol_2007@hotmail.com, sandylopez5@hotmail.com, drmanuelmedina@yahoo.com.mx, marylugarciagalvan@live.com.mx

Received: December 10", 2021. Received in revised form: April 25, 2022. Accepted: May 4%, 2022.

Abstract

This paper presents a general model for the design to obtain the thickness and reinforcing steel areas of rectangular footings that support
from 1 to “n” columns aligned on a longitudinal axis. The pressure diagram is considered linear. Some recently published papers are
restricted to certain types of footings as the rectangular isolated footings, and rectangular combined footings that support two columns. The
first part of this paper shows the minimum soil area that supports 1 to “n”” columns aligned on a longitudinal axis. Three numerical examples
are presented for design of rectangular footings subjected to an axial load and two orthogonal moments in each column that supports one,
two and three columns. The main advantage of this document over other documents is: this model can be applied for one or more columns
supported on a rectangular footing (unrestricted on its sides, one side restricted and two opposite sides restricted).

Keywords: general model for rectangular footings; modeling for design; rectangular isolated footings; rectangular combined footings.

Un modelo general para zapatas rectangulares parte II: modelado
para disefio

Resumen

Este articulo presenta un modelo general de disefio para obtener el espesor y areas de acero de refuerzo de zapatas rectangulares que
soportan de 1 a “n” columnas alineadas sobre un eje longitudinal. El diagrama de presién se considera lineal. Algunos documentos
publicados recientemente estan restringidos a ciertos tipos de zapatas como zapatas rectangulares aisladas, y zapatas rectangulares
combinadas que sostienen dos columnas. La primera parte de este articulo muestra el area minima del suelo que soporta de 1 a “n” columnas
alineadas en un eje longitudinal. Tres ejemplos numéricos se presentan para el disefio de zapatas rectangulares sometidas a una carga axial
y dos momentos ortogonales en cada columna que soporta una, dos y tres columnas. La principal ventaja de este documento sobre otros
documentos es: este modelo se puede aplicar para una o mas columnas apoyadas en una zapata rectangular (sin restricciones en sus lados,
un lado restringido y dos lados opuestos restringidos).

Palabras clave: modelo general para zapatas rectangulares; modelado para disefio; zapatas aisladas rectangulares; zapatas combinadas rectangulares.

1  Introduction granular soil (sand or gravel). Fig. 1(b) shows a concrete rigid

footing resting on a clay cohesive soil [1]. Now, to simplify the

Fig. 1 shows the distribution of the soil pressure below of the
footing, and the distribution of the soil pressure is defined by the
type and relative rigidity of the soil, the rigidity of the footing, and
the depth of foundation at level of contact between the footing and
the soil. Fig. 1(a) presents a concrete rigid footing resting in

calculation, the hypothesis has been assumed that the soil is
constituted by a bed of independent linear springs in such a way
that the stresses that occur in the soil will be proportional to the
displacements suffered by the foundation (the area of the real
distribution is equal to the area of the uniform distribution).
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Figure 1. Distribution of the soil pressure below of the footing: (a) Rigid
footing in non-cohesive soil (sand or gravel); (b) Rigid footing in clay
cohesive soil.

Source: Prepared by the author.

The traditional design of footings generally involves a
method of successive approximations. This process assumes
a uniform distribution of stresses under the foundation, which
represents an inadequate approach.

This work proposes direct equations to determine the
effective depth and reinforcing steel areas of rectangular
footings with different edge conditions for the calculation of
bending moments, bending shear and punching shear for a
linear distribution of stresses.

The works on mathematical models for foundation
structures have been investigated successfully in several
structural and geotechnical engineering problems. The main
scientific contributions of several researchers in recent years
are: Guler and Celep [2] presented the rectangular-shaped
plate-column system by means of the Winkler foundation
without tension under static and dynamic loads. Chen et al.
[3] studied the hybrid composite plates on elastic foundations
under nonlinear vibration. Smith-Pardo [4] presented a
framework that considers the soil-structure interaction
through simplified rocking foundation models. Shahin and
Cheung [5] investigated the stochastic design charts for
bearing capacity of strip footings. Zhang et al. [6] developed
a nonlinear analysis of a finite beam resting on a Winkler
foundation that takes into account the effect of the resistance
of the beam on the soil. Agrawal and Hora [7] proposed the
nonlinear interaction of a frame-footings-soil system under
seismic loading. Rad [8] studied the static behavior of 2-D
functionally graded circular plate with gradient thickness and
elastic foundations for compound loads. Orbanich et al. [9]
estimated the reinforcement and the repair with fiber
composite materials for concrete foundation beams.
Mohamed et al. [10] presented the Schmertmann general
equation for settlement of shallow footings resting on
saturated and unsaturated sands. Orbanich and Ortega [11]
used the finite differences method for elastic foundation
plates using internal and perimetric reinforcement beams
rested on elastic foundations. Luévanos-Rojas et al. [12]
developed a novel model for the design of rectangular
isolated footings. Aristizabal-Ochoa [13] presented the
general conditions for the stability of thin cross section
columns rested on an elastic foundation. Barreto-Maya et al.
[14] compared the load capacity between the experiment load
tests and the mathematical formulations for deep
foundations. Luévanos-Rojas [15] developed a mathematical
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model for the design of circular isolated footings. Uncuoglu
[16] investigated the load capacity for square footings on
sand layer overlying clay. Luévanos-Rojas [17] developed a
novel model for the design of boundary trapezoidal combined
footings. Camero [18] presented a novel finite element
method for the design of grade industrial floor slabs and
pavements applying edge loads. Luévanos-Rojas [19]
developed a mathematical model for the design of boundary
rectangular combined footings limited to two opposite sides.
Mohebkhah [20] estimated the load capacity of stone
masonry strip footings over a clay trench. Lopez-Chavarria
et al. [21] proposed a novel mathematical model for the
design of square isolated footings that takes into account the
eccentric load on the footing (general case). Anil et al. [22]
presented an analysis for footings of different shapes
supported on sandy soil by the finite element method and
experimental tests. Luévanos-Rojas et al. [23] presented a
comparative study for design of trapezoidal and rectangular
boundary combined footings using new models. Luévanos-
Rojas et al. [24] proposed a novel mathematical model of
design for the T-shaped combined footings. Yafiez-Palafox et
al. [25] developed a modeling for the design of the strap
combined footings.

The paper related to this work is: the design of rectangular
combined footings of boundary with two opposite sides
restricted that support two columns [19]. Thus, the review of
the literature clearly shows that there is no close relationship
with the topic of mathematical model for the design of
rectangular footings that support one or more columns
aligned on a longitudinal axis that is presented in this paper.

The first part of this document shows the most
economical contact area on the soil (optimal surface) for the
rectangular footings that support one or more columns
aligned on a longitudinal axis. This paper presents a general
model for the design of rectangular footings that support one
or more columns aligned on a longitudinal axis. The pressure
diagram considered in this document is linear. The recently
published papers are restricted for same types of rectangular
footings such as the rectangular isolated footings and
rectangular combined footings (one paper for a restricted side
and it considers that the resultant force is located on the
longitudinal axis, and another paper for the two opposite
sides restricted). Also, three numerical examples are shown
to obtain the design of rectangular footings subject to an axial
load and two moments in orthogonal directions in each
column. First example is for a rectangular footing that
supports a column (rectangular isolated footing). Second
example is for a rectangular footing that supports two
columns (rectangular combined footing). Third example is
for a rectangular footing that supports three columns
(rectangular combined footing).

2 Formulation of the general model

Fig. 1 of the part I shows a rectangular footing that supports “#”
columns aligned on a longitudinal axis (X axis), and each column
provides an axial load and two orthogonal bending moments.

Fig. 2 of the part I presents the pressure diagram below
the rectangular footing, and also the soil pressure in each
corner on the footing.
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Stress anywhere on the footing contact surface due to soil
pressure is presented below.

The stress in the main direction (longitudinal axis) of the
X axis is (part I):

R 12Myy

LyLy?

12Myrx
L L,

+

a(x,y) =11
xly

(M

where: R is the sum of all the axial forces, M,r is the sum
of all the bending moments around the X axis and M,r is the
sum of all the bending moments around the Y axis, x is the
distance parallel to the X axis measured from the center of
gravity to the point in study, y is the distance parallel to the
Y axis measured from the center of gravity to the point in
study, L, is the distance in X direction of the footing, L, is the
distance in Y direction of the footing. R, Mir, M,r, are
presented in eq. (9)-(11) of the part L.

The stress in the transverse direction (Y axis) to the main
direction (X axis) for any column by the following equation
is obtained:

P

12M,.,y + 12(Myn + Pne,m)x
WyLy

3
Lywy

@

9, (ny ) = 3
nby

where: x, and y, are the stress coordinates of the column
n, P, is the axial load in the column n, M,, is the bending
moment around the X axis in the column n, M,,, is the bending
moment around the Y axis in the column #n, w, is the width of
the analysis surface for the column 7 in the main direction (X
axis). The width of the analysis surface for the column
located closest to the property line is w, = s + c2,- 1 + d/2 (If
s>d/f2 — s =d/2,and if s <d/2 — s =), and for the columns
located in the central part of the footing the width of the
analysis surface is w, = c2, - 1 + d (d is the effective deep, s
is the distance from the face of the column to the free end of
the footing). The eccentricity ey, for the column located in the
property line is ex, = wy/2 — s — ¢c24-1/2, and for the columns
located in the central part of the footing the eccentricity is ey,
=0.

2.1 Moments

Fig. 2 shows the critical sections for the bending moments
according to the code are [26]: For the axes parallel to the X
axis are: ai, @z, as ... dn-1, an. For the axes parallel to the Y
axis are: by, by, bs ... bo-1, by, and dy, da, ds ... du-1, dh.

2.1.1  Moment around the xn'—xn" axis of 0 <yn < Ly/2
The shear force V), is obtained by the pressure volume of

the surface formed by the x,” — x, " axis with a width w, and
the free end (top side of the Fig. 2) of the footing:
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Figure 2. Critical sections of the bending moments.
Source: Prepared by the author.

Now, the integration of the shear force is the bending
moment at any point, the basic equation is presented as
follows:

dM,, -
dyn

®)

Y

where: M.,  is the moment around the x, axis and V), is
the shear force at a distance y,.

Integrating eq. (4) the bending moment at any point is
obtained:

_ ZMXleTl3

Pn}"n2 (PnLy + 3Mxn)yn
=—/5 - +
y

2L 2L

G

Mxn' (6)

y y

Substituting y, = L,/2 and My, = 0 into eq. (6), the
constant C; is found:

B,L,
8

Mxn

= (7
Now, substituting eq. (7) into eq. (6), the general equation
for bending moments is shown as follows:

_ Pn(ZYn - Ly)z

Myn (4,3 = 3Ly, + L)
8L +

8
= (®)

P
y

Substituting y, = ¢2,/2 into eq. (8), the moment M., on the
a, axis is obtained:

_ (B + 2Mn 2Ly + )] (Ly = o)
8L,*

M, ©)

n

2.1.2  Moment around the y—y axis considered the left part

of the footing

The shear force Vy is found by the pressure volume of the
surface formed by the y - y axis with a width L, and the free
end (left side of the Fig. 2) of the footing:

Ly Ly

2 (2
P; —f J-Lya(x,y)dydx
xp Y-

2

Ve = (10)

n
i=1
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R(Ly = 2x¢)  3Myp(Ly% — 4%,%) wherg: My, i.s bending moment due to the soil pressure,
Ve = Z P — [ oL + 23 (1) and My, is bending moment due to column loads.
x x The eq. (15) and (16) are added to obtain the general equation
of the bending moments at any point from the first column until
the last column, and equation is represented as follow:

i=1
where: the first part of eq. (10) and (11) represents the
loads due to the columns and the second part represents the

soil pressure. 2 3 2 3
R(L, — 2x M, r(L,” — 3L, “x) + 4x
Note: The shear forces due to column loads are not M, = (L K +2 T( o x Tk k )

3
considered, when analyzed from the free end of the footing 8Lx n 2Ly
to the first column. _ Z M.
Now, the integration of the shear force is the bending L 7
moment at any point, the basic equation is presented as ot L n=i-1
follows: _ Z P, 7" - Z L; — %
dm, ) i=1 =1
Xk = 3o
¢ dx Substituting x; = L./2 — L, + ¢;/2 into eq. (15), the bending
. . . moment Mj; on the b; axis is obtained:
where: M, is the moment around the y axis and Vy is the
shear force at a distance x;. 2 2
. . RL,* + 2M,;+(3L, — 2L, + 2L, —
Integrating the eq. (11) of the soil pressure and the My, = [RLy yr(Le — 2L + )] @La — ) (18)

3
bending moment at any point from the free end of the footing 8Ly

to the first column is obtained: Lo . . .
Now, substituting the coordinates in X direction at the

IMorxr®  Rxn2  (RL. + 3Mor)x junct?on of the column face with the footing to obtain the
= —2 k 2Lk - (RLx T yr)% +C, (13)  bending moments around of the axes by, b3, ... bu-1, by, and
Ly x x dy, do, ds, ... dyt, .

Substituting xx = Ly/2 and M, = 0 into eq. (13) and the 22

. . Bending shear
constant C; is obtained: s

RL. M Critical sections of the bending shear are presented at a
€y =—24+2L (14)  distance d from the junction of the column with the footing,
8 2 and these sections appear on en, fn and gn axes (see Fig. 3).

Now, substituting eq. (14) into eq. (13), the general
equation for bending moments at any point from the free end
of the footing to the first column is shown as follows:

2.2.1  Bending shear on the x,” — x," axis

Substituting y, = ¢2,/2 + d into eq. (4), the bending shear

Ry — 20)° N My (Ly? — 3Ly + 4x,°) Ven on the e, axis of the footing is obtained:

M 15)
Y1 8L 3
x 2Ly v 3Myn[Ly® — (can + 2d)?]
en = 3
2L
Now, the eq. (11) of part I due to the columns loads are }1', (L, - (con +20)] 19)
considered for the analysis from the column 1 until the last L - zn
column. The bending moment at a distance “x;” between the 2Ly
columns is:
2.2.2  Bending shear on the y — y axis
n n n=i-1
M, = _Z My — ) P, L _ Ly— Z L — x (16) Substituting x = Ly/2 — Ly + ¢1/2 + d into the second part
— — 2 =t of the eq. (11), the bending shear Vj; on the f; axis of the
footing is obtained:
2'3 E o 9dE Y- g g P 3Myr[Ly® = (Ly — 2Lg + ¢1 + 25)?]
i : ] , 3 = 3
1 2 ' ZLX (20)
Akt <, o easrery L - —R(ZLa — & —25)
X o =2 i £ 2Ly
A s 7 R 7 2 - % s
A g iy P <l s - where: the values of s are, if s >d — s =d, and if s<d — s
SRR R R R .
T /I\ /2 L./2 ! . . . . . .
= S j Now, substituting the coordinates in X direction at a
' N _ _ ' distance d from the junction of the column with the footing
Figure 3. Critical sections of the bending shear. into eq. (11) to obtain the bending shear in the axes f, f, ...

Source: Prepared by the author. frots for and g1, @2, 3, ... Eul, S

12
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Figure 4. Critical sections of the punching shear.
Source: Prepared by the author.

2.3 Punching shear
Critical section for the punching shear appears at a
distance d/2 from the junction of the column with the footing
in the two directions (see Fig. 4).
2.3.1  Punching shear for the boundary column

Critical section for the punching shear is presented in the
rectangular section formed by the dotted surface of the
boundary column. Punching shear acting on the footing V),;
is the force P; acting on column 1 subtracting the pressure
volume of the surface formed by the dotted surface of the
boundary column:

(c1+25)
2

L

, etz

Ve, @ra)
2 a 2

(Cz+d)

o(x,y)dydx (21)

Py _(cptd) +a)

R(2c¢y +2s+d)(c; +d)
2L,L,
(Lx—ZLa+s—%)](cl +s+ )(cz +d)
LLy,

L —

[6Myr

(22)

2.3.2  Punching shear for the inner column

Critical section for the punching shear is presented in the
rectangular section formed by the dotted surface of the inner
column. Punching shear acting on the footing V), is the force
P, acting on column # subtracting the pressure volume of the
surface formed by the dotted surface of the inner column:

”%n
by 3 st (eatd) (23)
by, };"' CHEETI e +d)“(x‘y)dydx
j=1
R(cop + d)(con—q +d)
=p, -
LyL,
n=i-1 24
6Mﬂ<g—2%—2§:1 h)@m+dXQw1+
— ]:

LL,
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3 Numerical problems

Three numerical examples are presented below: Example
1 is for a rectangular footing that supports a column. Example
2 is for a rectangular footing that supports two columns.
Example 3 is for a rectangular footing that supports three
columns.

The thickness for the three examples is determined as
follows: First, a minimum thickness is proposed according to
the code of 25 cm [26], and then the thickness is revised to
meet with the following conditions: bending moments,
bending shear, and punching shear.

3.1 Example 1

The design of a rectangular footing (rectangular isolated
footing) that supports a square column with the following
information are presented: the column is of 40x40 c¢m; H =
2.0 m; Pp; = 600 kN; Pr; = 300 kN; Mpy; = 200 kN-m; M.
= 100 kN-m; Mp,; = 100 kN-m; My, = 50 kN-m; fc = 35
MPa; f, = 420 MPa; qa = 250 kN/m?; ypp: = 24 kN/m?; ypps =
15 kN/m’. Where: H is the depth of the footing, Pp; is the
dead load, Py, is the live load, Mp,; is the moment around the
X axis of the dead load, M,; is the moment around the X axis
of the live load, Mp,; is the moment around the Y axis of the
dead load, My, is the moment around the Y axis of the live
load.

The load and moments that act on soil are: P; =
M,y =300 kN-m; My; = 150 kN-m.

The thickness that meets the bending moments, bending
shear, and punching shear is of 45 cm.

Substituting the values of 6, = 215.95 kN/m?, P; = 900
kN, My; = 300 kN-m, M,; = 150 kN-m, L, = L,/2 into eq. (15)-
(23) of part I and using the MAPLE-15 software are obtained:
Somin = 827 m?, Ly =2.03 m, L, = 4.07 m, 0, = 215.95 kN/m?,
o2 = 108.86 kN/m?, 63 = 108.86 kN/m?, o4 =1.77 kN/m°.

Now the practical dimensions of the rectangular footing
that supports a square column are: L, = 2.05 m, L, = 4.10 m.

Substituting the values of L, = 2.05 m, L, = 4.10 m in the
same MAPLE-15 software are obtained: S,,m,, 8.40m’, L, =
2.05m, L,=4.10 m, o; = 211.55 kN/m’, 6> = 107.08 kN/m
o3 = 107.08 kN/m?, 64 =2.61 kN/m’.

The load and the bending moments around of the X and
Y axes (factored mechanical elements) are [26]: P,; = 1200

900 kN;

kN; M1 = 400 kN-m; M,y; = 200 kN-m.
3.2 Example 2
The design of a rectangular footing (rectangular

combined footing) that supports two square columns with the
following information are presented: the columns are of
40x40 cm; H = 2.0 m; L1 = 6.00 m; Pp; = 600 kN; Pr; = 300
kN; MDX1 =200 kN—m; Mij =100 kN—m; MDy[ =100 kN—m;
MLy1 =50 kN—m; PD2 = 1200 kN; PLz =600 kN; Msz =400
kN-m; M = 200 kN-m; Mpy> = 200 kN-m; Mp,> = 100 kN-
m; fc = 35 MPa; f, = 420 MPa; q. = 250 kN/m?; y,,. = 24
KN/m3; ypps = 15 kN/m?.

The loads and moments that act on soil are: P; = 900 kN,
M. =300 kN-m; M,; = 150 kN-m; P> = 1800 kN; M., = 600
kN-mj; M,» = 300 kN-m.
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The thickness that meets the bending moments, bending
shear, and punching shear is of 80 cm.

Substituting the values of 6, = 212.80 kN/m?, P; = 900
kN, M,; = 300 kN-m, M,; = 150 kN-m, P; = 1800 kN, M., =
600 kN-m, M,, = 300 kN-m into eq. (15)-(23) of part I and
using the MAPLE-15 software are obtained: Sy, =21.99 m?,
L,=0.20m, Ly =8.07 m, L, =2.73 m, Mr = 900.00 kN-m,
M,r = 0.00 kN-m, R = 2700 kN, o; = 212.80 kN/m?, 6> =
212.80 kN/m?, 03 =32.71 kN/m?, 64 =32.71 kN/m’.

Now the practical dimensions of the rectangular footing
that supports two square columns are: L, = 8.10 m, L, = 2.75
m.

Substituting the values of L, = 8.10 m, L, = 2.75 m in the
same MAPLE-15 software are obtained: Sy, = 22.27 m?, Lo
=0.22m, Ly =8.10 m, L, =2.75 m, Myr = 900.00 kN-m, M,r
= 1.00 kN-m, R = 2700 kN, o; = 209.40 kN/m?, 62 = 209.33
kN/m?, o3 = 33.09 kN/m?, 64 =33.02 kN/m>.

The loads and the bending moments around of the X and
Y axes (factored mechanical elements) are [26]: P,; = 1200
kN; M,x; = 400 kN-m; M1 =200 kN-m, P> = 2400 kN; M,
= 800 kN-m; Myy> = 400 kN-m.

The factored resultant loads and the factored resultant
bending moments by Eqs. (16) to (18) of part I are obtained:
R, =3600 kN, M,y = 1200 kN-m, M,yr = 60 kN-m.

3.3  Example 3

The design of a rectangular footing (rectangular
combined footing) that supports three square columns with
the following information are presented: the columns are of
40x40 cm; H=2.0 m; L1 = 6.00 m; Pp; = 600 kN; Pr; = 300
kN; Mij =200 kN—m; MLX1 =100 kN—m; MDy1 =100 kN—m;
MLy[ =50 kN—m; sz = 1200 kN; PLz =600 kN; Msz =400
kN—m; MLxZ =200 kN—m; MDyZ =200 kN—m; MLyg = 100 kN-
m, PD3 =1200 kN; PL3 = 600 kN; MDx3 =400 kN—m; MLX3 =
200 kN-m; Mpys = 200 kN-m; Mryz = 100 kN-m; fc = 35
MPa; f, = 420 MPa; g, = 250 kKN/m?; ypp: = 24 kKN/m; s =
15 kN/m’.

The loads and moments that act on soil are: P; = 900 kN,
My =300 kN-m; M,; = 150 kN-m; P> = 1800 kN; M> = 600
kN-m; My> = 300 kN-m; P3 = 1800 kN; M3 = 600 kN-m; M3
=300 kN-m.

The thickness that meets the bending moments, bending
shear, and punching shear is of 80 cm.

Substituting the values of 6, = 212.80 kN/m?, P; = 900
kN, My; = 300 kN-m, M,; = 150 kN-m, P> = 1800 kN, M., =
600 kN-m, M,> = 300 kN-m, P3 = 1800 kN, M3 = 600 kN-m,
M3 = 300 kN-m into eq. (15)-(23) of part I and using the
MAPLE-15 software are obtained: Sy, = 37.47 m?, L, = 0.20
m, Ly =14.47 m, L, = 2.59 m, Mr = 1500.00 kN-m, M,r =
0.00 kN-m, R = 4500 kN, o; = 212.80 kN/m?, o2 = 212.80
kN/m?, 03 = 27.37 kN/m?, 64 =27.37 kN/m>.

Now the practical dimensions of the rectangular footing
that supports two square columns are: L, = 14.50 m, L, =2.60
m.

Substituting the values of L, = 14.50 m, L, = 2.60 m in
the same MAPLE-15 software are obtained: Sy, = 37.70 m?,
L,=0.22m, Ly=14.50 m, L,=2.60 m, M,r=1500.00 kN-m,
M,r = 1.00 kN-m, R = 4500 kN, o; = 211.19 kN/m?, 6> =
211.17 kN/m??, 03 = 27.56 kN/m?, 64 = 27.53 kN/m?.

The loads and the bending moments around of the X and
Y axes (factored mechanical elements) are [26]: P,; = 1200
kN; Myx1 = 400 kN-m; My = 200 kN-m, P> = 2400 kN; M2
= 800 kN-m; M,y> = 400 kN-m, P,3 = 2400 kN; M3 = 800
kN-m; M,y3 = 400 kN-m.

The factored resultant loads and the factored resultant
bending moments by Egs. (16) to (18) of part I are obtained:
R, = 6000 kN, M7 = 2000 kN-m, Myyr = — 1100 kN-m.

4  Results

One way to verify the model proposed in this document is:
Substituting y, = L,/2 into eq. (8), and the moment around the
Xn —Xn" axis is My, =0.

Now, substituting xx = Ly/2 into eq. (15), and the moment
around the y—y axis is M,; = 0.

Substituting xx = — L,/2 into eq. (17) and the moment around
the y—y axis is M, = 0.

Now, substituting y, = L,/2 into eq. (4) and the shear force on
the Xo'—Xn" axis is V3, = 0.

Substituting x; = L,/2 into eq. (11) considering only the
second part that represents the soil pressure, and the shear force
on the y—y; axis is V= 0.

Now, substituting x; =— L,/2 into eq. (11), and the shear force
on the y—y axis is V= 0.

Therefore the equations for the bending moments and the
shear forces are verified by equilibrium.

4.1  Example 1

Substituting the corresponding values into eq. (9)-(15) to
obtain the bending moments that act on the critical sections
of the rectangular isolated footing are shown below: M,; =
671.68 kN-m; My; = 270.31 kN-m.

After making different proposals, the effective depth is d
=37.00 cm, r=8.00 cm, t =45.00 cm.

Substituting the corresponding values into eq. (19)-(20)
to obtain the bending shear forces that act on the critical
sections of the rectangular isolated footing are shown below:
Ver = — 568.20 kN; V= — 367.43 kN. Now, the allowable
bending shear forces by the concrete are: @,V,.; = 648.42 kN;
GVer = 1296.84 kN. Then, the two bending shear forces
satisfy with the code [26].

Now, substituting the corresponding values into eq. (22)
to obtain the punching shear force that acts on the critical
section of the rectangular isolated footing is shown below:
Vpr =1115.35 kN. Now, the allowable punching shear forces
by the concrete are: @V, = 2922.64 kN, @,V = 3236.86
kN, @,Vepr = 1891.12 kN. Then, the punching shear force
satisfies with the code [26].

The reinforcement steel areas for the rectangular isolated
footing that result of the bending moments are shown below:
Asy=50.39 cm?; A5 = 19.50 cm?, and the minimum steel areas
according to the code are [26]: Agymin = 25.28 cm?; Agomin =
50.57 cm?. Hence, the reinforcement steel areas for the design
of the rectangular isolated footing are: Ay, = 50.39 cm?; Ao =
50.57 cm?. The proposed steel areas are: 4y, = 50.70 cm?
(1001”) spaced at 20.56 cm; Ay = 50.70 cm? (1001”) spaced
at43.33 cm.
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Table 1. Table 3.
Bending shear forces of the example 2. Reinforcement steel of the example 2.
Shear force Allowable shear Width of Direction Steel area
Axis that acts force analysis of the Steel location (cm?)
(kN) (kN) (m) steel
el -319.05 467.79 0.76 Main steel 17.21
e —638.10 689.37 1.12 Under column 1 Minimum 18.24
fi 0* 1692.65 2.75 (width of ¢; +s + steel ’
g 687.96 1692.65 2.75 dr2) Proposed "
5 ~1165.61 1692.65 2.75 steel 20.28(4017)
Jeo) 422.02 1692.65 2.75 Main steel 34.70
* The axis falls outside of the footing Under column 2 Minimum 26.88
Source: Prepared by the author. . : steel
(width of ¢; + d) Proposed
Y axis P 35.49(7017)
steel
Table 2. Steel at the Tem‘ier?mre 89.57
Punching shear forces of the example 2. bottom (width of L, Pr(s>pe(fse d
. Shear force Allowable shear Critical Termemsm3dR) steel 91.20(3203/47)
Analysis .
: that acts force perimeter Temperature
section 116.64
(kN) (kN) (m) Steel at the steel
Column 1 2948.69 top (width of L,) Froposed 116.85(4103/47)
(boundary 1057.24 8101.84 2.68 Main steel 3510
column) 3202.09 Mini
Column 2 8272.44 Steel at the oal 66.00
(inner 2198.61 11347.38 448 Bottom (width of L, °*°
column) 5352.76 “S’f;ie 70.98(14017)
Source: Prepared by the author. X axis Main steel 57.80
Steel at the Minimum 66.00
Top (width of L,)
4.2  Example 2 Prz::);ed 70.98(14017)

Substituting the corresponding values into eq. (9), (15)
and (17) to obtain the bending moments that act on the critical
sections of the rectangular combined footing are shown
below: M, = 457.908 kN-m; M, = 915.80 kN-m; My = 0.09
kN-m; Mgy = — 400.33 kN-m; My, = 943.58 kN-m; Man
692.53 kN-m; Mipax12 = — 1540.55 kN-m (maximum bending
moment between the column 1 and column 2) in xyax2 = 1.37
m (position of the maximum bending moment between the
column 1 and column 2).

The maximum bending moment between the column 1
and column 2 is obtained as follows: First, the position of the
maximum bending moment is located from the equation of
the shear forces, i.e., when the shear force is zero, the
maximum moment is obtained.

After making different proposals, the effective depth is d
=72.00 cm, r=8.00 cm, t = 80.00 cm.

The bending shear forces that act on the critical sections
of the rectangular combined footing by eq. (19)-(11), and the
allowable bending shear forces for the concrete by the code
are obtained [26] (see Table 1).

Then, the bending shear forces satisfy with the ACI code
[26].

The punching shear force that act on the critical sections
of the rectangular combined footing by eq. (22) and (24), and
the allowable punching shear forces for the concrete by the
code are obtained [26] (see Table 2).

Then, the two punching shear forces satisfy with the ACI
code [26].

The reinforcement steel areas for the rectangular
combined footing that result of the bending moments are
shown below (see Table 3).

Source: Prepared by the author.

4.3  Example 3

Substituting the corresponding values into eq. (9), (15) and
(17) to obtain the bending moments that act on the critical
sections of the rectangular combined footing are shown below:
Mal = 433.44 kN-m; Ma2 = 866.88 kN-m; Ma3 = 866.88 kN-
m; Mbl = 0.08 kN-m; Mdl =—406.22 kN-m; Mb2 = — 73.36
kN-m; Md2 = 448.43 kN-m; Mb3 = 198.02 kN-m; Md3 = —
123.47 KN-m; Mmax12 = — 1797.11 kN-m (maximum bending
moment between the column 1 and column 2) in xmax12 =4.17
m (position of the maximum bending moment between the
column 1 and column 2); Mmax23 = — 1794.99 kN-m
(maximum bending moment between the column 2 and column
3) in xmax23 = — 1.71 m (position of the maximum bending
moment between the column 2 and column 3).

The maximum bending moment between the two columns is
obtained as follows: First, the position of the maximum bending
moment is located from the equation of the shear forces, i.e., when
the shear force is zero, the maximum moment is obtained.

After making different proposals, the effective depth is d
=72.00 cm, r =8.00 cm, t = 80.00 cm.

The bending shear forces that act on the critical sections
of the rectangular combined footing by eq. (19), (20) and
(11), and the allowable bending shear forces for the concrete
by the code are obtained [26] (see Table 4).

Then, the bending shear forces satisfy with the code [26].

The punching shear forces acting on the critical section of
the rectangular combined footing by eq. (22) and (24) are
obtained, and the allowable punching shear forces for the
concrete by the code are obtained [26] (see Table 5).
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Table 4.
Bending shear forces of the example 3.

Shear force Allowable shear ‘Width of
Axis that acts force analysis
(kN) (kN) (m)
e —290.58 467.79 0.76
e —581.16 689.37 1.12
e —581.16 689.37 1.12
fi 0* 1600.32 2.60
g1 768.99 1600.32 2.60
1 —879.44 1600.32 2.60
Jeo) 759.28 1600.32 2.60
f —988.95 1600.32 2.60
2 601.45 1600.32 2.60
* The axis falls outside of the footing
Source: Prepared by the author.
Table 5.
Punching shear forces of the example 3.
Shear force Allowable Critical
Analysis section that acts shear force perimeter
(kN) (kN) (m)
Column 1 4948.69
(bo ndau column) 1070.95 8101.84 2.68
undary colu 3202.09
Column 2 8272.44
(inner 2202.51 11347.38 4.48
column) 5352.76
Column 3 8272.44
(inner column) 2189.98 11347.38 4.48
v 5352.76
Source: Prepared by the author.
Table 6.
Reinforcement steel of the example 3.
Direction Steel location Steel area
of the steel ! (cm?)
Main steel 16.27
Under column 1 Minimum 18.24
(width of ¢; + 5 + steel ’
dl2) Proposed 20.28(4017)
steel
Main steel 32.79
Under column 2 Ml;gg;l m 26.88
(width of ¢; + d)
Proposed 35.49(7017)
steel
Main steel 32.79
Y axis Under column 3 Ml;?:el;l m 26.88
(width of ¢5 + d)
Proposed 35.49(7017)
steel
Steel at the Temperature
bottom (width of steel 165.60
Li—ci—c3—c5— Proposed .
5 - 5d12) steel 168.15(5993/4”)
Temperature
Steel at the steel 208.80
top (width of ,) Proposed 210.90(7403/4”)
steel
Main steel 16.58
Steel at the Minimum
Bottom (width of steel 6240
L) Pmp"sled 65.91(13017)
X axis s_tee
Main steel 67.76
Steel at the Minimum 62.40
Top (width of L)
Proposed 70.98(1401”)
steel

Source: Prepared by the author.

Then, the two punching shear forces satisfy with the ACI
code [26].

The reinforcement steel areas for the rectangular
combined footing that result of the bending moments are
shown below (see Table 6).

5 Conclusions

The model presented in this paper applies only for design
of the rectangular footings that support # columns aligned on
a longitudinal axis, this model assumes that the footings
should be rigid and the supporting soil layers elastic, which
meet expression of the bidirectional bending, i.e., the
pressure variation behaves linearly.

This paper concludes the following:

1. The thickness for the rectangular isolated footing is
governed by the bending shear on the e; axis, and the
thicknesses for the rectangular combined footings that
support two and three columns are governed by the
bending shear on the e> axes.

2. This document is not limited as those presented by other
authors such as: “Design of isolated footings of
rectangular form using a new model” by Luévanos-Rojas
[12], this model considers only a column. “A new model
for the design of rectangular combined footings of
boundary with two opposite sides restricted” by
Luévanos-Rojas [19], this model considers only two
columns.

3. The proposed model is more suited to the real conditions
with respect to the classical model, because the proposed
model takes into account the linear soil pressure and the
classical model considers a uniform pressure (maximum
pressure) in all the contact surface, when the loads and
moments act on the footing.

4. The proposed model for design of rectangular footings
subjected to an axial load and two moments in orthogonal
directions in each column can be used for the following
considerations:

a)  Without restrictions on their sides
b)  One side restricted
c¢) Two restricted opposite sides

The main advantage of this document over other
documents is that this model can be applied to one
(rectangular isolated footings), two or more columns that are
supported by a rectangular footing, and it is also not restricted
to that the resultant force must be located on a longitudinal
axis.

The next investigations can be: 1) Modeling for the
design of foundation slabs and/or rafts. 2) When another type
of soil is presented under the footing, by example in 100%
cohesive soils (clay soils) or in 100% granular soils (sandy
soils), the pressure diagram is different (nonlinear) and
should be treated as shown in Fig. 1.
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