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ABSTRACT

In this paper, we study some results of existence and uniqueness of fized points for a C-class of mappings
satisfying an inequality of rational type in b-metric spaces. After definition of C-class functions covering
a large class of contractive conditions by Ansari [2]. Our results extend very recent results in the
literature; as well as Khan in [14] and later Fisher in [9] gave a revised improved version of Khan’s
result and Piri in [17] a new generalization of Khan’s Theorem. At the end, we present an example of
finding solutions for an integral equation.
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1 INTRODUCTION

In 1989, Bakhtin [4] introduced b-metric spaces as a generalization of metric spaces. Since then, many
articles have been published in the field of fixed point theory and Banach generalization. The contraction
principle in such spaces, known as Banach’s contraction principle, states that every self-contracting
mapping in a complete metric space has a unique fixed point. This principle has been generalized and
expanded in several ways.

In this paper, we study certain results of existence and uniqueness of fixed points for a C-class of
mappings satisfying an inequality of rational type in b-metric spaces. The C-class functions cover a
large class of contractive conditions which applyed by Ansari [2]. Our results develop very recent results
in the literature; as well as Khan in [14] and later Fisher in [9] gave a revised improved version of
Khan’s result and Piri in [17] a new generalization of Khan’s Theorem. At the end of the paper, we
present examples of finding solutions for integral equations. For more detail and recent papers refer
to [3,7,8,11,16,18|.

Definition 1 ( [10]). Let X be a (nonempty) set and s > 1 be a given real number. A function
d: X x X —[0,00) is called a b-metric on X if the following conditions hold for all z,y,z € X :
(1) d(z,y) =0 if and only if x =y,

(131) d(z,y) < sld(z,z) + d(z,y)] (b-triangular inequality).

Then, the pair (X, d) is called a b-metric space with parameter s.

Example 1 ( [15]). Let (X,d) be a metric space and let § > 1,A >0 and p > 0. For z,y € X, set
p(x,y) = Md(x,y) + pd(x,y)?. Then (X, p) is a b-metric space with the parameter s = 2°5~1 and not a
metric space on X.

Definition 2 ( [5]). Let (X,d) be a b—metric space. Then a sequence {xy} in X is called:

(i) b—convergent if there exists x € X such that d(xy,,z) — 0 as n — oo. In this case, we write
lim z, = x.
n— o0

(i) A b—Cauchy sequence if d(zy,zm) — 0 as n,m — oo.

Lemma 1 ( [1]). Let (x,d) be a b-metric space with s. If sequences {xy,} and {y,} are b-convergent to
x andy in X. Then

1
?d(a:, y) < lirr_l)inf d(xn, yn) < limsup d(zy, yn) < 32d(x, Y).

n—oo
Specially if © =y, then lim d(xy,y,) = 0. Further if z € X we have
n— o0

1
—d(z,z) <liminf d(xy,, 2) <limsupd(z,, z) < sd(z, 2).
s

n—oo n—00

Definition 3 ( [6]). Let U denote all functions v : [0,00) — [0,00) satisfied:
(1) ) is strictly increasing and continuous,
(73) ¥ (t) =0 if and only if t = 0.
We let ¥ denote the class of the altering distance functions.
Definition 4 ( [2]). An ultra altering distance function is a continuous, nondecreasing mapping

@ :]0,00) = [0,00) such that ©(t) >0 fort > 0.
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We let @ denote the class of the ultra altering distance functions.

Zoran Kadelburg and et al. in [19], and Imdad and Ali [12,13] defined and studied implicit functions
and utilized same to prove several fixed point results for rational type condition. Also, in 2014 Ansari
in 2] introduced C-type functions as follows:

Definition 5 ( [2]). A mapping F : [0,00)? — R is called C-class function if it is continuous and
satisfies following axioms:
1. F(s,t) <s

2. F(s,t) = s implies that either s =0 ort = 0.

It’s clear that F'(0,0) = 0. We denote C-class functions by C.

Let
Q= {p € C([0,0),[0,00)) : ¢~ '(0) = 0}.

Example 2 ( [2]). The following functions F : [0,00)2 — R are elements of C, for all s,t € [0,00):

1. F(s,t)=s—t.

2. F(s,t)= € (0,00).

S .
aro "

3. F(s,t) = s — p(s) for ¢ where p € Q

2 RESULTS

We improve the recent results by C-class functions to generalization of contractions in the cases of
fractional contraction.

Theorem 1. Let (X, d) a b-metric space with s and T : X — X a self mapping satisfying

$(d(Ta, Ty)) < { 9@y),  Awy #0; W

0, otherwise

for x,y € X where x # y and

9(x,y) = F(p(m(z,y)), p(m(z,y)))

d(z, Tz)d(z, Ty) + d(y, Ty)d(y, Tx)
d(z,Ty) + d(Tz,y) 7
Agy = max{d(z,Ty),d(Tz,y)}

and F € C,p € ®,9 € U. Then T has a unique fixed point.

m(x7 y) =

Proof.

Let g € X. For n € N put z,, := Tx,—1. It’s clear when for some n € N we have z,, = z,41. So we
assume that
Tp # T+l VN €N

Put
Ap -1 = max{d(zy, Txyp_1),d(TTpn, xpn—1)} # 0.
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by (1) we get

Y(d(2n, Tnt1))
d(Tzp—1,Txy,))

Y(m(zn-1,2n)), p(m(Tn-1,2n)))

Y(d(zp-1,2n)), (d(Zn-1,2n)))

d(Tp—1,%n)). (2)

—~ = —

ININ TN
< 04

Now by increasing 1 and relation (2)

d(l‘n, -Tn+1) < d(l’n,h -Tn)-
Since the {d(z,—1,y)} in decreasing therefore for some r

lim d(zp—1,z,) =1 (3)

n—o0

Again by (2)
P(r) < F((r),o(r)) < ¢(r).
So ¢(r) = 0 or ¢(r) = 0 hence
lim d(zp—1,2,) =7 =0. (4)

n—o0

It’s time to show that {z,} is a Cauchy sequence. If not, then for ¢ > 0 there exit {z,,)} and {@, )}
in {z,} and m(k) > n(k) > k such that

ATy, Tr(k)) = €5 Ak Tky—1) < €

and
nh—>Holo d(xm(k)7 mn(k)—&-l) = nll)rgo d(xm(k)-i—l? xn(k)) =é&. (5)
9
AN eNVE>N max{d(xm(k),a:n(k)+1), d(mm(k)+1,xn(k)) > 5 > 0.

By take a look at (1), for each &k > N

P(d(xn-1,2n)) (6)

V(AT (k)15 Tr(k)+1))

VANVAN

even by the relations (3) and (5)

P(e) S F(Y(e), ple)) < ¢(e),

so £ = 0 which is not. Thus {x,} is a Cauchy sequence in complete b-metric space. Therefore it is
convergent to some z* € X.
lim d(x,,z") = 0. (7)

n—oo
If 241 = Tx* for some n, then
2= lim z,1 = lim Ta* = Tx".
n—oo n—oo

So
AN eNVn >N d(z,, Tx*) >0,

and also
max{d(z,, Tz"),d(z*,Tz,) > 0.

68 https://doi.org/10.17993/3cemp.2022.110250.64-74



Investigaciéon y pensamiento critico. ISSN: 2254-3376 Ed.50 Vol. 1T N.° 2

From (1)
P(d(@nir, Ta")) = P(d(Tan, Ta"))
< Fm(zn, 2%))-p(m(zn, 27)))
< P(d(zn-1,%n))
where
o A(@n, Try)d(xn, Tz*) + d(z*, Tx*)d(z*, Txy)
(@, o) = d(xp, Tx*) + d(Txy, x*)
and or
m(:ﬂn,x*) = d(ib‘n,wn+1)d(xn,Tx*)+d(:L‘*,Tx*)d(x*,xn+1)

d(xp, Tz*) + d(xpy1, 2*)
by taking liminf and limsup from (8) and relation (4) and (7) we have:

lim sup m(zp, %) < 0 x sd(z*, Tz*) + sd(z*, Tx*) x 0 =0

n—oo

thus
Y(Cd(a®, Ta") < F(4(0), 9(0)) < 6(0) = 0

and consequently x* = Tx*.
For an other condition may be to happen: for some n € N

Ap -1 = max{d(zn, Trn_1),d(Txp,zn_1)} = 0.

So (1) thus d(Tzp—1,Txy) =0 Tz = Tx, means that x, = Txy,.
For uniqueness, let * and y* be two fixed point of T" such that d(z*,y*) > 0. By (1)

Pld(z®,y") = ¢(d(Tz", Ty"))
< F(p(m(z®,y7)), p(m(x” *)))
< F((0), ¢ ( ) <9(0) =
it should be d(z*,y*) = 0.
For the next result, it’s enough F(s,?) = 5%;.

Corollary 1. Let (X,d) a b-metric space with s and T : X — X a selfmapping satisfying

(d(Tw, Ty)) < { 9(@.y). Ay #0;

0, otherwise

for x,y € X where x # y and

_ Y(m(z,y))
909 = L (. y)
d(z, Tx)d(z,Ty) + d(y, Ty)d(y, Tx)

m(x’ y) =

)

d(z,Ty) + d(Tz,y)
Aﬂ’/'y = max{d(xv Ty)’ d(TJE, y)}
and ¢ € ®1p € W. Then T has a unique fized point.

And if we put F(s,t) =s—t:
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Corollary 2. Let (X,d) a b-metric space with s and T : X — X a selfmapping satisfying

Y(d(Tz, Ty)) g{ 9@, y), Amy £0;

0, otherwise

for z,y € X where x #y and

g(z,y) :=v(m(z,y)) — e(m(z,y))
miz, y) = A& TD)d@ Ty) + dy, Ty)d(y, Tz)
e d(z,Ty) + d(Tz,y) ’

Axy = max{d(a;, Ty)? (TII?, y)}
and ¢ € 90 € U. Then T has a unique fized point.

And also we put F(s,t) = ks, 1(t) =t and s = 1, hence:

Corollary 3 ( [14]). Let (X,d) a b-metric space with s and T : X — X a selfmapping satisfying

9(z,y), Agy # 0;
Y(d(Tz, Ty)) < { 0, otherwise )
for z,y € X where x #y and
9(x,y) = km(z,y)
d(z, Tz)d(z, Ty) + d(y, Ty)d(y, T'x)
d(z,Ty) + d(Tx,y) ’
Agy = max{d(z,Ty),d(Tz,y)}.

m(z,y) =

Then T has a unique fixed point.

Our results improve the following Corollary in [17] which it is extension of the Khan’s Theorem
with s = 1.

Corollary 4 ( [17]). Let (X,d) a b-metric space with s and T : X — X a self mapping satisfying

stare,my)) < { S8 A7

0, otherwise

for x,y € X where x # y and
9(z,y) == m(z,y) — e(m(z,y))
d(z, Tx)d(z, Ty) + d(y, Ty)d(y, T)
d(xz,Ty) + d(Tz,y) ’
Ayy = max{d(z,Ty),d(Tz,y)}.

m(x, y) =

where p € ®. Then T has a unique fized point.

3 Application to integral equation

In this section, we looking for the solutions of the following integral equation:

u(t) = g(t, u(t) /Gtsu t € [0,00), (10)

where G : [0,00) x [0,00) x R -+ R g:[0,00) x R — R are continuous.

Let X be complete space BC([0,00)) containing of bounded, continuous and real valued functions
on [0, 00) such that

[[ull = sup{|u(t)| : ¢ € [0,00)}.
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Example 3. We show that the following integral equation:
t
(Tu)(t) = g(t,u(t)) —l—/ G(t,s,u(s))ds, te€[0,00), (11)
0

has unique solution, if we have the under following conditions.
Let d(u,v) = |[u — v||?. So d is a b-metric with s = 2.

L oy(t) = (t) =t

2. F(s,t)=s

3. Jlu— vl <minfflu — Tul, [[v—Tv[[}

4. Jg(t,u(t) - g(t,v(0))] < MOZHOL ¢ € [0, 00)

- a

5. for t € [0, 00)

! [u—]
]/ (G(t,s,u(s)) — G(t,s,v(s)))ds| < 5
0
6. a,b >0, c>2, c=min{a,b} and k = ;%.
At first we observe that
[ = vl*(lu = Tol> + [Tu = v[*) = [lu—v]*|lu—Tol]* + u—v||*|Tu - v?

< u = TulPllu = Tol* + | Tv — ol *[|Tu — v]]?,

SO
lu — Tul|lu — To|* + | Tv — v]|*|Tu — v|f?
5 5 = m(u,v).
[u = To|l* + | Tu — o]

d(u,0) = Ju—v]? <
And by (a + b)? < 2(a® + b?)
’(TU)(t) - (TU)(t)’ < |g(t7u(t)) - g(t,?)(t))| +/0 |G(t7 S,U(S)) - G(t7 S, v(s))]ds
(Tu)(t) = (To)()]* < (|lg(t,u(t) — g(t,v(t)] +/0 (G (t,s,u(s)) = G(t,s,v(s))|ds)?

< 2(lg(t.u(®) — ot o) + [ Gt 5,u(s)) = Gl s, os)lds)
— v u—"v u—"v 2
§2<mw @l (o HF)S4(H u>.

a C

So

d(Tu,Tv) = | Tu — To||?

C

< F(y(m(u, v)), p(m(u,v))).

<4 (”“‘“”)2 = kd(u,v) < km(u,v)

Therefore integral equation (11) by the Theorem 1 has a unique answer.

Example 4. Let
t
Tu(t) = O / e—“—s)“gf’)ds. (12)
0

71 https://doi.org/10.17993 /3cemp.2022.110250.64-74



Investigaciéon y pensamiento critico. ISSN: 2254-3376 Ed.50 Vol. 1T N.° 2

So

We see that

and

=l
- 3

where 0(t) is Dirichlet function with Laplace transformation L(5) = 1.

e (B4 55) —a (L + )]
= (wo - vn (24 )]
2 Ju(t) — v(t),

without of loss of generality, let |u(t)| < |v(t)] for all t € [0, 00).

(525

therefore [Tu(t) — u(t)] < |Tw(t) — v(t)|.

lu(t) —v(@®)] < |u(t) = Tu(t)| + |Tu(t) — To(t)| + [Tv(t) — v(t)|
< |u(t) — Tu(t)| + %\U(t) —o(t)| + [Tv(t) — v(t)|

lu(t) = o(t)] < |u(t) — Tu®)| + [Tv(t) — v(t)]

[Tu(t) — To(t)] =

IN

so for some positive number | we have
[ — o]l < dlmin{u — Tul], [lv — Tl]}.

All conditions of Example (3) with F(r,s) = 4ls hold, and integral equation (12) has a unique solution
u = 0.
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