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Capitulo 1

Resumen

La tesis esta dedicada a profundizar en el conocimiento de las sucesiones de
Appell-Dunkl como extensién al contexto de Dunkl de lo que ocurre en el caso cla-
sico (polinomios de Appell). Nuestro grupo de investigacién es pionero en el estudio
de los operadores de Dunkl en la recta real, y en su relacién con los polinomios de
Appell-Dunkl (ver, por ejemplo, [I}, 2, 10, 12} [13], 14}, (15} 16, 17, 23], 25] [42] 43 [44]),
y lo que ahora presentamos supone algunos pasos mas en este camino.

Si tenemos una familia de polinomios de Appell {a,(x)}52, es un tema clasico
encontrar una funcién especial de variable compleja, F'(s,z), tal que F(—n,x) =
an(z),n=1,2,..., es decir, que F(s,z) interpola los polinomios de Appell. El caso
mas conocido es el de los polinomios de Bernoulli y la funcién zeta de Hurwitz. En
la literatura existen diferentes métodos y estrategias para conseguir este tipo de
funciones especiales; entre ellos |45, Theorem 1], donde se aplica la transformada
de Mellin (afiadiendo un factor 1/T'(s)) a la funcién generatriz de los polinomios
de Appell.

En la tesis, nuestro trabajo se enmarca dentro de la teoria de Dunkl en la recta
real. En la teoria de Dunkl la derivada clasica es reemplazada por la derivada de
Dunkl, A,, y la funcién exponencial, e!, por la exponencial de Dunkl, E,(t), por
citar un par de diferencias (entraremos en mas detalles en el capitulo [2). Mas en
concreto, y de manera muy resumida, la tesis se dedica al estudio de los polinomios
de Appell-Dunkl y a su relacién con las funciones especiales que aparecen en ese
contexto.

En este campo hemos conseguido diversos avances. En primer lugar, hemos ex-
tendido el método de [45, Theorem 1] a nuestro contexto de Dunkl, lo cual presenta
considerables dificultades: no sélo el operador de Dunkl es mas complicado que la
derivada ordinaria, sino que la exponencial de Dunkl tiene un comportamiento asin-
t6tico mucho peor que la exponencial ordinaria. En nuestro primer articulo [28§],
el objetivo era obtener generalizaciones, en un sentido de Dunkl, de algunas de
las funciones especiales mas importantes, como son las funcién zeta de Riemann
((s) y las funciones de Hurwitz ((s,z), y pensamos que lo hemos conseguido de
manera bastante satisfactoria. En particular, hemos podido aplicar estas técnicas
a los polinomios de Bernoulli-Dunkl y a los de Euler-Dunkl, para encontrar las
correspondientes funciones zeta-Dunkl y demostrar muchas de sus propiedades.
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Continuando con este camino, buscdbamos conseguir resultados de ese tipo
para algunas familias de polinomios de Appell-Dunkl adicionales en las que no
s6lo no se podia aplicar lo desarrollado en [28], sino que ni siquiera era posible
aplicar los resultados de [45, Theorem 1] a los casos cldsicos (no de Dunkl). Por
supuesto, esto era asi porque habfa dificultades anadidas atin no solventadas. Como
resultado parcial en esta direccién, en [29] demostramos un teorema mas general
que [45, Theorem 1] y en el que permitimos, por ejemplo, que la funcién A(t) tenga
singularidades en la recta real (hecho que [45] no contemplaba), y mostramos c6mo
se aplica a diversos ejemplos. De momento, no hemos conseguido encontrar cémo
extender ese resultado a las correspondientes familias de polinomios de Appell-
Dunkl, y en [45] lo hemos propuesto como problema abierto, explicando dénde
estan las dificultades técnicas para lograrlo; esperamos poder continuar trabajando
en ello en el futuro.

También hemos estudiado propiedades de algunos polinomios de Appell-Dunkl
concretos (ya no en relacién con las funciones especiales que los interpolan). Asi, en
[27] hemos definido y estudiado una nueva familia de polinomios Appell-Dunkl: los
polinomios de Boole-Dunkl. En concreto, son una familia de polinomios de Appell-
Dunkl discretos que generalizan los polinomios de Boole clasicos. Las dificultades de
esto son, de nuevo, numerosas, esta vez basadas, sobre todo, en que la traslacion de
Dunkl es un operador 7, mucho maés sofisticado que la traslacién clasica x — x +y,
y eso hace que las familias de Appell-Dunkl discretas (que fueron definidas en [25])
tengan una definicién que no es sencilla porque involucra las traslaciones de Dunkl.



Capitulo 2

Introduccion

La tesis se enmarca dentro del estudio de la teoria de Dunkl en la recta real y
los polinomios de Appell-Dunkl. En los siguientes apartados damos las definiciones
bésicas que se necesitan para poder seguir el contenido de la tesis, asi como las
explicaciones pertinentes sobre las herramientas que hemos utilizado.

2.1. Definiciones basicas de la teoria de Dunkl

La teorfa de Dunkl debe su nombre a Charles F. Dunkl, quien la inicié en el
ano 1989 con la publicacién de [22]. Alli aparecen operadores en R" asociados a
grupos de reflexion pero, para nuestros propédsitos, serd suficiente restringirnos a
la recta real R y al grupo Zy. Llamaremos A,, al operador de Dunkl (o derivada de
Dunkl) definido como

20+ 1 (f(x) —f(—x)>7

Raf () = & fla) + 2 .

donde a > —1. En inglés, estos operadores se conocen como differential-difference
operators porque tienen una parte diferencial y otra en diferencias.

Se conoce como nicleo de Dunkl (o exponencial de Dunkl) y se denota como
E,(z) a la funcién definida como

Ea(w) :Ia( )‘i‘mz—a—kl(x)a
donde 9
o Ja(iz) = (z/2)™"
Zo(z) = 2°T(a + 1) (iz)® _F(O‘+1)n§0n!l“(n+a+1)'

La funcién Z, es una variacién de la funcién Bessel modificada de orden « (que
normalmente se denota como I,; ver, por ejemplo, [57] o [47]). Por otro lado, la
funcién E,(t) satisface

Ao Eo(Ax) = AEy(Az),

asi que da lugar a los autovalores del operador A,.
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Cuando oo = —1/2 se recupera el caso clésico, es decir,

d

Ay = oy y E_(z) = €”.

Ademas, Z_y/p(iz) = cos(z) e Iyso(iz) = sen(x)/z, luego la férmula de Euler
e = cos(x) +isen(x) es un caso particular de

1T

Ea(ix) = Ia(i.%') + m

Lo (iz);

en otras palabras, Z, (ix) desempeiia el papel de cos(z), y ﬁ Zo+1(iz) el papel
de la parte sen(x).
Hay otras formas de expresar estas funciones; puede hacerse, por ejemplo, uti-

lizando funciones hipergeométricas

E.(x) =" 1Fi(a+1/2,2a + 2, —2x),
To(z) = oFi(a+1,2%/4),

o mediante series de potencias

o Zn
Ea(z) = >

= Yna

o0 ZQn
To(x) = .
a( ) nzz:ofhn,oz

Los coeficientes v, o que ahi aparecen se conocen como factoriales de Dunkl y estan
definidos como

B 22kl (a0 + 1)y, sin =2k,
T T 92 (0 1)y, sin= 2k 41,

donde (a),, denota el simbolo de Pochhammer

I
(a)p=ala+1)(a+2)---(a+n—-1)= ((lf(:;)n)
(con a # —1,-2,-3,...). Por supuesto, cuando a = —1/2 se tiene que v, _/p =

n!. En relacién con lo anterior, es interesante definir (pues haremos referencia a ello
més adelante)

O = j— =n+(a+1/2)(1 - (-1)"),
n—1,«

y el coeficiente binomial de Dunkl

ny_ Tn,a
J a Yj,aVn—j,a

En el caso a = —1/2, se tiene que 0, _;/, = n y el coeficiente binomial de Dunkl se
trataria simplemente del coeficiente binomial clasico. Algunas veces simplificamos
la notacion v, = Yn,a ¥ 0n = O q-



Capitulo 2: Introduccién 11

Otro importante operador de Dunkl es la traslacion de Dunkl, que se define
como
9] yn
mf(@) =Y Aof(@)——, a>-1, (2.1)
n=0 n,a
donde AY es el operador identidad y ATt = A, (A?). A veces utilizaremos 7, , para
remarcar que la traslacién actia sobre la variable z. En el caso clasico, « = —1/2,
la traslaciéon de Dunkl 7, f es simplemente el desarrollo de Taylor de una funcién
f en torno al punto x, esto es,

[e.9]

flety =3 @0

n=0

Conviene mencionar que el operador traslacién 7, tiene muchas propiedades rele-
vantes, como se puede ver en [39, 50, 52 55]. Ademaés, 7, también se puede escribir
por medio de expresiones integrales que se pueden aplicar a una clase mas am-
plia de funciones que el que aparece en (que requiere que la funcién f sea
infinitamente diferenciable).

La traslacion de Dunkl 7, tiene un operador inverso (que, en general, no es una

traslacién de Dunkl, salvo en el caso a = —1/2), y estd dada por
[e) c yn
— n
ICOEDY Agf(z), (2.2)
= e
donde ¢y = 1y ¢, paran > 1, se define recursivamente mediante ¢,, = — Z?;& (?)acj

(puede encontrarse una prueba en [I3, Lemma 4.4]).
La traslacién de Dunkl se puede utilizar para generalizar, por ejemplo, el bino-
mio de Newton (z +y)" = 71— (})y*2" " al contexto de Dunkl:

() (@) = Y (Z) yhanh,

k=0

También podemos encontrar propiedades relacionadas con la exponencial de Dunkl,
por ejemplo, que
Ty(Ea(t-))(z) = Ea(xt)Ea(yt);

esta propiedad generaliza el hecho de que et(*1¥) = el@ety,

En este punto nos gustaria destacar otra interesante propiedad que demostra-
mos durante el desarrollo de la tesis, y que no era conocida antes (ver [26]). Se
trata de

lim 71 (()")(t/n) = Eaft).

que extiende al contexto de Dunkl la definicion clasica de funciéon exponencial como
limite:
t\" ‘
lim <1 + ) =e".
n—00 n

Son muchos los desarrollos mateméaticos cldsicos que se han extendido al con-
texto de Dunkl, bien sobre la recta real (con el grupo de reflexién Zsg, como aqui
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hacemos), o sobre otros espacios con grupos de reflexién més sofisticados. Existe
una transformada de Dunkl que generaliza la transformada de Fourier utilizando
el nicleo E,(—izy) en lugar de e~ [32] [50], resultados sobre multiplicadores y
transplantacién [10, 15, 46], teoremas de Paley-Wiener [4, 19, 54, [56] o teoremas
de muestreo [16]. Otros conceptos y resultados que se han extendido y estudiado
en el contexto de Dunkl son las series de Fourier-Dunkl [12] [16], las funciones ma-
ximales [54] y las transformadas de Riesz [55], por citar unos pocos ejemplos. Por
supuesto, en lo que a nosotros respecta cabe destacar el estudio los polinomios de
Appell-Dunkl y funciones zeta-Dunkl, en las que se centra esta tesis doctoral.

2.2. Polinomios de Appell y de Appell-Dunkl

Los polinomios de Appell-Dunkl son una generalizacién al contexto de Dunkl
de los polinomios de Appell. Aunque hay diferentes maneras equivalentes de definir
los polinomios de Appell, {a,(x)}5,, posiblemente la manera més habitual es
hacerlo mediante una funcién generatriz, en cuyo desarrollo de Taylor aparecen los
polinomios:

G(z,t) = A(t)e™ = Z an(w)%n', (2.3)
n=0 :

donde A(t) es una funcién analitica en ¢ = 0 y tal que A(0) # 0 (esto garantiza
que an(x) sea un polinomio de grado n). Es ficil comprobar que, en este caso,
%an(x) = na,—1(x); de manera alternativa, se puede empezar con una familia de
polinomios que satisfacen esa relacion y llegar a que también se pueden expresar
en la forma (2.3)).

Algunos ejemplos clasicos de polinomios de Appell son los polinomios de Ber-
noulli {B,,(z)}°°, (donde A(t) =t/(e' — 1)), los polinomios de Euler {E,(z)}2,
(donde A(t) = 2/(e'+1)), y los polinomios de Hermite probabilisticos {He, (z)}52,
(donde A(t) = e~ t*/2).

La forma natural de extender los polinomios de Appell al contexto de Dunkl es
reemplazar €*' por Eq(2t) y n! por vp.q en (2.3)). Es decir, se dice que {ano(2)}52,
es una familia de polinomios de Appell-Dunkl si

mn
Tn,« ’

A(t)Eq(zt) = Z an,o () (2.4)
n=0

donde, de nuevo, A(t) tiene que ser analitica en ¢ = 0 con A(t) # 0 para garantizar
que los ap o () no son nulos (y, de hecho, an o(x) es un polinomio de grado n). En
este caso, todos los polinomios de Appell-Dunkl cumplen

Aaan,a (l’) = Hn,aanfl,a (:L‘) .

Los polinomios de Appell-Dunkl més sencillos son los monomios {z"}22, (para
A(t) = 1) y, por tanto, se tiene que Ay ((-)") = 6,.02" L. Los primeros polinomios
de Appell-Dunkl que encontramos en la literatura son los polinomios de Hermite
generalizados (ver [50]), seguidos por los polinomios de Bernoulli-Dunkl y los de
Euler-Dunkl (ver [12} 13, 23]); el articulo [2I] proporciona la definicién (2.4)), pero
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no estudia ningun ejemplo concreto. En esta tesis doctoral, resultaran de mucho
interés los polinomios de Bernoulli-Dunkl {8, o(z)}7%, que se definen mediante
la funcién generatriz

Eq(at) _ i Bn,a(T) ",
Ia—l—l(t) n—0 Tn,o
y los polinomios de Euler-Dunkl {&, o(z)}2,, definidos con la funcién generatriz

Eq(xt) = EhalT)

Lo 2

n=0 Tn.a

t".

Los polinomios de Bernoulli y los de Euler clasicos estan definidos en el interva-
lo [0, 1], pero los polinomios de Bernoulli-Dunkl y Euler-Dunkl, por las simetrias
inherentes al contexto de Dunkl, estan definidos en el intervalo [—1, 1]. Por tanto,
para recuperar los polinomios clasicos, ademds de tomar o« = —1/2 se deben hacer
los cambios = + 2z — 1 (que transforma el intervalo [0,1] en el [—1,1]) y ¢ — t/2.
Con esto,
B, 1002z -1 ¢, _1002x—1
w27 gy oy ST g

Todos las familias de polinomios de Appell-Dunkl {a, (x)}52, satisfacen

k
Ty(ara) (@) =D (?) aja(@)y" 7, (2.5)

Jj=0

que, de nuevo, cuando o« = —1/2 resulta en una conocida propiedad de los poli-

nomios de Appell: ax(xz + y) = Z?:o (];) aj(:v)yk_j . Asi pues, tanto los polinomios
de Bernoulli-Dunkl como los de Euler-Dunkl cumplen ([2.5)) por ser polinomios de

Appell-Dunkl. Mas propiedades interesantes como, por ejemplo,
Aa(()F)(@) = (@ + 1) (1B (2) — 7-1By(2)),
que es una generalizacién de
kxb ™' = By(z +1) — Bi(),

se pueden encontrar en [12, [13].

Algunas veces utilizaremos polinomios en los que la funciéon A(t) que aparece
en incorpora un parametro r real o complejo. Esto permite relacionar los
polinomios que surgen al cambiar de parametro. Se trata de los polinomios de
Appell-Dunkl generalizados de orden r, {ag)a(a:)}go:o, definidos como

Awmwzzﬁmj.
n=0 n,x

Por su relacién con los «polinomios de Appell-Dunkl discretos» que veremos més
adelante, particularmente interesantes son los polinomios de Bernoulli-Dunkl gene-

ralizados {%%TL({L‘) & s que se definen como

Eo(xt) & BUA(x)
Ia—&-l(t)r B Z

", 2.6
n=0 ’Yn,a ( )
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y los polinomios de Euler-Dunkl generalizados {Qf%(x) > 0

Eo(zt) & elh()
=\ e yn, 2.7
L0 2 e 27)

ambos fueron definidos en [13].

2.3. Polinomios de Appell-Dunkl discretos

Por otro lado, también es necesario definir los polinomios de Appell-Dunkl
discretos (que generalizan los polinomios de Appell discretos cldsicos). Se pueden
encontrar por primera vez en [25]. La familia de polinomios {py..(z)}5e, se dice
que son polinomios de Appell-Dunkl discretos si se pueden expresar mediante el
desarrollo de la funcién generatriz

00 ik
A(t)EOt(xG(;l(t)) = Zpk,a(x)iv o > _17
k=0 Vi, o
donde A(t) es analitica en un entorno de 0 con A(0) # 0y Gu(t) = tZot1(%).
Cuando a@ = —1/2 es facil comprobar que Gj/z(t) = log(t + V1 +1¢?) y, por lo

tanto, E_l/g(ij/Q(t)) = (t+ V1 4 t?)*. Por supuesto, esto significa que son una
extension de los polinomios de Appell discretos clasicos {py(x)}72, definidos como

o0 k
AW+ V1T B = Zpk(m)%.
k=0 ’

Ademaés, la familia de polinomios {py o (7)}32, es Appell-Dunkl discreta si y sélo si

(Oé + 1)(T1 - T—l)pk,a(x) = ek,apkfl,a(x),
que en el caso clasico se reduce a

pr(z+1) —pp(z —1)
2
El término «discreto» en el caso clasico proviene de que se ha reemplazado la
derivada usual por la derivada en diferencias (central) Af(x) = (f(z+1) — f(x —
1))/2. La forma en la que esto se hace en el caso de Dunkl es mediante traslaciones
de Dunkl , como veremos mas adelante.
Los primeros polinomios de Appell-Dunkl discretos estudiados fueron los poli-

nomios factoriales de Dunkl {fi o}7>,, definidos simplemente mediante (ver [23,
Theorem 3.1])

= kpi_1(z), k>1.

[e) tk
Eo(zGo () = Y frale)—.
= Vk.a
En el caso clasico, « = —1/2, los factoriales de Dunkl se convierten en los factoriales
descendentes
n—1

r=zxz—-1)(x—-2)---(x—n+1)= H(:U—j).
j=0
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Los factoriales descendentes (como su contraparte, los factoriales ascendentes) tie-
nen diferentes notaciones. Nosotros seguimos la que se utiliza en [38] o en [30, § 2.6,
p. 47]), por ejemplo.

Los polinomios factoriales de Dunkl se pueden calcular explicitamente utilizan-
do los «ntimeros de Bernoulli-Dunkl generalizados» (ver [44], (17)])

k .
I WA LANPND o
fr.a() _jz:%)k<j> B, .02, k=1,2,.... (2.8)

«

Los polinomios factoriales de Dunkl son, en cierto modo, los polinomios de Appell-
Dunkl discretos méas importantes. Esto se debe a que aparecen en muchas de las
propiedades de los polinomios de Appell-Dunkl discretos como en (ver [25, Theo-
rem 3.1])

ko (k
Ty (Pra() (@) =D (;) Pj.a(®) fi—ja(y),

J=0

que es, en cierta forma, similar a (2.5). En el caso clasico se reduce a
k
o
pe(z+y) =Y pr(z)yt=.
j=0

Ademas, a través de los polinomios factoriales de Dunkl, en [44] se definieron los
nimeros de Stirling-Dunkl de primera y segunda especie (denotados como s%(n, k)
y Sa(n, k) respectivamente). Estos nimeros son una generalizacién de los nime-
ros de Stirling de primera y segunda especie clasicos (denotados como s(n,k) y
S(n, k) respectivamente) que, aunque tienen su origen en la combinatoria, pueden
ser descritos utilizando el factorial descendente (clasico) mediante las formulas

n

= Z s(n, k)zk, (2.9)

k=0

" = Zn: S(n, k)zE. (2.10)
k=0

Reemplazando los polinomios factoriales descendentes clasicos por los polinomios
factoriales de Dunkl, los niumeros de Stirling-Dunkl de primera especie se definen
como

n )

(n k) = = (Z) B, (0).

Por tanto, utilizando (2.8)) se llega a que

n

fnalz) = Z s¥n, k)z*, k=1,2,...,
k=0

que extiende (2.9) al caso de Dunkl. Puesto que, para k > n, s*(n, k) no aparece
en esta formula, debemos definir s%(n, k) = 0 en estos casos.
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En su lugar, los numeros de Stirling-Dunkl de sequnda especie, Sq(n,k), se
pueden definir, motivandonos en ([2.10), como

2 = 3 Su(n, k) frala),
k=0

donde, de nuevo, S, (n, k) = 0 para k > n. Para més propiedades de los niimeros
de Stirling-Dunkl, consultar [44].

Volviendo al estudio de los polinomios de Appell discretos, continuamos mencio-
nando la versién discreta de los polinomios de Bernoulli, conocidos como polinomios
de Bernoulli de segunda especie, {bx(x)}72, (ver [11]). Estos polinomios fueron in-
troducidos independientemente tanto por Jordan [33] como por Rey Pastor [49] en
1929 (de hecho, en algunos sitios son conocidos como polinomios de Rey Pastor [§]).
Estan definidos, de nuevo, mediante el desarrollo de una funcién generatriz,

" ik
_ 1 t b ( 2.11
log(l—i-t) + Z Kl ( )

Cuando z = 0, los nimeros by (0) (o, a veces, by (0) - k!) se conocen como nimeros
de Bernoulli de segunda especie (ver [20, §24.16] o [58]), nimeros logaritmicos,
coeficientes de Gregory o nimeros de Cauchy de primera especie [41], 59]).

La versién de Dunkl de estos polinomios, estudiada por primera vez en [25],
son los llamados polinomios de Bernoulli-Dunkl de segunda especie, {by o (x)}7,.
Para pasar al caso de Dunkl es méas conveniente tratar de estudiar una
version «centraday» de , es decir, donde se utilicen diferencias centradas en
vez de diferencias finitas. Para ello, se busca generalizar los polinomios de Bernoulli
centrados de segunda especie, {b! ()}, cuya definicién por medio de una funcién
generatriz es

t
t+\/1+t2 bl
log(t + V1 +t2) ( Z

(ver [53]). Por tanto, como G () va a jugar el papel de log (t + v/1 + t2), la de-
finicién de los polinomios de Bernoulli-Dunkl de sequnda especie (ver [25, ecua-
ci6én (6.3)]) viene dada por

k

t t
b —_ r € R.
Gal(t) Z bal® wm

Los primeros polinomios de Bernoulli-Dunkl de segunda especie son

a—+1

bo,o(x) =1, bio(z) =2, bao(x) = %+

a+2’
by o(z) = 2° by (x):$4_2$2_(a+1)(3a+10)
fye’ b ,Q (04—1—2)(04—1—3) )
4 12)z3
bs o (z) = o — BOT12T
’ o+ 2

9(a + 3)x? N 3(5a +16)2%  (a + 1)(25a2 + 190« + 364)
a+2 a+2 (a+2)%(a+4) ’

b o(x) = 28 —
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12(a+4)z°  6(a+4)(6a + 19)23

bra(z) =27 —
ral®) =2 a+2 (a+2)2

En nuestro articulo [27] continuamos el estudio de los polinomios de Appell-
Dunkl discretos iniciado en [25]. Al igual que existe una contraparte discreta de los
polinomios de Bernoulli, también hay una versién discreta de los polinomios de Fu-
ler. Estos polinomios se conocen como polinomios de Boole (en vez de polinomios
de Euler de segunda especie). Nuestro propésito era generalizar estos polinomios
en un sentido de Dunkl y demostrar su propiedades; por descontado, a estos nue-
vos polinomios los hemos denominado polinomios de Boole-Dunkl. Entraremos en
detalles en el siguiente capitulo.

2.4. Transformada de Mellin

En el siglo XVIII, Euler hall6 los valores de las siguientes series:

0 1 (_1)k’—122k—17.[.2k
> % = @] Bop, k=1,2,..., (2.12)
m=1 :
00 k+1,.2k+1
(=nm (-)""'m
Zl TR ToTAY Eop, k=0,1,2,..., (2.13)
m=

donde By y Eo son los nimeros de Bernoulli y de Euler, respectivamente (estos
son valores particulares de los polinomios de Bernoulli y de Euler, concretamente
Bs, = Boi(0) v Eo, = Foi(1/2)). Cuando se toma k = 1 en se llega a la
famosa serie 3.°°_; 1/m? = 72/6 (evaluar esta serie es lo que se denomina problema
de Basilea).

Que en esa serie aparezcan los numeros de Bernoulli no es casualidad, puesto
que los polinomios de Bernoulli guardan una fuerte relacién con la funcién Hurwitz

1
((s,x) = ém, Re(s) >1yx#0,—-1,-2,..., (2.14)

y, por tanto, con la funcién zeta de Riemann (que resulta de tomar z = 1 en la
funcién de Hurwitz)
1
() =Y . Rels) > 1
n=1

en concreto, (2.12)) se trata, simplemente, de ((2k), con k =1,2,.... Un forma de
establecer la conexién entre estas funciones y los polinomios de Bernoulli es usar
la transformada de Mellin, un operador que transforma una funcién f(t) definida
en (0, 00) mediante la integral

M{f(8)}(s) = /0 T et

Con una ligera variacion de la transformada de Mellin, la funcién de Hurwitz ((s, x)
se puede obtener a partir de la funcién G(z, —t) = A(—t)e *t, donde G(z,t) es la
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funcién generatriz de los polinomios de Bernoulli, es decir, A(t) = t/(e! —1). En
concreto,

e—zt

_ 1 0 o s—1 _ 1 o0 S
C(s+1,x)r(8)/0 G(z,—t)t th(s)/o e—t—lt dt.

Notese el cambio de signo en G(z, —t) y el factor anadido 1/I'(s). Como veremos
a continuacién, la funcién ((s, x), como funcién de s, puede extenderse de manera
analitica al plano complejo.

Esta técnica se puede utilizar de forma bastante general. De hecho, es conocida
como teorema mdster de Ramanujan (ver, por ejemplo, [3]). Especialmente nos
resultaba interesante el método de [45] donde se dan condiciones para que este
método funcione cuando se aplica a series de Appell. Estas condiciones son que
(i): A(t) esté definida en (—o0,0], (ii): A(t) no sea constante en un entorno de 0 y
(iii): A(—t) es continua en [0,00) y con crecimiento exponencial en +oo.

Con estas condiciones, se tiene [45, Theorem 1]:

Teorema 2.1. Sea G(x,t) = A(t)e™ la funcién generatriz de ciertos polinomios
de Appell, {an(z)}22,, y supongamos que A(t) tiene un cero de orden k en t = 0.
Entonces,

F(s,z) = 1“(15) /0 Y G, —t dt (2.15)

converge en el semiplano complejo o = Re(s) > —k a una funcion holomorfa que
admite extension analitica a una funcion entera sobre la variable s que satisface

F(—n,z) =an(z), n=0,1,2,... (2.16)

Nos referiremos a también como transformada de Mellin (a pesar del
factor 1/I'(s)). La potencia del método radica en que, en el caso de los polinomios
de Bernoulli, a partir de se obtiene . Del mismo modo, si se aplicara
al caso de los polinomios de Euler, ahora, en vez de la funciéon de Hurwitz, aparece
una funcién similar a la de Hurwitz (a la que hemos llamado «de tipo Euler»)

x© _1\n—1
Colsr) =Y Enﬂx)

n=0

de la cual, cuando = = 0, se obtiene la funcién zeta «de tipo Euler»

oo 1\n—1
Cu(s) =) (;)s
n=1

(a la funcién (g(s) también se la conoce como funcién eta de Dirichlet, 7(s)).
Aplicando [45, Theorem 1] a la funcién generatriz de los polinomios de Euler,
G(z,t) = A(t)e™ = 2e™ /(e' + 1)e®t, lo que se tiene es

E T T(s) Jo T T(s)Jo et+1 ’

y de aqui, por (2.16)), se llega a (2.13]).



Capitulo 3

Objetivos

El objetivo de esta tesis ha sido profundizar en el conocimiento de las sucesiones
de Appell-Dunkl, como extensién al contexto de Dunkl de lo que ocurre en el caso
clasico (polinomios de Appell), y estudiar su comportamiento. Nuestro grupo de
investigacion es pionero en el estudio de los operadores de Dunkl en la recta real,
y en su relacién con los polinomios de Appell-Dunkl (ver, por ejemplo [I], 2] 10} 12,
13), 14, 15 [16), 17, 23, 25] [42] [43] [44]), y lo que aqui presentamos supone algunos
pasos mas en este camino.

En lo que sigue, vamos a explicar, someramente, qué es lo que hacemos en cada
uno de los articulos de esta tesis, que se presenta como compendio de articulos.

3.1. Primer articulo

El objetivo principal de nuestro primer articulo, [2§],

A. GIL Asenst, J. L. VARONA, Appell-Dunkl sequences and Hurwitz-Dunkl
zeta functions, J. Math. Anal. Appl. 520 (2023), no. 1, articulo no. 126870,

40 pp.

consistia en encontrar expresiones para funciones zeta en un contexto de Dunkl.
Para ello, nuestra idea era intentar proceder de forma similar a lo que ocurre en
el caso clasico. Conocemos la funciéon generatriz de los polinomios de Bernoulli-
Dunkl y de los polinomios de Euler-Dunkl, asi que cabia esperar que, siguiendo
[45] (o con muy ligeras modificaciones), llegaramos a los resultados buscados. Sin
embargo, nos encontramos con algunas dificultades. En primer lugar, en vez del
teorema en la version de Dunkl logramos demostrar el siguiente resultado (ver
[28, Theorem 4.1]):

Teorema 3.1. Sea {P,(x)}2>, una familia de polinomios de Appell-Dunkl con
funcion generatriz G(z,t) = A(t)Eqy(xt) y supongamos que A(t) tiene un cero de
orden k en t = 0. Supongamos ademds que, para x € (a,b), la integral

H(s,z) = r(ls) /000 G, —t) ¢V dt — r(ls) /OOO A(—t) B (—at)t* dt

19
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converge a una funcién holomorfa en el semiplano complejo Re(s) > —k. Entonces,
H(s, ) se puede extender analiticamente a una funcion entera en la variable s que
satisface

n!

Tn,a

H(—n,z) = Pn(z), n=0,1,2,...

Obsérvese que en la versiéon de Dunkl la convergencia de la integral ya no esta
garantizada con las mismas condiciones que en el teorema [2.1]y, por tanto, tuvimos
que incluirla como hipétesis. Esto se debe a que, en el caso clasico, el factor e era
de mucha ayuda para que la integral convergiese cuando t — oo, pero, en la versién
de Dunkl, como E, (zt) se comporta de manera similar a eltl (ver, por ejemplo, [51],
p. 128]), el término E,(—xt) lejos de ayudar, perjudica.

No obstante, el teorema se puede aplicar al caso de Bernoulli-Dunkl y se obtiene
que
1 © Eo(—xt)
(s) Jo Zas1(t)

converge para Re(s) > 0y # € (—1,1). En el caso de Euler-Dunkl se obtienen
expresiones analogas, y, a partir de este punto, en el articulo se hace un estudio
similar. Pero, en lo sigue, sdlo explicaremos el caso de Bernoulli-Dunkl.

H(s,z) = F(ls)/ﬂoo Glar, 1)t dt = sl (3.)

Con algunas modificaciones, podemos afirmar que H (s, x) juega el papel de una
funcién «de Hurwitz-Dunkl». En primer lugar, buscamos escribir lo anterior como
una serie, similar a ([2.14)). Para ello, observamos que

Alt) = 1t 1 1 _ 1 i(E‘”(_t)Yv

Tot1(t) a+1Ey(t)1— EEL(_S) a+1E,(t) E,(t)

por lo cual denominamos funcion zeta de Hurwitz-Dunkl (para z € (—1,1) y
Re(s) > 1) a

1 [ Ey(—xt)
F(S) 0 Ioz+1(t)

1 1 & [ Ey(—xt) (Ea(—t))”
= t° dt.
I'(s)a+1 ngo/() Eq(t) Eo(t)
Cuando n = 0, diremos que

1 o BEo(—axt) 4
do(s,z) = F(s)/o Eo) = tat

Cals,x) = 571 dt

es el sumando bdsico de Hurwitz-Dunkl. Para obtener algo todavia mas parecido a
una expresioén en serie, lo que hicimos fue observar que, paran = 0,1,2,3,..., se
cumple (ver |28, Lemma 3.1])

7y (Ea(t)(z) = Ea(tz) Ea(ty)",

7, " (Ea(t)) (2) = Ea(tz)/Ea(ty)",
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donde 7, es la traslacién de Dunkl (2.1) y 7, ! su inversa (2.2). De esta forma,
podemos expresar (4 (s, z) mediante la traslaciéon de Dunkl simétrica

o1 =T 7'__11

que, con otros objetivos, ya habia sido definida en [I3] (ndtese que, puesto que las
traslaciones de Dunkl y sus inversas conmutan, podemos usar o} = 7{'7_{' sin tener
en cuenta el orden de los operadores). El resultado fue el siguiente teorema (ver
[28, Theorem 4.5]):

Teorema 3.2. Para Re(s) > 1, la funcion zeta de Hurwitz-Dunkl puede escribirse
como

_ L - n o0 E(X(_xt) s— _ = n
Ca(s,m)—r(s)gal/o B t 1dt_nz:%(flda(s,x).

Cuando tomamos o« = —1/2 tenemos que
1 o0 1
d_1/5(s,7) = —/ L A/ e ——
1/2( ) F(S) 0 ($+1)s

Ademas, tanto 7'(f)(x) = f(x +n) como 7_{'(f)(xz) = f(x + n) y, por tanto,

s 1
C-1/2(s,) ng-

Finalmente, con el cambio x — 2x — 1 (que, recordemos, transforma el intervalo
(0,1) en el (—1,1)) se tiene que

-2 — (2z+1—142n)5 25~ (x+n)s 25777
n=0 n=0

Tras obtener algunos resultados sobre la funcién zeta de Hurwitz-Dunkl, nues-
tro préximo objetivo era obtener una «funcién zeta de Riemann-Dunkl». Aqui apa-
recieron algunas complicaciones mas. La primera dificultad inmediata es que no
podemos simplemente sustituir x = 1 en , pues la expresién integral sélo es
valida en x € (—1,1). Para sortear esta dificultad, tuvimos que utilizar resultados
de integracién compleja para demostrar la férmula

Ca(l — 8,2) = r(;,) (™2 F(2,5) + ™2 F(~a,5)), (3.2)

donde - _
Fo,s) = Z Eq(zisy,) 1

= Lalism) s5,
y {sm}o°_; son los ceros positivos de la funcion de Bessel Jo41 (ver [28, Theo-
rem 5.4]). Conviene aqui mencionar que la aparicién de los ceros de la funcién
Ja+1 10 es algo sorprendente, puesto que, en el caso cldsico a = —1/2, esa funcién
de Bessel es Jy5(7) = 21/2(7x)~1/2 sen(x), cuyos ceros positivos son s,, = mm,
m = 1,2,3,.... De hecho, la serie clasica , que Euler sumé cuando s = 2k
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usando los polinomios de Bernoulli By, se extiende al contexto de Dunkl cam-
biando los sumandos 1/m?* (lo cual equivale a tener 1/(7m)?* pues la constante
multiplicativa 72 no causa problemas) por 1/s2¥; y estas sumas se evalian usando
los polinomios de Bernoulli-Dunkl By, tal como se puede ver en [12].

A la expresién la hemos llamado férmula de Hurwitz-Dunkl, porque es
andloga a la formula de Hurwitz (ver [5, §12.7, Theorem 12.6] o [6, 25.13.3]),

I'(s)
(2m)®

y a F(z,s) la hemos llamado funcion zeta de Lerch-Dunkl, porque es andloga a la
funcion zeta de Lerch clasica

C1—s,z)= (e’“i/QF(x, s) 4 ™2 P (—z, s)) ,

F(x,s) = Z ens , Re(s)>1
n=1
(cabe mencionar que F'(z, s) es periddica, pero F(z, s) no). El verdadero interés de
la férmula es que F(x,s) converge para todo x € Ry Re(s) > 1; asi pues, la
parte derecha de también, y aqui podemos considerar como la extension
analitica de (4 (s, ) y, por tanto, sustituir x = 1 en esa expresién. De esta forma

obtuvimos (ver [28, Theorem 5.5]), para Re(s) > 1,

Ca(l —5) =T(s)cos <7T28> miozl S;,

o equivalentemente —con el cambio 1 — s — sy, por tanto, para Re(s) < 0—,

oo
T8 1
Gals) = T = s)sen (5] 3
m=1 Sm
Estéas féormulas pueden extenderse a todo C facilmente. Tanto la funciéon I' como
cos y sen estdn definidas en todo C, y la funcién Z,(s) = Ype_; - —que se conoce

como funcion zeta de Bessel— también admite una extensién analitica (ver [31]).
Cabe destacar que, evidentemente, estas formulas generalizan las clasicas

C(1—s)=2(2m) °T'(s) cos (?)C(s), seC,

¢(s) =2(27)*7'I'(1 — s) sen (W;)C(l —s), s e C.

Concluimos nuestro articulo [28] con un estudio sobre las propiedades de (,(s).

3.2. Segundo articulo

En nuestro segundo articulo, [29],

A. GIL AsENsI, J. L. VARONA, A general method to find special fun-
ctions that interpolate Appeal polynomials, with examples, J. Math.
Anal. Appl. 531 (2024), no. 2, articulo no. 127825, 18 pp.
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Co
> +00
Cl C3 -
0e > o o o > >
tip—e t1 t2 otk ot
Figura 3.1: Ejemplo de cémo el camino C' «esquivay las singularidades t1, to, ..., tg

de A(—t) del teorema (el radio de convergencia A(t) debe satisfacer R > t;—¢).

nos propusimos buscar un método mas general para obtener funciones especiales
que el de [45]. Como hemos ya hemos mencionado, al intentar obtener resultados
mas generales en el caso de polinomios de Appell-Dunkl nos encontramos con pro-
blemas de convergencia de la integral del método debido al mal comportamiento
de E,(—xt) en t — oo (salvo en el caso a = —1/2, claro). Esto significa que la
convergencia pasa de ser tesis del teorema a hipétesis. Para acercarnos a una solu-
cién a esta problematica, comenzamos por investigar distintas maneras de obtener
condiciones més generales que las del teorema [2.1]

Esto nos lleva a nuestro principal teorema en ese articulo (ver [29, Theo-
rem 2.1]), que es el siguiente:

Teorema 3.3. Sea A(—t) una funcion meromorfa, continua en [0,400) excepto

por ciertas singularidades aisladas t = t1,ta,...,t; (ordenadas de la forma t1 <
ta < ... < tx). Mds aun, supongamos que A(—t) es analitica en el rectingulo
perforado

T={teC:ti —n<Re(t) <ty +n, —n<Im(t) <np\{ti,...,t}

para cierto n > 0 y tal que A(—t) tenga crecimiento polinomial en t — —oo.
Considérese la familia de polinomios de Appell {P,(x)}22, definida mediante

n

o0
t
Glat) = AW = Y Pala) ', < R
n=0
con cierto radio de convergencia R que cumple R > t; —n. Entonces la integral

H(s,z) = r(ls) /C G, )tV dt = r(ls) /C A(—t)ets1 gy

(donde el camino C va desde t = 0 hasta t = oo evitando las singularidades t; como
se muestra en la figura con 0 < € < n) converge en el semiplano complejo
Re(s) > 0 a una funcién holomorfa sobre la variable s que puede ser extendida
analiticamente a una funcion entera que satisface

H(—n,z) = Py(z), n=0,1,2,...

En resumidas cuentas, hemos debilitado las condiciones de [45, Theorem 1] en
el sentido de que la funcién A(—t) ya no tiene por qué ser continua en [0, 00), sino
que puede presentar un ntmero finito arbitrario de singularidades aisladas en ese
intervalo. Comunmente, dichas singularidades se trataran de polos. Por otro lado,
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cabe mencionar que en la prueba del teorema no tiene ninguna importancia es-
quivar los polos utilizando el rectangulo de la figura y puede utilizarse cualquier
camino (por ejemplo una semicircunferencia) que salte del primer polo al ultimo.
Este nuevo método mas general lo acompanamos de diferentes ejemplos. Es
interesante comenzar con A(t) = 1/(1 — ¢)" que corresponde con los polinomios

{Py(f*)(:c)};’f:o definidos por

1 > tn
i t)re” =Y Pyﬂ(x)m, It < 1.
n=0 '

Claramente, A(—t) no tiene polos en [0, 00); sin embargo, tiene mucha relacién con
el caso analogo A(t) = 1/(1—1t)" (del que hablaremos un poco mas adelante), donde
si que apareceran polos.

El caso 7 = 1 es interesante en si mismo ya que, si |t| < 1, tenemos

= (%)) - SaE e

n=0 k=0

y, por tanto, llegamos a que

1— x x™
P () = n! (1+x—|—§+---+ﬁ) = nley(z).
Los polinomios e, (x) se llaman polinomios exponenciales truncados (sobre polino-
mios trucados, ver, por ejemplo, [18| [35] 36]).
Para un r general, tenemos que calcular

1 o0
HO) (5, 2) = —— / e (1 4+ 1) dt, Re(s) > 0, Re(z) > 0,
I'(s) Jo
Lo anterior puede expresarse mediante la funcién de Tricomi ¥(a,c;z) (también
denotada como U (a,c,x), ver [24, §6.5, ecuacién (2)] o [40, p. 242 en §5.5.2]) de
la siguiente forma:

1

Y(a,c;x) = T(a)

oo
/ e 1+ ) 11 dt,  Re(a) > 0, Re(x) > 0.
0
Es decir, H" ) (s,2) = U(s,s —r + 1;2) y H" ) (—n,z) = PT(LT_)(x). Cuando
s = —n, en efecto, por |24, §6.9.2, ecuacién (36)] tenemos
U(—n,—n —7r+1;2) = (=1)"n! L&) (2),

donde

- +a\ (—z)k
() _ n
w (@) kz:%<n—k> Rl
denota los polinomios de Laguerre (generalizados) de grado n y orden « (aqui,

(ZJ_“%) es el coeficiente binomial generalizado). En consecuencia,

P (2) = (—1)"nl LT ().
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Figura 3.2: Un ejemplo de cémo el camino C «evita» una unica singularidad
de A(—t).

Utilizando propiedades de la funcién de Tricomi se puede probar que en el caso
r =1 se tiene
HUY) (s,2) = e*T'(1 — s, 2),

y, por tanto,
HY ) (—n,z) = *T'(n+ 1,2) = nlen(a);

aqui, I'(s, z) denota la funcién gamma incompleta

['(s,x) :/ e tt5 L at.
x

Notese que hemos recuperado una bonita propiedad de la funcién gamma incom-
pleta (ver, por ejemplo, [48] 8.4.8]), esto es:

I'(n,z) =(n—1)e ®ep_1(z), mneN.

A continuacion, se aborda el caso andlogo para los polinomios {PT(,,H) ()52
definidos por

1
(T+t)r

t_ N plr)
et = ZOP”’“— (x)a, lt| < 1.
=

Es evidente que, en este caso, A(—t) = 1/(1—t)" tiene un polo de orden r en ¢ty = 1.
Para hallar la funcién especial que interpola a los P7(lr+)(x), calculamos (utilizando

el teorema
1
HY)(s,2) = —/ e 1 — )5 dt,
(5.) = iy e =)
donde el camino C' va de 0 hasta oo saltando el polo en ¢ty = 1 (como se muestra
en la figura |3.2)).
Para hallar H (H')(s, x), partimos de su expresién andloga

1 o0
HU ) (s,2) = U(s,s —r+1;2) = / e 1+ t) " dt,

L(s) Jo

definida para Re(s) > 0 y Re(z) > 0. Utilizando diferentes argumentos analiticos
que se explican con detalle en [29] y un cambio de variable, se puede probar que lo
anterior es también es igual a

1 —00
H ) (s, 2) = F(S)/O e 1+ ¢) T L dt, (3.3)
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donde el camino evita el polo en ty = —1, como en la figura pero en el eje real
negativo. Finalmente, aplicando el cambio de variable z = —t = €™t en ([3.3), se
llega a que

1S

e
e (1 —2) "2 M dz,
I'(s) /C ( )

donde C' ahora es el camino de la figura (con zg = 1). Por ende,

H ) (s,2¢™) = U(s,s —r + 1;2e'™) =

1 . A
H(T+)(S,ZE) = @ /Ce—zz(l _ Z)—rzs—l dz = e_ms\ll(s, s —1r+ Lxem)

es la funcién que buscdbamos que satisface H") (—n, z) = Pr(ﬁ)(:n).

Con esta idea en mente, se pueden encontrar otras funciones especiales en casos
més complicados. En nuestro articulo [29] estudiamos algunos ejemplos en los que,
por ejemplo, la funcion especial es una funcion G de Meijer, un tipo de funcién
especial muy general que estd definida como

Gmn<a1"‘ ) Qp ) / — )12 T —a; +1) St dt
271"1/ H] m+1 b +t) HJ =n+1 F( 7t)

bi,..., by
(los detalles de la notacién y la descripcién del camino de integracién L, se pueden
ver en [7,[9]).
Concluimos este articulo con el caso de Dunkl como problema abierto. Resulta
interesante pensar en qué se podria hacer para obtener la funcién especial que
interpole los polinomios definidos con esta funcién generatriz:

o0 tn

1
1o =2 B

(r£)

Estos son la versién de Dunkl de los polinomios { Py, 2o antes comentados, y fue-

a

ron introducidos muy recientemente [42]. Como se espera, Pn.o )(ac) = Vn,a€n,a(T)
y P,g}:[) () = (=1)"vn,aen,a(—x), donde, ahora,

T a2 z"

en7a(x):]-+7+7++
T, V2,0 Tn,o

es el n-ésimo polinomio exponencial de Dunkl truncado. Si intentamos utilizar nues-
tro teorema en este caso con a # —1/2, tenemos que

/OO Ea(_xt) ts—l dt
0 1+t

no converge para ningin x, porque el comportamiento asintético de E, (—xt) cuan-
do t — oo es, esencialmente, como el de el*!l. ;Hay alguna forma de solventar este
problema?
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3.3. Tercer articulo

Finalmente, en nuestro tercer articulo de esta tesis por compendio de publica-
ciones, [27],

A. GIL AsgEnsi, E. LABARGA, J. MiNGUEZ CENICEROS, J. L. VARONA,

Boole-Dunkl polynomials and generalizations, Rev. R. Acad. Cienc. FExactas
Fis. Nat. Ser. A Mat. RACSAM 118 (2024), no. 1, articulo no. 16, 18 pp.

volvemos al estudio de polinomios de Appell-Dunkl; en este caso, discretos. En
concreto, buscamos definir y encontrar buenas propiedades de la versién «Euler»
de los polinomios de Bernoulli-Dunkl de segunda especie. En el caso clasico, estos
polinomios podrian haberse llamado polinomios de Euler de seqgunda especie, como
puede verse en el titulo de [I1], pero son més conocidos como polinomios de Boole
[34, §113, p. 317] (o polinomios de Changhee [37]), {ex(z)}72,, v estan definidos
mediante

i(l—i-t)gﬁ—io:e (ar:)ﬁ
2+ TR

De hecho, se pueden definir de forma mas general, es decir mediante

r oo (r)
2 e’ (x)
1 T _ k k.
<2+t> (A+ty =2 =t

en este caso, los {e}(x)}32, se conocen como polinomios de Boole generalizados.
Estos polinomios satisfacen la relacién

Ae,(:) (x) = k:egjl(m),
donde Af(x) = f(z+ 1) — f(x) es el operador en diferencias. Ademas,
Mef) (z) = e (),

donde Mf(z) = 3(f(z + 1) + f(z)) es el operador media. Esto se deduce de

comprobar que
M, ((21) (1 —|—t)9”> - (;H)H (14 1) (3.4)

(en este caso, escribimos M, en vez de M para dejar claro que el operador actia
sobre la variable x, al igual que hemos hecho con otros operadores).

A la hora de pasar al contexto de Dunkl, es conveniente sustituir el operador
en diferencias A por el operador en diferencias central, A., dado por

fla+1) = flz-1)

ACf(x) = 9 ’

y el operador media M por su versiéon centrada

Mef(a) = S0+ 1)+ fw = 1)



28 Capitulo 3: Objetivos

a la que llamaremos operador media centrado. A continuacién, por analogia con

(3.4]),buscamos una funcién A(t) tal que
Me (A@)"(t+V1+2)") = A®)" (¢t + V1+2)".

Esto es,
M ((t + m)x) = % ((t + m)x+1 +(t+ m)lul)

1 v 1
= (t+ V14t <t+\/1—|—t2+>
5 ) irvige) 6D
2 1 /1 2
RS S (t+V1+1t2)".
t+ V1422

A esta variacion de los polinomios de Boole la llamamos polinomios centrados de

Boole generalizados de orden r, {e,ifi(x)}z‘;o, y vendran dados por

( t+ 1+ t2

2+ 1+tV1+12

Por supuesto, estos polinomios satisfacen

' v (), tE
) (t+V1+1t2) :];)e,g,’z(:c)k!.

Ace,(:z(x) = ke,ir_)lp(:c), (3.6)
Y (r) (r=1)
Mc(ekfc)(:c) = ekfc (x). (3.7)

Una vez descrito el caso clasico centrado, ya estamos en condiciones de buscar
una extensién de Dunkl de los polinomios (centrados) de Boole. Para ello, reem-
plazaremos el operador en diferencias central A, por su versién de Dunkl

Aaf(z) = (@ + 1) (1 — 7-1) f(2),

y el operador media central M. por

M, f(x) = %(71 +7-1)f(2).

Teniendo en cuenta escogeremos la funcién 1/Z,(G;1(t)) como aquella que
juegue el papel de la version de Dunkl de (t++/1 + ¢2) /(2 +1+tv/1 + #2). Con esto,
definiremos los polinomios de Boole-Dunkl generalizados de orden r, {e,:()l(:v)}zio,
mediante la funciéon generatriz 7

Ea(xG_l(t)) . > 6(1") . i
To(Ga (1)) _kz:% b )vk,a'

Puesto que la funcién Z, (G, (t))" es par, se deduce ficilmente que eg,;) o(x) es un

polinomio par para k > 0y que eg,;) +1.o(7) es un polinomio impar para k > 0 (y,

por tanto, se anula en x = 0).
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Los primeros polinomios de Boole-Dunkl generalizados de orden r son

@) =1,  el@) =z, @) =2,
oy .3 ltat+r2+a)

63,04(1:) =z 1+ a z,

61(&(33) _ A 224+ 2a+7(2 +a))x2 N (5 + 4o +r(2+o¢))7
g 14+« 14+«

2B+ a)B3+3a+r(2+a)) 4
1+ a)(24 )

6 r(3+ a)(7T+6a+7r(2+ a))
+ (5t gpat (1+a) )=

El articulo prosigue con el estudio de algunas propiedades de estos polinomios.
Por ejemplo, las propiedades clasicas (3.6]) y (3.7]) en el caso de Dunkl se convierten
en (ver [27, Theorem 3.1])

Aaeifl(w) = 9k,a6521’a(3:), k>1,

Moel) (2) = eV ().

Por otro lado, también nos resultaba muy interesante generalizar |11}, (3.18)],
donde se expresan los polinomios de Boole generalizados en funcién de los polino-
mios generalizados de Euler y de Bernoulli:

ey (x) = i (’“) B @) B ).

J=0

Cuando se trata de los polinomios de Boole-Dunkl generalizados, obtenemos, para
a>—1yr>0un entero (ver [27, Theorem 3.4]),

k
T I (K T k
cral@) = ¢ ( l) e (@)B1Y, . 0),
y, también,

Aucl) @) ( ) e (@)BY,_, (0)
:0

donde Q’(r)( ) son los polinomios de Euler-Dunkl generalizados de orden r (2.6) y

SB(k)( ) los polinomios de Bernoulli-Dunkl generalizados de orden & .

Otra interesante propiedad de los polinomios de Boole generalizados es que
cualquier polinomio P, (x) de grado n puede expresarse como combinacién lineal
de polinomios de Boole mediante la férmula

Pn(x) =cCpo+ Cn,lel(x) + Cn,262(w) + -+ Cn,nen(x)a
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donde .
MAYP,(0
Cnk = 7”(), k=0,1,...,n.
’ k!
Como cabria esperar, en el caso de Dunkl también podemos escribir un polinomio
P,(x) de grado n como combinacién de polinomios de Boole-Dunkl generalizados
con una expresién del mismo tipo (ver [27, Theorem 4.1]):

Pn(x) = Cn,0 + Cn,lel,a(x) + Cn,2€2,a(l‘) +--+ Cn,nen,a(lf')a

donde N
MyAE P, (0
cmk:M, k=0,1,...,n.
Vi,

Por dltimo, destacamos las formulas de conexién, que relacionan los polinomios
de Boole generalizados y los polinomios de Euler generalizados a través de los
nimeros de Stirling, de primera y segunda especie. Dentro de la teoria de Dunkl (y
tal como se ve en [44, Remark 3.6]), en su lugar aparecen los niimeros de Stirling-
Dunkl de primera y segunda especie y los polinomios de Euler-Dunkl, resultando
las hermosas formulas

k
el (@)= s (kn)ell(@), €Ul (x) = Salk,n)ell(@).
n=0 n=0

S
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1. Introduction

An Appell sequence {P,(z)}22, is a sequence of polynomials defined by a Taylor generating expansion

where A(t) is a function analytic at t = 0 with A(0) # 0. Since the exponential function e” is invariant
under the differential operator d/dz, it is easy to show that P, (z) is a polynomial of degree n and P),(x) =
nP,_1(x). Typical examples of Appell sequences are the Bernoulli polynomials {B, ()}, the Euler
polynomials {E, (2)}52,, or the probabilistic Hermite polynomials {He,, (2)}>2 , that are defined by taking

A(t) = etfjtl, eszl or e=t*/2 respectively (a slight variation is the physicists’ Hermite polynomials { H,, (x)}22,
_ 42 o n
defined by e~ " e2* =3 H,(z)5;).
The Appell sequences of polynomials have been extended in many ways. One of them consists of changing
the derivative operator by operators in the context of Dunkl. In [16] and [13], the derivative operator was

replaced by

Ao f(z) = %f(x) " 200+ 1 (f(gj) _ f(—z)) |

2 T

where a > —1 is a fixed parameter (see [17,29]); observe that the case o = —1/2 recovers the classical case
Ay = %. In that setting, an Appell-Dunkl sequence {P,,}22, is a sequence of polynomials that satisfies

RaPul@) = (n+ (@ +1/2)(1 = (~1)") Pas ()

(instead of A, P, = nP,_1, the previous definition with a different multiplicative constant in the place of
n is used for convenience with the notation). The Appell-Dunkl sequences can be written as a generating
expansion similar to (1.1), namely

tn
Yro

A(t)Ea(wt) =Y Pulx)
n=0

for a certain function E, and certain constants v, (with E_; /5 = exp and 7, _1/2 = n!); we will see the
details in Section 2. The first Appell-Dunkl sequence of polynomials studied in the mathematical literature
were the so called generalized Hermite polynomials; see [29]. In recent years, also the Bernoulli and the Euler
polynomials (among other Appell families) have been extended to the Dunkl context; see, for instance, [13,
14,18]. These polynomials have proved to be very useful to extend some classical properties to a more general
context. For instance, the Bernoulli polynomials can be used to find the values of the series > o-_, 1/m?* and
the Bernoulli-Dunkl polynomials can be used to compute the Rayleigh series Y>> 1/s2F where {s,,}%_,
are the positive zeros of a Bessel function (note that, essentially, the sine function is a particular case of a
Bessel function, and the positive zeros of the sine are s,, = 7m, m > 1, so in this case the corresponding
Rayleigh series reduces to Y _, 1/m?).

In the classical case, there is a large class of Appell sequences {P,(x)}52, for which there is a function
H(s,z), entire in s for fixed  with Rexz > 0, and satisfying H(—n,z) = P,(z) for n = 0,1,2,... For
example, in the case of Bernoulli polynomials, H is essentially the Hurwitz zeta function ((s,x) that for
Re(s) > 1 is defined as ((s,z) = >,
satisfies —n((1 — n,z) = B,(x). Another well-known example is the Apostol-Bernoulli polynomials, whose

(m + z)~*%, and whose analytic extension to the s-complex plane

corresponding function H is, essentially, the Lerch transcendent function (see [3]). More examples can be
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found in [8,9,22]. The papers [24,25] show how this can be done, in a very general way, with the help of the
Mellin transform fooo f(t)t*~1dt, and provide many additional examples.

The aim of this paper is to show how to do it in the context of Appell-Dunkl sequences. Here, there are
two important difficulties. The first one is the size of F,,(t) when ¢t — £o0. Although E,, (¢) is a generalization
of e* to the Dunkl context, it is not true that E,(t) ~ e’ when t — o0, but, roughly speaking, F,(t) ~ elt!
(except for « = —1/2). In the above mentioned Mellin transform, a factor e~* in f(¢) greatly contributes
to the convergence of the integral; however, this does not happen with E,(—t). In the second place, the
classical translation f(z) — f(x +m) becomes a complicate operator in the Dunkl context, and this affects
the summands of type (x +m)~* of the classical Hurwitz zeta function, which are not so simple in the new
context.

The organization of this paper is as follows. In Section 2 we give the details of the Dunkl context, and the
precise definitions of the Appell-Dunkl sequences. Section 3 gives the details of the Dunkl translation. In
Section 4 we give a general procedure, based on the Mellin transform, to extend an Appell-Dunkl sequence
{Pn(x)}22, to an analytic function H (s, z) such that H(—n,x) = P,(z) (actually, it is a bit different); due to
the above mentioned difficulties, this is not as general as in the classical case studied in [24], is not valid in the
whole range of z, and requires some additional hypotheses. This section also studies several particular cases of
Appell-Dunkl polynomials (Bernoulli-Dunkl, Euler-Dunkl, generalized Bernoulli-Dunkl, generalized Euler-
Dunkl, and generalized Hermite), giving their corresponding Hurwitz-Dunkl zeta functions. In Section 5 we
study some additional properties of these Hurwitz-Dunkl zeta functions. In particular, we show how these
functions are connected with series of type >, 1/j5, , (where {jim o}55—; are the positive zeros of the
Bessel function of order «), by means of some formulas that resembles Riemann’s functional equation for
the classical {(s) function: if we use (, to denote the function associated to de Bernoulli-Dunkl polynomials,
we have

TS 1

Ca(l —5) =T(s)cos (—) Z

S 5
2 m=1 -]7n,a+1

Re(s) > 1

(see the details in that section). In Section 6 we study the connection of our results with the analytic
continuation to the s-complex plane of Z,(s) = Y. ~_; 1/j5, », which was studied by Hawkins [21]. Finally,
Section 7 includes some of the technical proofs of the results presented in Section 5.

2. Appell-Dunkl sequences

For a > —1, let J, denote the Bessel function of order « and, for complex values of the variable z, let

Jo(i2) > (2/2)*

Talz) = 2T(a+ 1) 30 =T(a+ 1) Y o s

== 0F1(Oé+ 1,22/4)

n=0

(the function Z, is a small variation of the so-called modified Bessel function of the first kind and order «,
usually denoted by I,; see [35] or [28]). Also, again for z € C, take

z

Tot1(2) =€*1Fi(a+1/2,2a + 2,—22). (2.1)

Following [17] for & > —1/2 and [29] for a > —1, in the real line and with the reflection group Z,, the
Dunkl operator A, is defined as

Aafla) = Loy + 201 (f (@) =1 H)) , (2.2)

dx 2 T
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where f is a suitable function on R. If we want to specify that the variable involved in the Dunkl operator
is , we will use A 5. For any A € C, we have

AoEo(Ax) = Ay wEo(Ax) = AEy(A2). (2.3)

Let us note that, when aw = —1/2, we have A_y /5 = d/dz and E_; 5(A\x) = e".
From the definition, it is easy to check that

N2 =z
Eo(z) = T;O o Zo(z) = 7;) Nome
with
- {22’%! (a+ 1), if n = 2k, 2.0
’ 22Kk (v + 1) gy, ifn=2k+1,
and where (a),, denotes the Pochhammer symbol
I'la+n
(@) =ala+1)(a+2)--(a+n—1) = (F(Z) )
(with a a non-negative integer); of course, v, _1/2 = n!. From (2.4), we have
7:7_1—:"& =n+(a+1/2)(1 = (=1)") = .. (2.5)
We also define
=
1o  ViaTn—ja
which becomes the ordinary binomial coefficient in the case « = —1/2. To simplify the notation we sometimes

write v, = Yn,o and 0, = 0, . For each function A(t) analytic in a neighborhood of ¢ = 0 and with A(0) # 0,
we define an Appell-Dunkl sequence {P, (x)}52, by means of the generating function

o0

A(t)Eq (2t) = Z Py ()

n=0

tn

- (2.6)

(additionally to the papers [2,29] cited in the introduction, Appell-Dunkl sequences have been also con-
sidered, for instance, in [10,11,16]). From this definition, it is not difficult to prove that P, .(z) is a
polynomial of degree n and, moreover, Ao P, (z) = -1~ P,,_1(z) (when a = —1/2, this becomes the classical

’Y’Vl
P! (z) =nP,_1(z) in the Appell sequences).

Besides the generalized Hermite polynomials that, in the Dunkl context, were studied in [29], we will use
the so called Bernoulli-Dunkl polynomials, Euler-Dunkl polynomials, and their corresponding generalization
with an extra parameter.

2.1. Bernoulli-Dunkl polynomials

Following [13], we define the Bernoulli-Dunkl polynomials {8, o }52, by means of the generating function

o0

E,(xt)
IOc+1 (t)

=5 Bral@) n (2.7)
n—0 Tn,«
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Table 1

Scheme that describes the process to transform the definition of the classical Bernoulli and
Euler polynomials into the definition of the Bernoulli-Dunkl and Euler-Dunkl polynomials
(and their generalizations of order r). In the classical case, we use the “basic” interval [0, 1],
the function exp and the factorial n!; in the Dunkl case with @ > —1, we must use the
“basic” interval [—1, 1], the function E, and vy, q-

Bernoulli +— Bernoulli-Dunkl Euler — Euler-Dunkl
Classical te™ § B (I)ﬁ 2™ — § E (I)ﬁ
=1 — n\T) 01 elF1 T n\T) 5T
n=0 n=0
1 ot/2 )2 > 1y ¢n 207t/2 ot/2 > 14 47
T m;r ter5— = X Ba("5H) 5 e = > E”(m; )5
n=0 n=0
s ot 2tee! _ g B, (zly2t” 2076t _ o B, (xly2nen
— 21 — Z n( Pl il el Z "( 2 ) nl
n=0 n=
rewrite 2te™t f B (ZL) 25" 2e7t § B (=flyze
el—e T — n{™2 ! eitet — n{ 72 !
n=0 n=0
2Ba(xt)  _ S g atly2ne” 2Bl(zt)  _ S3 peowdly2nt
exp = Eq B-r.n = = Ba(55) T mmrm. e = 2 Ba(55) 5
n=0 n=0
. 2(a+1)Eq(zt) _ < ppw g zdly2men Eo(zt) _ %zl 2ntn
rewrite =zLn = L BT FEo T X BN,
n=o0 , n=0
B (zt) _ 2 " Eu(zt) _ 2 "
Dunkl B8 = S ) 0 = £ enal)it
n=0 n=0
; Bu(zt)  _ 32 g3(n) ¢ Bu(zt) _ 32 g(r) o
Generalized T ()" — ZO%n,a(x)m Z. ()" — Zo enya(x) Y
n= n=

To simplify the notation we sometimes write B,, = B, o (and v, = Yn,a)-
The first few Bernoulli-Dunkl polynomials are

Bo(z) =1, B (z) =z,

Bo(z) = 22 — Z—i;, Bi(z) = 2° -z,
(a+4)(a+1)
(a+3)(a+2)’

a+3 3+a+4

B =zt — 227 —
s(z)=2 x4+ P R

Bs(r) =2° — 2

Some of the properties of these polynomials can be seen in [13].

Before we continue, let us explain why we use “Bernoulli-Dunkl” to name these polynomials. The first
reason is that

B, 17222 — 1)

- = B, (), (2.8)

where {B,,}22, are the Bernoulli polynomials (for the definition and properties of the Bernoulli polynomials
see, for instance, [15] or [20]). Indeed, taking into account that
E_ipp(x) =€*, ILip(x) = —Sm‘(m),
ix

the relation (2.8) can be deduced substituting = for 2x — 1, ¢ for ¢t/2 and « for —1/2 in the definition (2.7).
Here, we must note that the change x — 22 — 1 in (2.8) is very natural, because in the reflection group
Zo, which is key in the standard definition of the Dunkl operator (2.2), the symmetry plays an important
role, and thus the role of z = 0 and = = 1 on the classical Bernoulli polynomials must be translated to
the points —1 and 1. In fact, this is the process that is explained in Table 1 (extracted from [14]) to define
Bernoulli-Dunkl polynomials as an extension to the Dunkl case of the classical Bernoulli polynomials. As is
shown in the table, this process can be used for other classical polynomials.

Another reason to use the name Bernoulli-Dunkl polynomials for 8,, is the role that they play in certain
sums involving the zeros of the Bessel functions (see [13]), which is a generalization of what happens in the
case a = —1/2 with the Bernoulli polynomials. This will appear again later in this paper; see Corollary 5.6.



38 Capitulo 4: Copia completa de los articulos

6 A. Gil Asensi, J.L. Varona / J. Math. Anal. Appl. 520 (2023) 126870

2.2. Generalized Bernoulli-Dunkl polynomials

In the classical case, the generalized Bernoulli polynomials of order r are {B,(LT )(ac)}zozo, defined by

t " zt = (r) "
(et_1> e” =Y B (2)

n=0

They were introduced by Ngrlund in 1922 (see [26,27]).
When o > —1 we can also define the generalized Bernoulli-Dunkl polynomials {%5{@ o o (or B of
order r by means of the generating function

Eo(zt) 870 ()
= : t". 2.9
Ioc+1( )T 7;) Tn,o ( )

In this case, the generalized Bernoulli polynomials and the generalized Bernoulli-Dunkl polynomials are
related by

%(7‘)

" 71/2(2x —r)= 2”B,({') (x).

In the recent paper [19] we can see how the polynomials %SL can be used in the context of Appell-Dunkl

2

discrete sequences, in the same way that By, ' appear in the context of Appell discrete sequences and falling

factorial polynomials.
2.8. FEuler-Dunkl polynomials

We define the Euler-Dunkl polynomials {&,, }72, of order o« > —1 by means of the generating function

E,(xt) = Chal(z)
= 2 t".
Zo(t) nzz;) Tn,a

As usual, we will sometimes denote it only by €&,,, without specifying a. The first few Euler-Dunkl polyno-
mials are

Eo(z) =1, ¢ (x) =z,
E(z) =a? -1, Qfg(x):xSfZiix,
S ML It
These polynomials are related to the classical Euler polynomials {E,}52 , by
En1p2 1) En(z) (2.10)

2n

(for the definition and properties of the Euler polynomials see, for instance, [15]). This process has been
sketched in Table 1.
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2.4. Generalized Euler-Dunkl polynomials

When o > —1 we can also define the generalized Euler-Dunkl polynomials {€{4}2° (or €\)) of order

r by means of the generating function

t.
Tn,o

Eq(wt) _ i @) .,

n=0

In the classical case, the generalized Euler polynomials of order r are {Er(f) ()}, defined by

2 ' et = i E) (x)ﬁ
et +1 —= " n!’
The generalized Euler polynomials and the generalized Euler-Dunkl polynomials are related by

G(T)

g (2w =) = 2"E) (2).

3. The Dunkl translation: definition and some properties

The Dunkl translation operator of a function f is defined by

nf@) =A@ e, (3.1)
n=0 n,o

where AY is the identity operator and A1 = A,(A"). As in the case of A, = A,, we sometimes use
Ty« if we want to indicate that the translation 7, is acting on a function whose variable is x. In the case
a = —1/2, the translation 7, f is just the Taylor expansion of a function f around a fixed point z, that is,

fletn) =Y f@ Y

n=0

Of course, definition (3.1) is valid only for C*° functions, and assuming also that the series on the right is
convergent. In particular, this can be guaranteed when f is a polynomial, because the operator A, applied
to a polynomial of degree k generates a polynomial of degree k — 1, so the series (3.1) has only a finite
number of nonzero summands. Other properties of the translation operator 7, can be found in [29], [31], [34]
and [23], including some integral expressions that can be applied to a wider class of functions than (3.1).

From the definition (3.1), it is clear that 7, commutes with the Dunkl operator A,. In what follows, we
are going to see some other basic properties. It is not difficult to prove these properties, and here we state
most of them without a proof; in most cases, more details can be found in [14].

A nice property of the Dunkl translation, which resembles the Newton binomial (z + y)" =
Sro (My*a" ", is the following:

WO =3 () vt 62)

More generally, and in relation to the Appell-Dunkl sequences {P,(z)}7%, defined as in (2.6), the Dunkl
translation satisfies
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(P =3 (’;)P (o),

Jj=0

which in the classical case @ = —1/2 becomes Py(z + y) = Z?:o (’;) Pj(x)y*4.
Another important property is the fact

Ty f (@) = T f (y)- (3.3)

This is a direct consequence of the above mentioned integral expressions for the Dunkl translation. Moreover,
at least for polynomials, it can be easily checked starting from (3.1) using the linearity of 7, and its behavior
on f(z) =2",n=0,1,2,... Indeed, using (Z)a = (nfk)a and (3.2) we have 7,((-)")(z) = 7 ((-)")(y), and
this proves (3.3).

The inverse operator of 7, defined as in (3.1) is

& n
_ CnlY
7, @) = AL f (), (3.4)
_ ’}/n,a
n=0
where ¢y = 1 and ¢, for n > 1 is defined by the recurrence ¢, = — Z;L;Ol (?) ¢; (a proof can be found in [14,
«@
Lemma 4.4]). The operator Ty !is not, in general, a translation (in particular, it is not T_y except when
a=-1/2).
Moreover, it is not difficult to check that the operators of type 7,, 7, 7. ! and T, ! commute; for instance,
TaTh = ToTay To iy " =7, 771, 7,701 = 7.7, and so on. Note that, in general (except when o = —1/2),

T, Tp 1S not a new translation, even if a = b.
In relation to E,, the Dunkl translation has a nice behavior that resembles the classical et(*+¥) = ¢t* ety
namely

7y(Ea(t:)(x) = Eo(tz)Eo(ty). (3.5)

Indeed, using Ag . (Eq(tz)) = tEq(tz) (this is et = te'® in the classical case), the proof of (3.5) is a
simple consequence of the definition (3.1):

7y (Ea ZAO”:E tz; ZE (tx)

m=0 m=0

= Eo(lz) Ea(ty).

It is also easy to check that
TJl(Ea(t'))((ﬂ) = E,(tz)/E,(ty).
From these relations, we can easily state the following lemmas, which we will use later in this paper:
Lemma 3.1. Let 7, be the Dunkl translation operator. Then the identities
7y (Ba(t))(2) = Ea(tz) Ea(ty)"

and

holds for allmn =0,1,2,3,...
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Lemma 3.2. Let 7y, and 7, be Dunkl translations and let n and m be two non-negative integers. Then

g;ﬂ z_m(Ea(t')) = Ea(t')Ea(ty)n/Ea(tz)m

There are still a couple of technical lemmas about the behavior of the Dunkl translation which we will
use later in the paper (Subsections 4.1 and 4.2). We will apply these results only to functions like E,, so
we can use the Dunkl translation operator (3.1), which is valid only for functions in C*°. Then, we can
assume in the lemmas and in the proofs that the functions are in C*° (this could be weakened using integral

expressions for the translation).

Lemma 3.3. Let Ay, be the Dunkl operator acting over the variable x and let g(t,x) be a function such as
the integral fooo g(t,x) dt converges and Ay, »g(t, x) exists. Then,

Ao / olt,2) / Aeog(t )
0 0

Proof. Using the definition of A, ., we have

T d [ 20+1 [Zgt,x)dt — [ g(—t,x)dt
0 0
d 2+1 [
—t
= [ —g(t,z)dt + a—l— /g 73U)dt
dx
0

0\8 0\8

Ao zg(t,z)dt. O

Lemma 3.4. Let g(t,z) be a function in C* such that the integral fooo g(t, x)dt converges, and let 7, , be the
Dunkl translation operator. Then

Ty,x/g(t,m) dt:/Ty,wg(t,a:) dt.
0 0

Proof. By the previous lemma,

0/9 (t,x)dt = ZA (O/Q(t,x)dt)z— => (O/Agmg(t,x)dt)z—

n=0 n=0

o0 00 n oo
—/ZAng(t,$)y—dt=/Tng(t,l‘)dt O

o n=0 n 0

4. The Mellin transform to get Appell-Dunkl polynomials as values of Hurwitz-Dunkl zeta functions

In this section, we define a special function, H (s, ), which generalizes the Appell-Dunkl polynomials in
such way that H(—n,z) will give us the n-th Appell-Dunkl polynomial P, (x) multiplied by some constant.
We express H(s,z) in terms of the well-known Mellin transform
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M(f)(s) = 1 fertdt
I'(s)
0

Here we have a very general result, and later we study particular cases of generating functions that involve
Bernoulli-Dunkl and Euler-Dunkl polynomials (and also their respective generalized families) and obtain
particular special functions, H(s,z) for each one. In Theorem 4.3 we relate this H(s,x) with a function
which we call Hurwitz-Dunkl zeta function, (,(s,x) (see Definition 4.4), because it plays a similar role as
the traditional Hurwitz zeta function ((s,z) = Y .- 1/(z+n)* and, in addition, it generalizes ((s, z) when
changing « = —1/2,  — 22 — 1 and t — /2, as we explain with more detail later. On the other hand,
we obtain a similar function in the Euler-Dunkl case, (g (s, z) (see Definition 4.8), which generalizes the
so-called Hurwitz zeta function of Euler type, (g(s,z) = Y .o (—1)"/(z 4+ n)*. Note that in this theorem
we could assume k = 0 (which corresponds to the usual case A(0) # 0), but we allow a more general case.

Theorem 4.1. Let {P,(x)}2, be an Appell-Dunkl sequence with generating function G(x,t) = A(t)Eq(xt)
and suppose that A(t) has a zero of order k at t = 0. We also assume that, for all x € (a,b), the integral

- (e —neta— [ a -
H(s,z _F(S /G:E sl dt = O /A (—at)t*~Ldt (4.1)
0 0

converges in the right plane Re(s) > —k to a holomophic function. Then, H(s,x) may be analytically
continued to an entire function of s satisfying

H(—n,z) =

Pn(z), n=0,1,2,...
Tn,a (@)

Proof. Suppose H(s,z) converges in the right plane Re(s) > —k for all € (a,b), as was stated in the
hypothesis of the theorem. Given N € NU{0} with N > k, the Mellin integral can be analytically continued
to the half plane Re(s) > —N — 1 as follows. Fix r with 0 < r < R and = with ¢ < < b and separate the
complete integral into three parts:

In the first part, the integrand is E,(—zt)A(—t)t*~1. Since a < z < b, it converges when ¢t — oo, hence
the integral is an entire function of s, dominated on arbitrary closed vertical strips of finite width. We may
conclude that the integral is an entire function of s.

In the second part, the integrand is the product of ¢*~! with the tail of the generating series,
Yoo n41 Pu(@) (=) /n,a, which, since [t] < r < R, is OtV *!) at t = 0. Thus, for Re(s) > —N — 1,
the complete integrand is O(tV+Re()) at t = 0 (with the order constant depending only on ) and hence is
integrable on [0, 7] and dominated on closed vertical sub-strips of finite width of this section of the s-plane.
Therefore the second integral is a holomorphic function of s for Re(s) > —N — 1.
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In the third part, we have

s— 1 al (_1)n s+n—
/ZP t Lt = @an(x) /t+ 't

n=0 0
1 N )n s+n
F Z:: % o S+n’
which is an entire function of s because of the simple pole of I'(s) at s = —n cancels the simple zero of s+n
forn =0,1,2,..., leaving the non-zero residue (—1)"/n!.
Finally, if s = —n with 0 < n < N, the 1/I'(s) factors in front of the first two terms vanish, as well

as every term in the sum except the one corresponding to n, where the remaining value is Py, (z)n!/vn. o
because of the residue of I'(s) at —n = 0,1,2,... Thus H(—n,z) = Py (z)n!/vn.q for these n and, as N > k
was arbitrary, this completes the proof. 0O

The previous theorem is very general but needs the convergence of (4.1). In the classical case o = —1/2
stated in [24], we have E_; /5(—t) = e~*, which tends very quickly to 0 when ¢ — oo. This allows us to prove
the convergence of (4.1) with very weak hypothesis for A(t). For instance, when G(x,t) is the generating
function for the Bernoulli polynomials, (4.1) becomes

17 17
H(s,z) = = )t dt = — e "l dt
* T 1) / Gl (s / 1-
0 0

and it is clear that this integral is convergent for every & > 0 when s is in right half-plane Re(s) > 0.

But this is no longer true when « # —1/2. Actually, let us recall that E,(z) = ¢* 1 F1(a+1/2,2a+2, —22).
For proving the convergence of the integral we need to estimate the size of the integrand in (4.1); in particular,
the size of the factor E,(—=xt).

With this aim, let us use the asymptotic expansions of the Kummer confluent hypergeometric function

1F1(+,+, 2) for |z| = oo in the sectors
Sy ={z€C:—n/2 <arg(z) < 3n/2},

S_={ze€C:-3n/2 <arg(z) < n/2}

(see, for instance [30, p. 128]). In our case, these asymptotic expansions are, respectively, of the form

20+ 1 T2a+2) , 35
F 20422 = ———"LeFr 1+0
( o ) oo (| |)

I'(2a +2) +(2a+1)in/2 — —1/2(
P04 oo (14 o 1Y),
F(2a2+3) |z

(4.2)

Notice that, in the case o = —1/2, the coefficient of the first summand is I'(1) /T'(0) = 0, so the first summand
vanishes. Otherwise (for simplicity, let us assume here that the variable z is real), the “exponential parts” for
E.(z) =e*1Fi(a+1/2,2a+2,—2z) in (4.2) appears as e~ * in the first summand, and as e* in the second
summand. Then, the asymptotic size e~* (for ¢ — 0o) of the classical case @ = —1/2 becomes something
similar to E,(—t) ~ eltl for a # —1/2. In this way, instead of “a help” to prove the convergence of (4.1),
the factor F,(—xt) is a handicap, and a further analysis will be necessary to state the convergence of (4.1).

On the other hand, we would like to rewrite the function H (s, ) that appears in Theorem 4.1 as a series,
just as it occurs in the classical zeta function.



44 Capitulo 4: Copia completa de los articulos

12 A. Gil Asensi, J.L. Varona / J. Math. Anal. Appl. 520 (2023) 126870

For the generating function of the Bernoulli polynomials, the Mellin transform of the G(z, —t) is, for
x > 0 and Re(s) > 0,

17 17

H(s,z) = =—— —“ts—ldt:—/
5 I'(s) /G I'(s)

0 0

o it gty LSS e (4.3)
-G /Ze t5dt = F(SZ/e t5 dt
0

n=0

— e—mt ts—l dt

—_

(a similar method can be followed for the Euler polynomials, as well as other Appell sequences; see, for
instance, [24]). Then, H (s, z) can be given, for > 0 and Re(s) > 0, in terms of the Hurwitz zeta function

oo

o)=Y e (14)

= (z+ n)s

so H(s,x) is the analytic continuation (in the variable s) of s((s + 1,z) for ¢ defined in (4.4) by means
of a series that converges in a certain domain. Or, with the same meaning, we can say that the analytic
continuation of the function {(s,x) defined in (4.4) is H(s — 1,z)/(s — 1).

Let us finally note that, in the previous example related to the Bernoulli polynomials, A(—t) was written,
essentially, as a geometric series Y - (e7*)", and then H(s,x) was computed as a series where there was
a way to compute each summand. The analogous behavior for the Dunkl case is much more cumbersome.
Not only is it not possible to express the integrals by means of well-known standard functions, but also the
summands 1/(z + n) of the series become Dunkl translations instead of ordinary translations.

4.1. The Bernoulli-Dunkl case

To adapt Theorem 4.1 to the case of the Bernoulli-Dunkl polynomials defined in (2.7), let us first note
that Z,,(t) is an even function, so the denominator in the left hand side of (2.7) can be written as

a—+1
t

Zata(t) = (Ba(t) = Ea(—t)). (4.5)

Then, concerning (4.1) for the Bernoulli-Dunkl case, we have the following:

Lemma 4.2. For a > —1 and x € (—1,1), the integral

17 E,(—xt) .4 /Oo
H = t° T dt = t° dt
(52) = 175 / Toir(d) (a+ 1)L Eal(t t)
0 0
converges in the right plane Re(s) > 0 to a holomorphic function.

Proof. The convergence of the integral for ¢ near 0 is clear, so let us analyze what happens when ¢t — oo.
By using (4.2), we have, for |z| — oo,
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200+ 1

Buo(—2) = e 1 Fy (

_LRat2) . g,-a-sp (1 + o(i)>

,2a+2,22>

D(Z) B
F2a+2) +oat1yin2, - —a—1/2 1
+ (03 (s z 2 (03 1+0 . .
rE) ° o (=)

For simplicity, let us write it as

E,(—z) = Che*z—73/2 (1 + (9(i>) + C'Qie_zz_o‘_l/2 (1 + O(i)> .

|| E

When o = —1/2 then C; = 0; but this case is well-known and we do not need to analyze it. Then, let us
assume that o # —1/2.

Now, let us suppose that > 0. Then we have, for ¢ — oo (without lost of generality we can assume
|at] > 1),

eazt(xt)—a—B/ZtRc(s) (1 4 O(|xt|_1)) .

=G g o)

(4.6)

this guarantees the convergence of the integral for 0 <z < 1. For x < 0 we have

E,(—xt)

‘ e‘$t||xt|7o‘71/2tRC(s)(1 + (’)(|xt|’1))
E,(t) — Eo(—t)

SO e Ry o ) *7)

tS

and this guarantees the convergence of the integral for —1 < z < 0.
By standard arguments on differentiation of parametric integrals, together with the above estimates, the
function H(s,x) is holomorphic on s. O

The above lemma proves the hypothesis of Theorem 4.1 for x € (—1,1). Then, we have the following;:

Theorem 4.3. Let E,(at)/To11(t) be the generating function of Bernoulli-Dunkl polynomials. Then for x €
(=1,1), the integral

_ 1 OoEa(_mt) s—1 _ L [ Eo‘(_mt) S
H(s,x)—r(s)o/za+l(_t)t dt = (a+1)F(s)0/Ea(t)—Ea(—t)t dt (4.8)

converges in the right plane Re(s) > 0 to a holomorphic function, which may be analytically continued to
an entire function of s satisfying

|
H(—n,z) = o Bnalr), n=0,1,2...
Tn,a

The next step is to try to write H (s, z), for Re(s) > 0, as a kind of Hurwitz function similar to (4.4), as
in the classical Bernoulli case.

In order to compute H(s,z) we may write A(t) = 1/Z,+1(t) as a geometric series. To do that, we use
the fact that Z,1(t) is an even function, and we use the definition of E,(¢). By (4.5) we have that

1t It 1 S (Ea(-t)\"
A(t)_Ia+1(t)_a+1Ea(t)1_M_a+1Ea(t) (Ea(t)> '

n=0
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This is valid for all ¢ > 0 and it is enough for our purposes since we just need convergence for t € [0, 00).
Finally, we have

1 ooEoé(—act) a1
H(s,z) = F(S)O/ T T dt

_ L1 S [ Ealeat) (Ea(=0)"
‘r<s>a+1nz_00/ ha () oo

Notice that, in a similar way to the proof of Lemma 4.2, we can easily check that all the integrals in (4.9)

are convergent for x € (—1,1), and the interchange of the sum and the integral is justified. However, (4.9) is
more complicated than (4.3); the integrals cannot be written in a closed form and we don’t obtain something
as simple as (4.4).

In any case, we can define a kind of Hurwitz function related to the Bernoulli-Dunkl case in the following
way (observe that, with the notation of (4.9) and (4.9), now we are changing s to s — 1):

Definition 4.4. For z € (—1,1) and Re(s) > 1, we define the Hurwitz-Dunkl zeta function as

1l & OOEa(—J;t) Eo(—)\" .,
Ca(s,m)_r(s)zo/ X0 <Ea(t)> 5L dt. (4.10)

n=0

Also, we call

1 [ Eo(—at) . ,

do(s, ) = 51 at 4.11
=55 | T -

0

the basic Hurwitz-Dunkl term.
Then we have, for € (—1,1) and Re(s) > 0,

s
H = 7 s +1,1), 4.12
(5,2) = = Cals + 1,2) (4.12)

so we can say that the function H(s, ) of Theorem 4.1 (which exists for s € C) is the analytic extension to
the s-complex plane of the function %ﬂ Ca(s + 1, 2); equivalently, we can define the analytic extension of

1 [ Ba(-at)
Cals,z) = ) 0/ RO Ea(—t)t Ldt, Re(s) >1 (4.13)
(which corresponds to (4.10)) as
) = 2 H(s—1,2), sec, (4.14)

valid for z € (—1,1).

Finally, let us see how it is possible to give an expression for (,(s,z) (valid in the half plane Re(s) > 1)
which, in some sense, is very similar to the series (4.4) for the classical Hurwitz zeta function ((s,x), where
we have a series of summands translated by means of x — x 4+ n. In the Dunkl case, we are going to find an
expression for (,(s, ) that, in the place of classical translations, use the Dunkl transform defined in (3.1).
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The following theorem provides an expression of the Hurwitz-Dunkl zeta function by using Dunkl trans-
lations. For simplicity, we have defined, here and in what follows, a “symmetric translation” o as

o1 = 7'17'__11
(or oy 5 = 7'17:67__11@ to clarify that it is applied to the variable x). Notice that the composition of translation
operators is commutative, and also the composition with inverse translations (see its expression in (3.4)),

so we can use o] = 7{'7_;" without paying attention to the order of the operators.

Theorem 4.5. For Re(s) > 1, the Hurwitz-Dunkl zeta function can be written as

Cals I‘s Zal/ t) ts Ldt = z:%a?da(s,x). (4.15)

Proof of Theorem 4.5. From Lemma 3.1, we have that

hold. This can be easily proved as it was stated in Lemma 3.1 by changing E,(¢-) for E,(—t-). So, from
Lemma 3.2 we can conclude that

Y (Ba(t) (—2) = 77 (%) (@) = Bal-w )Ea(t )+

and Lemma 3.4 gives us that

and the proof is concluded. O

Let us see that the role of (,(s,z) with the Mellin transform of Appell-Dunkl sequences is the same
as the role of ((s,z) with the Mellin transform of Appell sequences. In fact, it generalizes the traditional
Hurwitz zeta function. To see that, we observe that to transform Bernoulli polynomials into Bernoulli-Dunkl
polynomials, we had to change = — (x 4+ 1)/2 and t — 2t. For that, we need to undo the change to recover
the classical Hurwitz zeta function, that means, to take « = —1/2, z — 2z —1 and t — t/2 (although many
times we will not change t).
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Now, let & = —1/2. Then,

1

(@+1)°

1 o0

d_ _ 7t(a:+1)tsfl di =

1/2(8, ) T(s) /
0

if x € (—1,1). In this case, 7'(f)(z) = f(z +n) and 7_{"(f)(x) = f(x + n) and hence,
Caplor) = — L
SRS T L 1+ 2n)s
n=0
And finally, as we are considering Bernoulli-Dunkl polynomials, we need to change x — 2z — 1. Hence,

o0

1 1 1 1
G120 —1) = ;} 2z +1—1+2n)° 25 X%m 3 ¢(5:2).

o0

Furthermore, (4.14) is an integral representation of (,(s,x) which, as expected, generalizes under these
changes the classical integral representation of ((s,x):

1 o0
e 1
- — 5Lt
2T T T(s) /1
0

Next we summarize some of the properties of {,(s,z) that generalize the ones for ((s,z); we have already

proved most of them in the preceding sections, or they are direct consequences:

Proposition 4.6 (Properties of (,(s,x)). For a > —1 and = € (—1,1), the function (,(s,x) satisfies the
following:

(i) Recurrence identities: let o1 = 1.7~ ; then for Re(s) > 0,
Cals,2) = 1(Cals; ) (@) = dals, 2), (4.16)
Cal(s,2) — o7 (Cals, - Z od (4.17)
(i) The Dunkl derivative of Ca:

Ao 2 (Cals, ) = —sCa(s+ 1, 2). (4.18)

(iii) Relation of (. with Bernoulli-Dunkl polynomials: forn =0,1,2,..., we have

a+1)n!
Cal o) = —B, 4 () 2D (4.19)
’YnJrl,oz
Now we show that when o = —1/2 and « — 22 — 1 we get the corresponding properties of the classical

¢(s,x). First, for the recurrence identities, we have o' (f(x)) = f(z + 2n) so o7 (Ca(s,))(z) = Cals, z + 2n)
and hence, (4.16) transforms into

((s,7) =C(s,z+1) +a7°
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and (4.17) transforms into

m—1

((s,2) =C(s,z+m)+ Y (v+n)*

n=0

(see, for instance [28, 25.11.3 and 25.11.4]). Basically, the Dunkl translation o, is playing the role of x + 1
in the Hurwitz function.
In the case o = —1/2, we have A_; )5 , = d/dwx, so (4.18) transforms into (see, for instance, [28, 25.11.17])

d
%C(S,CL’) = —s((s+1,2).

We also get the classical relation with Bernoulli polynomials since

nl 1
C_l/z(—n, 2r — 1) = —%n+1,_1/2(2x - 1)m§ —
Since (_1/2(—n,22 — 1) = 2"((—n, z), we get (see [28, 25.11.14])

BnJrl(x).

(=n2) == n+1

(4.20)
4.2. The Euler-Dunkl case
This is similar to the Bernoulli-Dunkl case, but with A(¢) = 1/Z,(t).

Theorem 4.7. Let E,(xt)/Z.(t) be the generating function of Euler-Dunkl polynomials. Then for x € (—1,1),
the integral

H(s,z) = ! /Ea(_xt)ts‘ldt: 2 /E Ba(z2t) o1y
0 0 “

converges in the right plane Re(s) > 0 to a holomorphic function, which may be analytically continued to
an entire function of s satisfying

n!

H(—n,z) =
( ) Tn,a

Cnalz), n=0,1,2,...

Proof. The statement that H(s,z) is convergent for —1 < z < 1 holds by the same reasoning we made in
the Bernoulli-Dunkl case. Hence, by Theorem 4.1, we have H(—n,z) = n! &, ,(x)/Yn.a, for n =0,1,2,...
By the same argument as in the Bernoulli-Dunkl case, we can write A(t) as a geometric series as

B A G RoNC E B Ea(t) r;)( Ea(t) ) |

The special function H (s, z) is giving (when —1 < 2 < 1) by

ot B 255 T (ECOY

n=0
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0o
2 = Eo(—xt) ,
— _Z(—l)”af/its’ dt,
I(s) 2= /| Ea)

which concludes the proof. O

Definition 4.8. For x € (—1,1) and Re(s) > 0, we define the Hurwitz-Dunkl zeta function of Euler type as

CEals, )= ﬁ Z%(—l)"o’f / %ts_l dt. (4.21)
0

n=

Finally, notice that the function H(s,x) may be extended to the entire complex s-plane and we have, for
€ (—1,1) and Re(s) > 0,

H(s,z) = 2Cg.a(s, ).

Hence, we can consider, equivalently, that the analytic extension of

1 [ Ba(=at)
CE.als,x) = ) / N0 +Ea(7t)t dt, Re(s)>0 (4.22)
0
(which corresponds to (4.21)) is
CBals,x) = %H(s,x), seC. (4.23)

Again, when oo — 1/2 and  — 22 — 1 (now by (2.10) we make the changes to recover Euler polynomials
from Euler-Dunkl polynomials, as we did with the Hurwitz-Dunkl zeta function) we get the function

IS (—1)n 1
CE,71/2(5,2$ -1)= 9 Z ﬁ = ;CE(S737)’

n=0

where (g(s, z) is called the Hurwitz-type Euler zeta function (see, for instance, [22]). Again, . g generalized
many properties of (g o by the changes a = —1/2 and z — 2z — 1 (and sometimes also ¢ — ¢/2). There is
also the recurrence identity

CE,a(s71') + Ul(CE,cx(Sa ))(:L') = da(sax)

which generalizes [22, (2.1)] and (4.23) is an integral representation that generalizes [36, (3.1)]. Moreover,
it is easy to prove that the relation of (g o with Euler-Dunkl polynomials

1 n!
(Ba(—n,2) = ién,a(z),yn’a
holds for all z € (—1,1) and n = 0,1,2,..., which give, when we recover the classical Hurwitz-type Euler

zeta function, the identity (see [22, (2.7)])

Ce(—n,z) = %En(m)
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4.8. The generalized Bernoulli-Dunkl case

In the Bernoulli-Dunkl case we had

1 t 1 1
At) = = .
O T® e 1Em 1 B

For r a positive integer, the generalized Bernoulli-Dunkl polynomials are defined as A(t)"E,(zt) =
Yoo %%T,L(:c)t"/%,m and we have

ot 1 & B\
AWT= <a+1Ea(t)Z< Ea<t)) )

n=0

Theorem 4.9. Let E,(xt)/(Zo+1(t))" be the generating function of Bernoulli-Dunkl polynomials of order
r=1,2,... Then for each x € (—r,r) the integral

1 [ Ba(-at)
H(s,z) = F(S)J(Ia+1(t))rt dt (4.24)

converges in the right plane Re(s) > r to a holomorphic function, which may be analytically continued to
an entire function of s satisfying

H(—n,z) = —EB%TZN(:E), n=20,1,2,...

The theorem can be easily proved by the same arguments as in Theorem 4.1 and in Subsection 4.1. The
only thing left to prove is the convergence of H(s,z) in € (—7r,7).

Proof of Theorem 4.9. Let us first analyze the convergence of the integral (4.24). We use the asymptotic
behavior of the Kummer confluent hypergeometric function given in (4.2), and proceed as in the proof of
Lemma 4.2. If > 0, the “exponential part” of the integrand of H(s,x) has size e~ @) 5o the integral
converges if x < r. Repeating the argument for x < 0, we get the convergence in x € (—r, 7).

Let us use that, for r =1,2,... and |z| < 1,

n=0 n=0
Then,
A@)" = (a-ti-l Eal(t) 2 (Egj(js;))n)
“wermrs( ) (5
Hence,
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_ 1 1 i <r+n 1) / Ea(—xtr) (Ea(t))"ts+rldt
[(s) (a+ 1) = n ) (Ea(t)) \ Ea(?)

o

- T 2.7 <(r+n_1>0/ Gt 16”)

n=

which proves the theorem. O

Definition 4.10. For Re(s) > 1 we define the Hurwitz-Dunkl zeta function of order r =1,2,3,... as

n=0

o=y £ (1) (Bt

As in (4.11) (that is, the case r = 1), we can define the basic term

o0

d(r) (s, ) / o(—2t) ts Ldt
Fs o (1))

0

and then write

W) =3 (" s,

n=0

Notice that, as the function H (s, z) is extended to the entire complex s-plane, and for Re(s) > 0 we have

H(s,x) = a—rrcg)(s +r,z) for Re(s) >1—r.

(a+1)
Hence, we can define the extension of C&T)(s,x) to the complex plane by using Cg)(s +rz) = (a+
1)"H(s,x)/(8)r, i-€., by taking
¢ (s,x) = (a+1)"H(s —r2)/(s — 1), —r<z<r, seC,
which generalizes (4.14).
In the case @ = —1/2, this kind of zeta functions for the classical generalized Bernoulli polynomials has

been studied in [8, §4.4]; see also [8, §4.1] for the classical generalized Euler polynomials.
4.4. The generalized Euler-Dunkl case

Again, as we did with the generalized Bernoulli-Dunkl case, by using the generation function of the
generalized Euler-Dunkl polynomials we have A(t) = 1/Z,(t) and

c (2 (BN
A0T= (ans);)( 5 >

Theorem 4.11. Let E,(xt)/(Zn(t))" be the generating function of Euler-Dunkl polynomials of order r =
1,2,... Then for each x € (—r,r) the integral
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oo
H(s ( ts Ldt
F (s) o
0

converges in the right plane Re(s) > 0 to a holomorphic function which may be analytically continued to an
entire function of s satisfying

|
H(—n,z) = n—@fﬁ%(m), n=0,1,2,...

n,o

Proof. We only need to notice that

and proceed as in Theorem 4.9. O

Definition 4.12. For Re(s) > 0 we define the Hurwitz-Dunkl zeta function of Euler type and order r € N as

00 = > (" otdatonn)

n=0

Finally, as the function H(s,z) is extended to the entire complex s-plane, we have
T (T)
H(s,x) =2"(p (s, x)
for Re(s) > 0. Hence, we can define the extension of (g)a(s, x) to the complex plane by
Cg)a(s,x)zH(s,x)/T, —-r<z<r, seC.

4.5. The generalized Hermite case

2
—#+2tr and they are

The classical Hermite polynomials H,(x) are giving by the generating function e
orthogonal on the real line with respect to the weight e~ A well known generalization of these polynomials
is the so-called generalized Hermite polynomials of order p > —1/2, which are orthogonal on the real line

with respect to the weight w,(z) = |z|24e=*" | that is, they are polynomials { H/(z)}52, satisfying

oo

/ HE (2)HE (z)w,(z) dz = 0;

—0o0

see, for instance, [2], [12, Chapters 1 and 5] or [33, p. 380, problem 25].
In [29], Rosenblum shows that these polynomials can be studied in the context of the Dunkl transform
on the real line. This is done by means of

e~V B, (2xt) Z HY(x (4.25)

with g = a4+ 1/2. Except by a simple change of variable, this is an Appell-Dunkl sequence in the sense
of (2.6).
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For these polynomials, it is easy to find the analytic extension H (s, ) such that, for n a negative integer,
the corresponding value is H¥(z), except for a multiplicative constant. Due to the factor e’t2, which appears
n (4.25), the extension given in Theorem 4.1 does not present any problem and is valid for z € R. The
same happens with the integral

1 [ e
m/e ¢ E,u th) dt,
0

which is similar to the ones that appear in Theorems 4.3 or 4.7.
That leads us to the following result.

Theorem 4.13. Let G(—t,x) = e’t2E,L(72:ct), with > —1/2. Then, for x € R,

1 00
H S, r) = W /e E# 2$t) dt
0

1 \/_ x s 3
= wramy Pzt 3e) -3 (gt gor?)

is an entire function of s and satisfies H(—n,x) = H¥(x) forn=0,1,2,

In fact, we have 1/T'($) = 0 when s = —2n, and 1/I'(5%
Furthermore, I'(—n + 1) = %ﬁn(%)'ﬁ, which means

1Y =0 when s = —2n —1forn =0,1,2,...

H(-2n,) = () = (1" P (s ),
. Cn+ 1) x

H(=2n—1,2) = Hy,,(v) = (=1)

3
F(—, 2 2).
ol ,u+%11 nu+2x

This, as expected, is the same as [29, (2.1.1) and (2.2.1)].

5. Properties of the Hurwitz-Dunkl zeta functions

The aim of this section is, firstly, to provide generalization of the Riemann zeta function ((s) = > oo, 1/n®
and the Euler-type zeta function (g(s) = > o~ (—=1)""!/n® (also known as Dirichlet eta function 7(s)) in
a Dunkl sense through the functions (,(s,z) and (g (s, ), respectively. We also provide a generalization
in a Dunkl sense of the analytic continuation of {(s) (and (g(s)), as well as the so-called reflection formula,
and other properties concerning our Hurwitz-Dunkl zeta functions (,(s, ), (g.a(s, %), (a(s) and (g q(s).
A connection appears here between these functions and the function Z,(s) = >~ 1/j5 (and also with
Za+1(8)), where j,, are the positive zeros of the Bessel function J,(z). We study Z,(s) in Section 6.

In this section we will state the main results. The proofs are rather technical and require several lemmas.

We will postpone them to Section 7.
5.1. Theorems for (o (s, ) and (4 (s)

In this section we are going to give another way of expressing the analytic continuation of (,(s,z) for
Re(s) < 1, and we will give some consequences that involve the zeros of J,41(x).
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Fig. 1. The contour C from Theorem 5.1.

It is well known (see [35, Chapter 15] or [28, §10.21]) that, for any a > —1, the zeros of the Bessel
function J, (z)/x® can be written as jm, o, m € Z\ {0}, with jim.o = —j-m.a a0d 0 < jim o < Jm+i,a, m > 1.
Moreover, jm.o ~ (m+ /2 —1/4)7 + o(1/m) when m — oo (see, for instance, [28, 10.21.19]).

Now, we are interested in the zeros of J,11(x)/z*"! so, to avoid confusion, we will denote sm. o = jm.a+1;
in this way, we will often use s, for s,, . Again, with this notation we have s, o = —5_1;,o and 0 < 55, 4 <
Sm+1,a, M > 1, where is,, o, m € Z \ {0}, are the zeros of Zo41(z) (or the zeros of J,y1(ix)/(ix)*T1). For
a = —1/2 we have s,,, 1/ = m™m. Let us also note that Z,(ism ) provides a generalization of the sign
sequence (—1)™ because Z_1 /5(isp,,—1/2) = (—1)™.

The first result is the following, which is similar to the classical case that can be found, for instance, in [4,
§12.4, Theorem 12.3], and the proof follows the same scheme. However, we have now the functions E,(t),
which are much more complicated than e, and then the proof needs some additional details. In particular,
we require the use of our Lemma 7.1. Actually, the zeros s,, o, do not explicitly appear in the statement of
this theorem, but they will be crucial in the proof of the lemma.

Theorem 5.1. Let x € (—1,1) and define

E, (xt)

1(87.’1,') = %ﬂ_i/mts_l dt, (51)
C

where C is the contour shown in Fig. 1. Then I(s,x) is an entire function of s and satisfies
Cal(s,2) =T(1 = 8)I(s,x2) if Re(s)>1, (5.2)
where (, (s, x) is the function defined in (4.13).

Taking into account that (5.1) is valid in the entire s-plane, and that (4 (s, x) satisfies (5.2) for Re(s) > 1,
we can define the following analytic continuation for ,(s,z) in the entire s-plane:

Ca(svx) = F(]- - S)I(S,LE), (53)

valid for —1 < z < 1. Of course, the analytic continuation of a function is unique, so this function (, (s, x)
is the same that we defined in (4.14). From this and by Cauchy’s residue theorem it is also possible to prove
Theorems 5.2 and 5.3.

Theorem 5.2. The function (,(s,z) defined in (5.3) is analytic for s € C except for a simple pole at s =1
with residue o + 1.

Taking o = —1/2 and = +— 2z — 1, since (_1/2(s,22 — 1) = ((s,2)/2° we get that ((s,z) has a simple
pole at s = 1 with residue 1, which is what happens in the classical case (see [4, §12.5, Theorem 12.4]).

The next result was already proved in Proposition 4.6, but later we provide another way to show it, this
time starting from (5.3) and using Cauchy’s residues theorem:
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Theorem 5.3. The function (,(s,z) defined in (5.3) satisfies, for x € (—=1,1),

la+1
Colenyz) = =B, (@)D g1 (5.4)
Yn+1,a

Another classical result in analytic number theory is the so-called Hurwitz formula (see [4, §12.7, Theorem
12.6] or [5, 25.13.3]), namely

C(1—s,z)= (I;E:’)) (e—m/QF(x, s) + €™/ F(~g, s)) : (5.5)
where
Fla,s) =) 6277;” Re(s) > 1, (5.6)
n=1

is known as the Lerch (or periodic) zeta function (see [4, §12.7, equation (9), p. 257] or [5, 25.13.1]).

In the Dunkl context, this formula can be generalized as follows. The convergence of the series (5.6) is
clear, but to prove the convergence of the corresponding series F(x,s), which we will use in the Dunkl
context, will require some effort.

Theorem 5.4 (Hurwitz-Dunkl formula). Let o > —1 and {sm,}55_1 be the positive zeros of Jo41. For Re(s) >
1, the function

Flas) =y Zeltion) 1 (5.7)

ooy alism) i,
converges for every x € R. Moreover, for x € (—1,1) and Re(s) > 1, the Hurwitz-Dunkl zeta function
Cals, ) satisfies

Ca(l—s,2) = @ (e*”Si/Q}"(m, s) + ™2 F(—u, s)) . (5.8)

We call F(z, s) the Lerch-Dunkl zeta function since it plays a similar role as the Lerch zeta function F(z, )
(but F(z,s) is not periodic). In fact, when o = —1/2 and x — 2x — 1, we have F(2x — 1,s8) = 7 *F(x, s),
so (5.8) becomes (5.5).

Now, although the identity (5.8) is valid only for « € (—1, 1), the right hand side is valid for x € R, so
we can extend the definition of (,(1 — s, ) for Re(s) > 1 by taking

r ) )
Ca(l—s,2) = % (e‘”’/zf(x, s) 4 e™ V2 F(—u, s)) , x€R. (5.9)
Replacing 1 — s by s, we can also define, for Re(s) < 0,

I'(1l—ys)

Coz(svx) = 9

(—ie“im]:(x, 1—s)+ie ™2 F(—x,1 — s)) , x€E€R.

The Hurwitz-Dunkl formula gives us an expression for (,(s,z) and 2 € R free of the intricate integrals.
With that, we can easily prove a “reflection formula” (but in this case that isn’t a suitable name) for (,(s)
in a Dunkl sense that can be seen as a generalization of the reflection formula for ((s).

Using the notation ¢(s) = ((s,1), the reflection formulas of the classical zeta function (also known as
“Riemann’s functional equation”)
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C(1—s)=2(2m)"°T(s) cos (%)C(S), seC,
¢(s) = 2(2m)°~'T(1 — s) sin (%S)ga —s5), seC,

can be proved by taking x = 1 in the Hurwitz formula (5.5) (see, for instance, [4, §12.8, Theorem 12.7]);
for the first formula, the result is clear for Re(s) > 1, and is then valid for s € C by analytic continuation.
Actually, many properties of {(s) and ((s,z) can be seen as consequences of (5.5).

In our case, taking = +1 in (5.7), we get F(£1,s) = Y °_; 1/s% , since En(£ism,) = Zo(isy,). Thus,
we can define, for Re(s) > 1,

Ca(l—38)={(a(l—s,1), (5.10)

where (,(1 — s,1) is given in (5.9); of course, the same can be done for (,(s) with Re(s) < 0 (with this
notation, ¢_q,2(s) = (_1/2(s,1) = ((s,1)/2° = ((s)/2°). Then, we have the following:

Theorem 5.5. Let o > —1 and {s.,,}55_1 be the positive zeros of Jo+1. For Re(s) > 1 we have

Ca(l =) =T(s) cos (%S) > i, (5.11)

s8
m=1 ™

or equivalently, for Re(s) < 0,

1

St

(5.12)

’E

Ca(s) =T(1 — s)sin (%s) i

m=1

When a = —1/2, we get > > 1/s8 =73 *°_ 1/m* = n75¢(s) so, in fact, Y ~_, 1/s%, is playing
the role of ((s). Hence, when o = —1/2, Theorem 5.5 provides a generalization in a Dunkl sense of classical
reflection formulas. However, there is an important difference if we compare Theorem 5.5 with the classical
case: the sums > °_, in (5.11) and (5.12) are not the functions (1 — s) and (,(s), respectively.

Finally, by taking s =n + 1 in (5.9) we have

n!

Ca(—n,2) = o) (e*”("ﬂ)i/Q}'(m,n +1) + " FV2F(g 4 1)) , T€eR;
and, on the other hand, by Theorem 5.3,

Calemz) = =B ()Y e (Cay,
Tn+1,a

Then, for z € (—1,1),

1 1 . .
(o +1) = _ (e_”("“)l/g]:(a:,n + 1)+ eV 2 (g 4 1)) )

_%n 1\X
+1( )%+m 5

Since the above function is a polynomial, the limit as x — 1~ exists and we have

—B,41(1) (a+1) = cos (ﬂ(n + 1)) Z n1+1 .

TYn+1,a 2 Sm

m=1

Letting n = 2k — 1, we have the following;:
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Corollary 5.6. Let o > —1 and {s,,}5°_; be the positive zeros of Jot+1. Then,

=1 1)(—1)k+1
Z_:M7 k=1,2,3,...
52k 22k k! (a + 2)k—1

m=1 T

2k
m

The previous expression for Y °_  1/s2% in terms of Box(1) was proved in [13, Theorem 4.1] by other

methods.

Corollary 5.7. The function (,(s) defined in Theorem 5.5 satisfies

nl(a+1
Ca(—n) = —%n+1(1)¥, n=12... (5.13)
'7n+1,oz
Proof. Taking s =n =2k, k=1,2,...,1in (5.11) and using Corollary 5.6 we get (5.13) for n odd. Taking
s=n=2k—1,k=1,2,... in (5.11) we then get cos (rs/2) = 0 and hence (,(1 —n). Since =B, 1(1) =0
for n even, this completes the proof. O

5.2. Theorems for (g o(s,x) and (g q(s)

Here, we are going state some results for (g(s,z), that will be similar to the results for (g(s,z) in
Subsection 5.1. Let us recall that j,, = jm.a, m € Z \ {0}, are the zeros of the Bessel function J,(z)/x*,
and that they can be ordered so that jy,, o = —j—m,a and 0 < jm.o < Jm+1,0, M = 1. Moreover, ijy, q,
m € Z \ {0}, are the zeros of Z,(x) and for & = —1/2, j,,, _1/2 are the zeros of Z_ 5(it), namely the zeros
of the cosine. Hence, j, _1/2 = (m —1/2)m for m > 1.

We begin with a result that is similar to Theorem 5.1:

Theorem 5.8. Let x € (—1,1) and

1 B 1 Bo(xt) _
I =— [ W) dt = — A ekt — R 1}
B(s,7) 27ri/ ®) 27ri/Ea(—t)+Ea(t) ’
C

where C' is again the contour shown in Fig. 1 of Theorem 5.1. Then Ig(s,x) is an entire function of s and
satisfies

Ceal(s,z) =T(1—s)Ig(s,z) if Re(s) >0,
where (g o(s,x) s the function defined in (4.22).

Of course, this theorem again allows us to give the analytic extension for (g o (s, ) to the entire s-plane,
valid for —1 <z < 1.
Now, the “Hurwitz-Dunkl formula of Euler type” is the following:

Theorem 5.9. Let o > —1 and {jn }20_; be the positive zeros of J,. For Re(s) > 1, the function

2. Eu(ijmz) 1

T 1 (i) o)

Fr(x,s) =

m

converges for every x € R. Moreover, for x € (=1,1) and Re(s) > 1 we have

CEa(l—s,2)=—(a+1I'(s) (e_%i ) Fy(, 5) + €% D) Fp(—a, s)) . (5.14)



Capitulo 4: Copia completa de los articulos 59

A. Gil Asensi, J.L. Varona / J. Math. Anal. Appl. 520 (2023) 126870 27

In the particular case a = —1/2, we get j,,, = (m —1/2)m for m > 1. Also, Jy5(x) = /2/(7x)sin (z),
which leads to Z; /5 (ijm) = (—=1)™*1/4,,. That means, when taking x — 2x — 1, we have that

928 e e(2m—1)iﬂ'w 928
Fee—1,8)==iy = Zitp(s,x),
(2 s) FSZZ @m 1) ey (s, x)
m=1
where the notation £g (s, z) for the above series has already been used in [22, (7.1)]. Furthermore, with these
changes, and noticing that Fg(—=z,s) = —Fg(l — z,s), (5.14) transforms into

! 2T .
el = 52) = gyl =20 - 1) = T (e )

which is just [22, (7.2)].
As in the case of (,, we can use (5.14) to define (,(1—s, z) for Re(s) > 1 and = € R, as well as (,(s, x) for

Re(s) < 0 and z € R. In particular, taking « = 1 and defining (g o(s) = (g.o(s, 1), we have the following:

Theorem 5.10. Let o« > —1 and {jm }5°_, be the positive zeros of J,. For Re(s) > 1 we have

(B.a(l —s) = —T(s)cos (E) i L (5.15)

or equivalently, for Re(s) <0,

CE.a(s) =—-T(1 —s)sin (%S) i -1175'

When a = —1/2, (5.15) transforms into (see [22, (7.4)])

Cr(1—38)=—21"°T(s) cos (%) i ﬁ

m=1

Finally, the equivalent result of Corollary 5.6 for - >°_ 1/j2* is the following:

Corollary 5.11. Let a > —1 and {jm}2>_; be the positive zeros of J,. Then,

— 1 &y (D(=DkH!
2 g2k T 22k (k — 1) (a+ 1)

m=1

k=1,2,3,...

This can be easily proved from (5.15), as in Subsection 5.1. Note that this result was also proved in [18]
in a different way.

Corollary 5.12. The function (g.o(s) defined in Theorem 5.10 satisfies

(Ea(-n)= ien(l) , n=12...
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6. Analytic continuation of {,(s) and (g, (s)

Finally, let us define, for a > —1,

=> i Re(s) > 1. (6.1)
m=1 Jm

Of course, in a like manner we get

o0

1
Zay1(s) = Z o Re(s) > 1,

m=1 "™

hence, Z,(s) is related with (g o(s) and Z,41(s) with (4 (s). This function is similar to the classical Riemann

zeta function >°°°_ 1/m® where the positive zeros {mm}>°_; of the sine have been changed by the zeros of

m=1
the positive zeros of a Bessel function. Then, we will call Z,11(s) the “Riemann-Bessel zeta function”.

In his thesis [21], Hawkins provides an analytic continuation of Z,(s). To do so, he first gets easily the
analytic continuation for Re(s) > 0 by integration by parts, and repeating the process he is able to continue
the function to Re(s) > —1. However, he does not go forward by this method and, instead, uses other tools.
He ends up proving that there exists an analytic continuation of Z,(s) to the entire s-plane with simple
poles at s =1,—1,—3,—5,... but he didn’t get an explicit formula. Due to its simplicity, we now show how

to continue Z,(s) to the region Re(s) > 0.

_—

Theorem 6.1. The function Z,(s) — ; extends analytically to the region Re(s) > 0.

Proof. We start from (6.1), valid for Re(s) > 1, and decompose

[e%) m—+1
s =1 T %dx =1 > dzx
Z) T =Y - [ Y [ S
m:ljm 1 m= 1.7m m=1 ~
m—+1 m+1
= [ 1 dx 1
3 F_/(F) > [ ()™
m=1 m m :1m m

again valid for Re(s) > 1. Now, let us denote
m—+1

‘!(i‘w%)“

If we prove that > °_, fi,(s) is analytic in Re(s) > 0, we will have the analytic extension of Z,(s) —

7 %/(s—1).

Every function f,,(s) is analytic in Re(s) > 0, so it is enough to see that the series converges uniformly

on compacts in that region. Now, let us recall that the zeros {jm,}oo_; of Ju(t) satisty jp,, ~ (m + a/2 —
1/4)m + o(1/m) (see [28, 10.21.19]), so mm — ¢ < j,, < wm + ¢ for a positive constant ¢ independent of m.
Then, because

Im
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we have
m-+ m+tlrx
du
,’,U =S
m m ]’VTL
m-+1rm-co m-+1mm—+tcs
du
<|s| / / |us+1| = || u1+Re —TrRes) W
m mTm-—cy m mTm—cy
m—+1 mm-+ca
S cy +c1)|s
= s 1+Re(s) / / dudz = - ( )|1|+Re(s)'
(8m —c2 —c1) (Jm —c2 —c1)
m mm—cy
Consequently,

i m/H(é (mz ) mi T < oo for Re(s) >0,

m=1 Jm
and the Weierstrass M-test ensures the uniform convergence on compacts in Re(s) > 0. O

Using the analytic continuation in the entire s-plane [21], some of the above identities can also be
analytically continued to the entire s-plane; see also [32]. Since Hawkins didn’t get any explicit formula for
Zo(8), we won't get an explicit formula for (,(s) either. Furthermore, in this way we do not obtain (,(s)
as our (4(s,1), because (4 (s, x) does not exist for = 1 in the half-plane Re(s) > 1 (see Definition 4.4). In
the same way, contrary to what happen in the classical case, we do not have (,(s,1) = Z,+1(s) for s > 1.

Hawkins also computed the residues of Z,(s) at s = 1,—1,-3,... and the values of Z,(—2k) for k =
0,1,2,... They are given by (see [21, Theorem 3.5])

(71 k+1 -1 k
Ress:—2k—1(Za(5)) - Tc2k7 ZCK(_Qk) = 2

Cok—1,

where ¢, 1= ¢, are given by the identity

%) _1 k 0o . oo . .
<Z ((Qx))k (%k)) <Z xkﬁ@) = Z (;m)k)ﬂ (o, k), (6.2)

k=0 k=0 k=0
with (o, k) =T(a+k+1/2)/(K!'T(a—k+1/2)) (see [21, Lemma 3.4]). To extend (,(s), we need to change
a— a4+ 1 in order to correspond the coefficients ¢, with our Z,41(s). Finally, Hawkins proved that ¢ are
polynomials of o which vanish at « = —1/2 and a = 1/2 (see, for instance, [21, Proposition 4.2]).
With all this, we can now study the poles of (,(s) with s € C and —1/2 # a > —1.
Theorem 6.2. We get
TS
Call =) =T(s)cos () Zasals), s €C, (6.3)

or equivalently

Ca(s) = T(1 — s)sin (%S)zaﬂu —s), seC. (6.4)
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In particular, (4 (s) can be analytically continued to the entire s-plane with simple poles at s =n =1,2,3,...
(for a # —1/2) whose residues are equal to d,,—1/(2n!), where d,, 1= dp o = Cp a+1 With the notation of (6.2).
Moreover, (,(0) = —1/2.

Proof. We can analytically continue equations (5.11) and (5.12) by considering the analytic continuation
of Z4+1(s). From the equation (6.3) the only possible poles are the ones of I'(s), at s =0,—1,—2,..., and
the ones of Z,11(s), at s = 1,—1,-3,... It is straightforward to see that when s = —2k = 0,—-2,—4,...
we get cos(—7k) Zq+1(—2k) # 0 and T'(—2k) has a pole. Hence, at those values there are simple poles. The
residue at s = —2k is

. s (=1 dog—1
sgr_ngk(s + Qk)f‘(g) Ccos (7)2(1_,_1 (S) = mza-i-l(_Qk) = 2(;]{)‘

When s = —(2k + 1) = —1,-3,-5,... we prove that (,(1 — s) has a pole at those values by a little trick
and the L’Hopital rule as follows:

lim T'(s)cos (%3) Zotr1(8)

s——2k—1

- % % + 1) % +1)Z cos (%)

=, tm (s 2k DR (s + 2k + DZan () mmg =
—m sin (%)

= Ress=—2,—1(I'(s))Ress=—2k-1(Zat1(5)) g_>1_ir21}¢—1 4 s+ 2k+1

Hence, there is a pole at those values. To calculate its residues we compute

lim (s + 2k + 1)T'(s) cos (?)ZQH(S)

s—>—2k—1
= lim  (s+2k+1)T(s)(s + 2k +1)Z ()COS(%S)
T ol (s)(s VZari() or 1y

= Ress=—ak—1(I'(s))Ress=—2k-1(Zat1(s)) lim “" sin (E)

s——2k—1 2 2
(_1)k+1 T d%
= TRes,__op_1(Z S L —
O 1 2 RS2 Zan (9)) = 55

Finally, we consider the case s = 1. We use Ress=1(Zq+1(s)) = 1/7. So,

s

21311 I'(s) cos (%)ZQH(S) = lﬂ(s - 1)Za+1(5)r(5)%

cos (E)
= Res,—1(Z, lim —22 = —1/2.
Ress—1(Za+1(s)) e Y / U
Once we have extended (,(s) to the entire s-plane (with simple poles at s = 1,2,3,...), we use the
continuations of equations (6.3) and (6.4), both valid for s € C, in order to get

Ca(l —8)Ca(s) 2 e
I'(1 — s)I'(s) sin(ws/2) cos(ms/2) WCOC(I )Ca(8)-

Zot1(8)Zay1(1 = 8) = (6.5)

From that, a simple verification leads us to the following functional equation.
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Corollary 6.3. The function

satisfies the functional equation ®(s) =1/P(1 — s).
Next we study the analytic continuation of (g o(s) which is rather similar to (,(s).

Theorem 6.4. We get

CBa(l—s) = —T(s) cos (?)za@, seC, (6.6)
or equivalently
(Bals) = —T(1 - s)sin (%S)zau —s), seC. (6.7)

In particular, Cp.o(s) can be analytically continued to the entire s-plane with simple poles at s = n =
1,2,3,... (for a # £1/2) whose residues are equal to —c,—1/(2n!). Moreover, (g (0) = —1/2.

Finally, let us mention that, having Z,(s) defined in 0 < Re(s) < 1 (Theorem 6.1, whose proof provides
a convergent series to evaluate Z,(s) in this region), one can wonder where the zeros of these functions are.
Hawkins did an analysis of the zeros of Z,(s) and provided some results involving zero free regions [21,
Section 2] (see also [1]). In addition, many of the graphical or numerical methods for finding the zeros of
((s) in the critical strip (see, for instance, [6,7] and the references therein) can be adapted to the case of
Zo(8). Tt is then easy to find zeros of Z,(s) that do not satisfy Re(s) = 1/2. However, as far as we know,
a further analysis of the zeros of Z,(s) is yet to be done, but doesn’t seem to be straightforward at first
glance. Is there a deeper theory behind this problem?

7. Proofs of the results of Section 5

In this section we prove the theorems of Subsections 5.1 and 5.2. In Subsection 7.1, we begin by proving
results concerning the Hurwitz-Dunkl zeta function (, (s, x) stated in Subsection 5.1; in Subsection 7.2, and
with less details, we prove the corresponding results for (g (s, z) stated in Subsection 5.2.

7.1. The Dunkl zeta function case
Our goal is to prove Theorem 5.1, and then use it to prove Theorems 5.2, 5.4 and 5.5. For that, some
preliminary results are needed.

Lemma 7.1. Let {s,,}5°_; be the positive zeros of Jo41(t) and let S = C \ {0, +is1, +isa,...} denote the
region that remains when we remove from the t-plane the origin and all zeros of Tn11(t), as in Fig. 2. Then
for x € [-1,1]\ {0}, the function

E,(xt)

90 = Baln) — Eal)

is bounded on compact subsets of S and compact subsets of x € [—1,1]\ {0}. Furthermore, if « < 1+ 1/2,
then for x = 0 the function g(t) is bounded on compact subsets of S.
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(- ) — iso
() < isy
() |«—o0
() — —is
(- ) — —iso

Fig. 2. A compact subset of the region S from Lemma 7.1.

Proof. We use arguments similar to those of [18, §2], and reproduce most of them for the sake of completeness
(actually, here it is somewhat simpler because [18] uses @ € C and here we have the standard a > —1 of
the Dunkl context). To get started, let us take a large circle D = {z € C : |z| = A} of radius A with the
condition that none of the points is,,, m € Z \ {0}, must lie on D. The poles of ¢(t) inside D are is,,, with
|sm| < A, and all of them are simple. Now, we prove that the value of A can be chosen arbitrarily large and
such that there exists some constant ¢ > 0 independent of A (but depending on «) satisfying

[Ja(t)] > e /]t]H/? (7.1)

for t € D. For that, we proceed based on what is done in [35, §15.41, p. 498]. First, we denote Hél)(t) and
H,g?) (t) as the Bessel functions of the third kind. We use the equality

2Ja(t) = HD (1) + HP(2), (7.2)

and, in addition, the fact that the Bessel functions of the third kind satisfy the estimates

2\ /2

HO (1) = (E) U3 (1 4o (1)), (7.3)
2\? i rans

HP) (1) = <E> b (10 (1), (7.4)

were 11,(t) and 72 o (t) are functions of order O(1/t) for large |t| (see [35, §15.4, p. 496]). Therefore,

1/2 1/2
%< 2 ) e~ Im() < ‘H((ll)(t)) <9 (i) ¢~ ()

] ]
1/2 1/2
12 V7 me < ‘ H(2>(t)) <o 2\ jme
2 \ lt] e RN ’

for |t| large enough. This, together with (7.2), gives

1/2 1/2
L2 V7 Jmw_o (2 )7 ~lm)
2 \ 7t| |t]

1/2
_lrz e|1m<t>\<1_4efz|1m(t>|>
2 \ 7t|

for |¢| large enough, which proves (7.1) if [Im(¢)| > 1. On the two arcs of D with |Im(¢)
to (7.2), (7.3) and (7.4), the problem reduces essentially to get a lower bound for |cos(

2| Ja(t)]

-~ —
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which can be done by simply choosing A so that to avoid the zeros of the cosine function. This proves (7.1).
Furthermore, (7.2), (7.3) and (7.4) also give

[Ja(t)] < C el O1/jg1/2
for |t| large enough, with a constant C' > 0 depending only on «. Therefore, for any compact set K C
[—1,1]\ {0} the radius A can be chosen with the additional property that there exists C' > 0 such that, for

any t € D and any = € K,

|Jo ()| < C’e‘Im(t“’)l/|tx|1/27 (7.5)
[ Jot1(tz)] < C el ™MD /|12 (7.6)

Using (7.1), (7.5) and (7.6), we get, for € K and t € D,

E, (xt) | EBa(tr) (a4 1) (a4 1)Za(tz)  aZoy1(tx)

Ea(_t) - Ea(t) ’ B ‘ Ia+1(t)t ’ B Ioc-i—l(t)t ZIa-i-l(t)
 |alita)i + g (ita) |, G it led-0iReo)

20 Tara (i) |~ el D[ iE o172

for some constant ¢ depending only on « and K. This proves the result for z € [—1,1] \ {0}. Finally, let us
study the particular case z = 0. As E,(0) = 1, it follows that

lg()| =

a+1 } |t|a—1—1/2
<ec
Tar1(D)t] = elRe@)]

Since we can choose t such as |t| — oo and Re(t) is constant, to ensure that g(¢) is bounded at = 0 on
compact subsets of S we have to consider that « < 1+1/2. O

We now have the tools for the next step:

Proof of Theorem 5.1. For simplicity, let us denote

E,(xt)

90 = Bt — Bal)

The contour C in Fig. 1 is composed of three parts, C7, Co and C5. We take Cy as a positively oriented
circle of radius 0 < ¢ < s; (where s; is the first zero of Juy1(x)/2%"1) about the origin. This avoids Cs
passing through a zero of g(t). On the other hand, C; and Cj are the lower and upper edges of a “cut” in
the t-plane along the negative real axis, traversed as shown in Fig. 1. Then,

pril(s.a) Q/ N / N / v o)

We consider an arbitrary compact disk |s| < M and prove that the integrals along C; and C3 converge
uniformly on every such disk. Since the integrand is an entire function of s, this will prove that I(s,z) is
entire.

We have t = re™™ on C1, t = re™ on C3 (with r varying from ¢ > 0 to oo) and g(t) = g(—r). Also, let
us denote o = Re(s). Along Cy and Cj, for r > 1,
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(51| = po 1| o =14 | = po—lodmy < M—1omM
Hence on either Cy or Cs, for r > 1,
lg(t)t= | < M= 1e™ |g(—r)| .
Following the proof of Lemma 7.1, we find that g(—r) is bounded by

ellal=1r
“afo-172"

That means |g(t)t>~'| < ArMel=I=DI"l for some constant A depending on M and z. Since the integral
fcoo rMel21=D7 dr converges when ¢ > 0 and —1 < z < 1, this shows the convergence along C'; and C3 and
hence, I(s,x) is entire.

Now, we compute (s, z) by (7.7), taking into account that t = ce?® (with —7 < # < ) on Cs. Let us
take

c

2mil(s,z) = /rs_le_”isg(—r) dr

o0

+/csflew(sfl)g(cew)icew d0+/rsfle’risg(77ﬂ) dr.

—T Cc

The sum of the integrals along € and Cj is equal to

/rsflg(—r)(em's _ 677”-5) dr = 21 SiH(SW)/TS?lg(_T) dr

=: 2isin(sm) (s, ¢),

and the integral along C5 is equal to

T

ic® / e g(ce’®) df =: ic* Ir(s, c).

Dividing by 2i, we get

S

wl(s,x) = sin(sm)I1(s,c) + %Ig(s,c).

If we take ¢ — 0, we notice that I1(s,¢) — T'(s){u(s,x) if 0 > 1, where (,(s, ) is the function defined
in (4.13), so it only remains to prove that Iz(s,c¢) — 0 as ¢ — 0.

Notice that g(t) is analytic in |[t| < $; except on the simple pole at ¢ = 0. Hence g¢(¢)t is analytic
everywhere on |t| < s1 and so it is bounded here, say g(t) < A/|t| for some constant A > 0 and [t| = ¢ > 0.
Therefore we have

(o}

[ A
|I2(s, )| < % / e ¥ dh < Aem™Vleo L
c

—T
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If o > 1 and ¢ — 0, we find I5(s,¢) — 0. In conclusion, for o > 1,

wl(s,z) = sin(sm)T(s)Cn (s, x),
and finally, using that T'(s)I’(1 — s) = «/sin(ws), we get (5.2). O

Let us give the proof of Theorem 5.2, where we show that the unique singularity of {,(s,z), such as
defined in (5.3), is a simple pole at s = 1.

Proof of Theorem 5.2. Since I(s,z) is entire, the only possible singularities of (,(s,x) are the poles of
(1 — s), that is, the points s = 1,2,3,... But (,(s,z) is analytic for s > 1, so s = 1 is the only possible
pole of (,(s,x).

If s is any integer, say s = n, the integrand in the contour integral for I(s,z) takes the same values on
C1 as on (5, and hence the integrals along C7 and Cs cancel, leaving, by Cauchy’s residue theorem,

_ 1 Ea(xt) n—1 _ Ea(xt) n—1
I(n,2) = 5 / RETE RO ReStZO(Ea(_t) ROk )
Ca

In particular, when s = 1 we have

E,(xt) lim tEy(zt)(a+ 1)

I(l,z) = Resf,:o(m) 5% Tor1(t)t

=—(a+1).

To find the residue of {,(s,x) at s = 1 we compute the limit
lim(s — 1){n(s,2) = = lim(1 — s)I'(1 — $)I(s,z) = —I(1,2) im (2 — s) = a + 1.
s—1 s—1 s—1

This proves that (,(s,z) has a simple pole at s = 1 with residue « +1. O

Now that Theorem 5.1 is proved, we can obtain the expression of (,(—n,z), for n = 0,1,2,... related
to the Bernoulli-Dunkl polynomials:

Proof of Theorem 5.3. Evaluating at s = —n in (5.1) we get (o(—n,z) = n!I(—n,z). Applying Cauchy’s
residue theorem, we have

I(=n,z) = Resi— (%t‘"‘l> = Res;—o (—(a + 1)%t‘"‘2)

—(a+ 1)Res;—o <t n- QZ ma(fﬂ)t’”)

m—o Ima

—n—1 _ %n ,Ot(x)
- ( }gr(l) (t Z Vmoc > __(a—’—l)L'

Yn+1,a

Now we are ready to prove the convergence of the Lerch-Dunkl zeta function F(z,s) defined in (5.7),
and the Hurwitz-Dunkl formula:

Proof of Theorem 5.4. We begin by proving the convergence of (5.7), with Re(s) > 1, for € R. For real
values of the variable, we have

Tt + Jaa (07 = 21 +0(1)), o0,
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.iSN+1

)

L] 7’iSN+1

Fig. 3. The contour C(N) from (7.8).
so lim, 5711/2\Ja (sn)| = \/2/7, and consequently
Zo(ism)| ~ Cs;.0712 oo,
Moreover, |Eq(2is,,)| < Clzs,|~*~/? by (4.2). Then,

‘Ea(xi3m> 1 <C| | a— 1/2 —s

Zo(iSm) S35,

and this guarantees the absolute convergence of (5.7).
To prove (5.8), let us consider the contour integral

zt) —1
I s .
N(s2) = o / st (7.8)
o)

where C(N) is the loop shown in Fig. 3. We now denote o = Re(s).

First we prove that imy_,o0 In(s,z) = I(s,x) if o < 0. For this it suffices to show that the integral along
the outer circle tends to 0 as N — oo.

On the outer circle we have t = Re®®, —1 < 6 < 7, hence

|ts—1| — |RU—1e7ri(a+iy)| — Ro—le—yﬂ' < Ra—leﬂ|y|.
Since the outer circle lies in the set S of Lemma 7.1, the integrand is bounded by AR~ 'e™ ¥l where A is

the bound for g(t) implied by Lemma 7.1; hence, the integral is bounded by 2r ARe™l¥!. This tends to 0
as R — oo if ¢ < 0. Therefore, replacing s by 1 — s, we see that

lim In(1—s,2)=I(1-s,2), ifo>1.
N—o0
Since
E.(xt) s E,(xt)(a+1)

Ea(_t) - Ea (t) IoHrl(t) ’

the poles of g(t)t~* are just the zeros of Z,11(t), say ism, m € Z \ {0} (we don’t take into account the pole
at t = 0 because C(N) doesn’t contain it). We compute Iy (1— s, z) explicitly by Cauchy’s residue theorem.
We have

Eo(xt s
In(1—s,2) Z R(m Z Resi—s,, <mt > . (7.9)

m=—N
m;éO m#0
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Now, if m > 0,

CR(m) = lim (t - isy,) Pe@@F1)

t—s—l
t—ism Ia+1(t)

t—is,)
= Eo(2ism)(ism) * 1) li {t=iom)
(2i8m) (1Sm) (a+ )tiglm Zosa(t)

1

= Ealaisn)(isn) o+ D —ms.

Now, we compute 7, (isy,) as follows. First, let us write Z,(2) = 2°T' (o + 1)14(2)/2%, where I, is the
modified Bessel function of the first kind and order «, see [35,28]. We will use the identities (see, for instance,
28, 10.29.2])

I,(2) = La1(2) + S 1a(2) (7.10)
and
I(2) = In_1(2) — %Ia(z). (7.11)
y (7.10) we have
Z) =2 (28 o ) - L) (712

and by (7.11) (with a + 1 instead of «) we deduce that

w1 (2) =227 (a +2) <% —(a+ 1)121(5)>
= 2a+1r( +2) (I o(2) ~2a+ 1)Ia+1(z)>

a1 Za+2
= (Zo(2) — Zos1(2)).

Hence, T/, (ism) = 2ot (i8m). Therefore we get, for m =1,2,...,

18m

1 Eo(xi8m) ,. _
-R =" (is,,) " "°. 7.13
(m) = 5 7 s () (7.13)
Analogously, for m = —1,—2,..., we can compute —R(m) the same way as before, but taking into account
that s_,, = —s,, and knowing that Z,(t) is an even function of ¢. In this case, we get
1 Ey(—xisy), . _
-R =——*(— 5. 7.14
(m) = 3 75 G (~ism) (7.14)

By (7.13) and (7.14) we are able to compute (7.9). Indeed,

s

) N
XTiSm) (—i)~* E.(—xisy)
In(1— .
( 5 ) 22:1azsmss+ 2 Z Zo(iSm )3,

Writing i~* = e~™/2 and (—i)~* = €™/ and taking N — oo we get
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1 (zis —xis
I(1 — - - —msi/2 m 7r91/2 m )
(1-=s,2) 2 ( Z I (i8m)ss, Z I (i8m)sS,

Since (o (1 — s,2) = T(s)I(1 — s,z), if we call F(z,s) =" Laolrism) we finally get the Hurwitz-Dunkl

m=1 Ty (ism)ss,
formula (5.8). O

The Hurwitz-Dunkl formula gives us an expression for {, (s, z) free of the intricate integrals. With it, we
can easily prove Theorem 5.5

Proof of Theorem 5.5. Taking = 1 in the Hurwitz-Dunkl formula (5.8), we get F(1,s) = > °_  1/s% .
since E, (i) = Zo(i8m ). Hence,

Ca(l=38) =C(a(1—s,1) :%gé(_”im—i—e”iﬂ): cos( )mi:l%

Changing 1 — s for s we get the equivalent expression in terms of sin(z). O
7.2. The Fuler-type Dunkl zeta function case

Now we prove the analogous results for (g o(s,z) and (g o($).

Lemma 7.2. Let {jn}0_, be the positive zeros of Jo(t) and let S = C \ {0, %ij1, xijs,...}. Then for
€ [-1,1]\ {0}, the function

E,(xt)

"= F o+ B

is bounded on compact subsets of S and compact subsets of v € [—1,1]\ {0}. Furthermore, if o < 1/2, then
for x =0 the function h(t) is bounded on compact subsets of S.

Proof. We start again by taking a large circle D = {z € C : |z|] = A} of radius A with the only condition
that none of the points j,,, m € Z \ {0}, must lie on D. The poles of h(t) inside D are j,, with |j,| < A,
and all of them are simple. For any compact set K C [—1,1] \ {0} the radius A can be chosen with the
additional property that there exist ¢,C' > 0 such that, for any ¢ € D and = € K, equations (7.1), (7.5)
and (7.6) are satisfied. Hence, we have

E,(xt) ’ B ‘Ea(m)

T, (tx) 2tTo11(t2) ‘

Eo(—t) + E.(t)| | 2Za(2) 2Z,(t) 4o+ 1)L, (2)
. Jo (itx)i + Joz1 (itx) <z ellzl=1)[Re(t)|
B 22 J,(it) = |ale1/2

for some constant ¢ depending only on « and K. This proves the result for € [—1,1] \ {0}. Finally, we
consider the particular case x = 0. As E,(0) = 1, it follows that

1

|t‘a+l/2
<ec
=

t) ' el Re([

h(8)] =

which is bounded, when |¢| > A, if @ < 1/2. Hence, for z = 0, h(¢) is bounded on S if « < 1/2. O
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Proof of Theorem 5.8. The proof is identical to the one of Theorem 5.1 but using the bound of Lemma 7.2
instead. O

Proof of Theorem 5.9. The convergence of Fg(z,s), for z € R, can be proved as in the case of Theorem 5.4,
this time with |Zaq1(jm)| ~ Clim| ™ 171/2, so

< C|£L’|_a_1/2 f—s

m

‘ Ea(ijmx) 1
Ia+1 (ij) jrsn+1

and the converges is again for Re(s) > 1.
To prove (5.14), let us now consider

1 E,(xt) 1
I = [ e 4
n(s2) =35 / Bt + B ¥
o)

with C'(N) the loop of Fig. 3. On the outer circle the integrand is bounded by AR 'e™¥! where A is
the bound for A(t) implied by Lemma 7.2; hence, the integral is bounded by 27 ARZe™¥!. If o < 0 the
integral Iny(s,z) — 0 along the outer circle of C(N) when R — oo. Hence, replacing s for 1 — s, we get
lmy_yoo IN(1 = s,2) = Ig(1 — s,2) for o > 1. We compute Iy (1 —s,z) by Cauchy’s residue theorem. Let
m =1,2,... We compute the residue at ¢t = ij,, using (7.12):

E,(xt) t5>

—R(m) = —Resi=ij,, (

= — lim (t—ijm) (E“(”t)tS)

27,(t) t—ijm 27,(t)
_ Bo(ima),. . _y  (a+ D)E(ifm),. . ey
a 2Izlx (Z]m) (ij) B Ia+1(ijm) (ij) .
Also, when m = —1,—-2,..., we have
(a+1)Eo(—ijmz) , .. o1
—R(m) = — — —iJm) "
( ) Ia-i—l(_UM) ( )
Then,
N N ..
(@ +1)Eu(ijm®) .. 51
IN(l1—s,2) = — R(m) = — — ij ST,
N( ) m;N ( ) m;N Ia+1(2]m) ( m)
m##0 m#0

Letting N — oo, we get (5.14). O
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1. Introduction

An Appell sequence {P,(z)}22, is defined formally by an exponential generating function of the form

oo t"

G(z,t) = A(t)e™ = Pu(z)—

— (L.1)

n=0

where x,t are indeterminates and A(t) is a formal power series.
It is easily seen that (1.1) implies P,(z) is a polynomial of the form

P,(xz) = A(0)z™ + - --
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Thus, the assumption A(0) # 0 (which is usually given together with (1.1)) means that P,(z) has degree n.
In addition, it is straightforward to verify that any such generating function has polynomial coefficients
satisfying P/ (z) = nP,_1(z) for all n > 1, and conversely, that this condition on a polynomial sequence is
equivalent to having a generating function of the given form.

The members of an Appell sequence are called Appell polynomials. Typical examples of Appell sequences
are the Bernoulli, Euler, and Hermite polynomials, whose generating functions G(x,t) are respectively
te®/(et — 1), 2™t /(e! 4+ 1) and e~**/2.

In a series of recent papers [21-23], the authors give a method to build transcendental functions whose
values at the negative integers are the polynomials defined by (1.1), requiring only a few easy conditions
on the function A(t), and provide many examples and properties. This method uses a slight modification of
the Mellin transform of the generating function G(x, —t) (note the sign change) and conditions on A(¢) that
ensure the integral defining the transform converges. For instance, for the Bernoulli polynomials { B,,(z)}52,
the corresponding function is s¢(s+ 1, z), where (s, z) is the Hurwitz zeta function. This is not surprising,
since a well-known property of ((s,z) is {((—n + 1,2) = —B,(x)/n. Many other examples, such as those
coming from some generalizations of the Bernoulli and Euler polynomials, the classical Hermite and Laguerre
polynomials, and the Bell numbers, are discussed there.

However, although the conditions on A(t) given in [21] are rather general, one of them requires that A(—t)
be continuous on [0, 4+00), thus excluding complex analytic functions A(—t) with singularities on (0, +00);
indeed, the Mellin transform does not converge in this case. The purpose of this paper is to extend these
kinds of results by allowing the existence of isolated singularities, and to give some additional examples.

This article is organized as follows. In Section 2, we present the general method for obtaining an entire
function s — H(s,x) that satisfies H(—n,z) = P,(z) for a given Appell sequence {P,(x)}°2,, modifying
the hypotheses of the main theorem of [21] in order to be able to apply it in cases where the Mellin
transform fails to converge because of the appearance of an isolated singularity (usually, a pole). The
extended result is contained in Theorem 2.1. This section also includes many comments regarding the use of
the theorem. In Sections 3, 4 and 5, we apply this method to the Appell sequences that arise when we take
A(t) = 1/(1 £¢t)" and A(t) = 1/(1 £ t*), constructing the corresponding transcendental functions H (s, z)
that satisfy H(—n,x) = P,(x) for such Appell polynomials. Some of these sequences are related to the
truncated exponential polynomials

| =

zk,

en(x) = Z
k=0

and have been recently studied in [7,17,20]. Section 6 includes some additional examples. Finally, in Section 7,

o

!

we conclude by presenting an open problem related to Appell-Dunkl sequences, which are a generalization
of Appell sequences where the exponential e** has been replaced by the Dunkl exponential F,(zt) =
e 1 Fi(a+1/2,2a+ 2, —2xt). The details are given in that section.

2. Appell-Mellin sequences

The Mellin transform has been widely used in number theory as well as other fields of mathematics. For
a given function f(t), it is defined by the integral

M{F(B)}(s) = / Ftyetdr. (2.1)
0

We will often add the factor 1/T'(s) in front of the integral while still referring to it as a Mellin transform, but
we reserve the symbol M to always denote (2.1). We apply the Mellin transform to a generating function of
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an Appell sequence (with a sign change). This provides an entire function that, when restricted to negative
integer values, yields those Appell polynomials. Mellin transforms of generating functions have also been
used in the recent papers [3] and [4] for not too dissimilar purposes.

In [21] a subclass of Appell sequences, the so-called Appell-Mellin sequences, were introduced. These are
sequences { P, (x)}52, defined by a generating function of the form (1.1), where A(t) is a complex function
defined on the union of a neighborhood of the origin with (—oco,0), satisfying

(a) A(t) is non-constant and analytic around 0;
A

(b)

(—t) is continuous on [0, 4+00) and has polynomial growth at +oo.

Following [21, Theorem 1] for an Appell-Mellin sequence and a fixed = > 0, we consider the integral

o0 o0

H(s,x % /G s tdt = % /A e s dt. (2.2)
0 0

This converges for Re(s) > 0 to a holomorphic function of s having an analytic continuation to an entire

function satisfying H(—n,z) = P,(x) forn =0,1,2,....

Let R denote the radius of convergence of the Taylor series of A(t) at t = 0. Note that it does not depend
on z and that the generating series in (1.1) converges for all € C and |t| < R.

The above integral is an example of a parametric integral with a holomorphic integrand in the s-domain.
The condition x > 0 is stated for simplicity, but it is not really necessary and can be replaced in most of
the results by € C with Re(x) > 0.

As we pointed out in the introduction, this result can be extended to functions such that A(—t) has poles
on [0,00); in other words, we are going to replace condition (b) by a weaker one. This is quite useful since
it allows us to obtain a special function satisfying H(—n,z) = P,(x), n = 0,1,2,... in some remarkable
cases where the integral [~ G(z, —t)t*~! dt doesn’t converge, for example, when G(z,—t) = e~*/(1 — t?).
The conditions are given in the following theorem.

Theorem 2.1. Let A(—t) be a meromorphic function, continuous on [0, +00) except for isolated singularities
at t = ty,ta, ...ty (ordered by t1 < to < -+ < t). Furthermore, suppose that A(—t) is analytic in the
k-punctured rectangle

T={teC:t;—n<Relt) <ty+n, —n<Imt)<nt\{t,... tx}

for somen > 0 and that A(—t) has polynomial growth fort — +oo. Consider the Appell sequence { P, (x)}22,
defined by

Glat) = AW = 3" Pal@) . il < R,

n=0

with radius of convergence R satisfying R > t1 —n. Then the integral
1
H(s /G st dt = 5) /A(—t)e_””tts_ldt (2.3)
C

(where the path C' goes fromt = 0 to t = co avoiding the singularities t; as shown in Fig. 1, with0 < e <n)
converges in the right plane Re(s) > 0 to a holomorphic function of s which may be analytically continued
to an entire function satisfying
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Cs
AN
? +o0

Cl CS
0 > . . . > >
th—e 4 t2 ety 4
Fig. 1. An example of how the path C “avoids” the singularities t1, to, ..., tx of A(—t), from Theorem 2.1 (the radius of convergence

of A(t) must satisfy R > t1 — €).

H(—n,z)=P,(z), n=0,1,2,...

Proof. The technique of the proof is somewhat similar to that in [21], but more care must be taken to avoid
the singularities.

Given N € N U {0}, the Mellin integral can be analytically continued to the half-plane Re(s) > —N —1
as follows. For a fixed € such that ¢t; — R < ¢ < min{n, R} (note that necessarily R < ¢; since ¢; is a
singularity), separate the complete integral into three parts, each following the integration paths Ci, Cs
and Cj (see Fig. 1; the upper corners of Cy are t; — € + ie and ty, + & + ie, in order for Cs to lie inside the
k-punctured rectangle T' where A(—t) is analytic). Next, further divide the integral along C; into two parts,
so now we have four parts as follows:

H(s,z) = ﬁ / A(—t)e=t1 gt
tr+e
1 —xtys—1
+ mC/A( t) t dt
t1—¢ (24)
+ i / A( t)efzct o i Pn(l') (—t)n 45 1 dt
T'(s) / oy n!

N n
> Pu() (_nt!) 5L dt.

In the first part, the integrand e~%*A(—t)t*~! converges exponentially to 0 when ¢t — oo; it is dominated
on arbitrary closed vertical strips of finite width, hence the integral is an entire function of s. Since 1/I'(s)
is entire, the complete first term is also.

In the second part, the integrand is again e=** A(—t)t*~! and since the path Cj is finite and the integrand
is analytic there, we again conclude that the integral is an entire function of s.

In the third part, note that the radius of convergence of A(t) is R > t; — . The integrand is the product
of t*~* with the tail of the generating series, >\ .1 Pn(2)(—t)"/n!, which is O(tN 1) at ¢ = 0. Thus, for
Re(s) > —N — 1, the complete integrand is O(tNtRe(#)) at t = 0 (with the order constant depending only
on z) and hence is integrable on [0,#; —¢] and dominated on closed vertical sub-strips of finite width of this
section of the s-plane. Therefore the third integral is a holomorphic function of s for Re(s) > —N — 1.

In the fourth part, we get
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Fig. 2. An alternative for the path C5, as described in Remark 1.

Cy

—+o0
C1q Cs -
0 . >

to—e 0 ¢ote

v
v

Fig. 3. An example of how the path C that “avoids” a unique singularity to of A(—t).

which is an entire function of s because the simple pole of I'(s) at s = —n cancels the simple zero of s +n
forn =0,1,2,..., leaving the non-zero residue (—1)"/nl.

Finally, if s = —n with 0 < n < N, the factor 1/I'(s) in front of every integral is zero, so the first, second,
and third parts in (2.4) vanish, while in the fourth part, the only non-zero summand in (2.5) corresponds to
n, and yields the value P, (z) because of the residue of I'(s) at —n = 0,1,2, ..., which is equal to (—1)"/nl.
Thus H(—n,z) = P,(z) for these n, and this completes the proof. O

In the next sections we show how to apply Theorem 2.1 to specific Appell sequences. In most cases, the
singularities reduce to a single pole. Before we proceed, we make some observations about the theorem.

Remark 1. We have taken the C5 part of the path C' as the upper part of a rectangle. This is not essential
since for functions which are analytic in a simply connected domain, the integral is independent of the path.
For instance, we could also take the Cy part as in Fig. 2 (again with R > ¢; — €). The most common (and
easy) case of the previous theorem is when A(—t) has only one singularity, which we call ¢o. In this case,
we usually describe the Cy part of the path as a semicircle of radius € centered on ¢y, as in Fig. 3. In many
cases, the radius of convergence of A(—t) is R = tp, and then we can take any € > 0.

Remark 2. For simplicity, assume that we have a unique singularity at ¢y, as described in the previous
remark, with the path C passing above the singularity as shown in Fig. 3, and C5 equal to a semicircle.
Clearly, we could also take the path C passing under the singularity tg, obtaining two different functions
H(s,x) satisfying H(—n,z) = P,(z). Let C" denote the path going over to (as in the figure) and C'~ the
path going under g, and let us denote by H* (s, 2) and H~ (s, z) the corresponding functions H (s, z). Then,
by Cauchy’s residue theorem,

H(s,2) = ﬁ / A(=t)e=t51 gt
o
- /A(—t)e*ﬂ”’fzt“1 dt + 1 / A(—t)e "t~ dt
I'(s) I'(s)
Cc+ ‘t*t(]l:E
= H"(s,x) + % Res(A(—t)e 571t = 1)

in the right plane Re(s) > 0. By analytic continuation, this relation between H (s, z) and H* (s, z) is also
true in the complex s-plane. If A(—t) has a pole of order 1 at #o, let us write A(—t) = Y72 | ax(t —to)™;
then, it is easy to see that Res(A(—t)e *"t*~' t = tg) = a_je~tooty "
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In the case of more than one singularity, as in Fig. 2, we can also conceive of paths that zigzag between
singularities, some going over and some under (for instance, with semicircles above and below the horizontal
axis). This will generate many different functions H (s, t) but, again, they will be related by the residues at
the singularities.

Remark 3. For certain generating functions A(t) such that A(—t) has a pole at a certain ¢ > 0, Theorem 2.1
might be superfluous. For instance, let us assume given A(t) and the corresponding Appell polynomials
P,(z), and let A(t) = A(—t), with corresponding Appell polynomials P, (z); if A(—t) has a pole at to > 0,
it becomes —t (negative) for A(—t), and perhaps A(t) satisfies the hypotheses of [21, Theorem 1]. With
this notation,

Z Pn(x)g = A(t)emt = g(ft)e —z)(—t) — Z ﬁn(*l’) (_TZ‘L')TL7
n=0 —

s0 P, (z) = (=1)"P,(—z). Consequently, if H(s,z) is the s-entire function that satisfies H(—n,z) = P, (z),
the new s-entire function H(s,z) = ™ H (s, —x) (or e "™ H (s, —x)) satisfies

H(—n,z) =e¢ ™ H(—n,—z) = (—1)"P,(—z) = Py().

In any case, the trick above mention cannot be used if, for instance, A(—t) has poles both at ¢y and at —t.
In particular, this happens for A(t) = 1/(1 —t2).

Remark 4. Sometimes, a clever use of Theorem 2.1 allows us to find in a simple way the function H(s,x)
corresponding to (1.1) if A(—t) has more than one pole on (0,00). To exemplify it, let us assume that we
have t; and ¢t satisfying 0 < ¢ < t5 and

At)
(t+t1)(t +t2)’

A(t) =

for a function A(t) without singularities. Let us take the partial fraction decomposition

1 k1 ko

= + ) ki =(ta —t 717 ko = (t1 — t 71’
E+t)(t+ta) 4+ttt 1=(t2—t1) 2= (hh —12)

as well as the Appell sequences

Then,

> " o AWM At) o L tm < o
;Pn(x)m—fl(t)e = ke ke fklan(z)E+k27§)Pn(z)a,

n=0

SO Pn(l’) = klpé(ﬁc) + kgpg(l‘)

It is clear that the radius of convergence of ﬁ—?_
J

cases, obtaining s-entire functions H;(s, ) such that H;(—n,z) = PJ(x). Consequently, taking

is t;, for 7 = 1,2, and we can apply Theorem 2.1 in both

H(s,x) = k1Hy(s,2z) + koHa(s, x)

we have H(—n,x) = P,(z), as desired.
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3. The case A(t) =1/(1 —¢t)"

For completeness, and to compare it with the case A(t) = 1/(1 + t)" that will be explored in the next
section, we begin with an example that does not require the extension given in Theorem 2.1 of this paper
because A(—t) = 1/(1 + t)" does not have singularities on [0, 00). However, perhaps the most interesting
case, which corresponds to r = 1, was not studied in [21].

Let {P,(er)(:v) & o be the polynomials defined by

1 xT - r— tn
9" t=>"p )(x)ﬁ, It| < 1. (3.1)
n=0 ’

o [ j — (@) =t [ 2"k
‘(D)<Z 7 )‘Qﬁ@w—kﬂ“)

and hence, equating coefficients in (3.1), we get

PP @) =nl (14a+ 5+ + o) = nlea(a). (3.2)

The e, () are called the truncated exponential polynomials.
For general r, we have

1

H— )
(s,x) F(s

o0
/e (1+t)""t*"'dt, Re(s) >0, Re(z) >0,
0

and [21, Theorem 1] (and also Theorem 2.1 of this paper, of course) implies that this function can be
analytically continued to a s-entire function satisfying H" =) (—n,z) = P,(lr_)(x). Actually, H") (s, 2) is an
old well-known function in the mathematical literature, as we now show.

Let us recall that Tricomi’s confluent hypergeometric function is

I(1-c¢)

r'(-—1)
I'a+1-c¢)

I(a)

(it is also denoted by Ul(a,c, ), see [12, §6.5, equation (2)] or [19, p. 242 in §5.5.2]). This function, that
will appear several other times in this paper, is often defined as the Mellin transform

U(a,c;x) = 1Fi(a,ct) + o Fi(a+1—c¢,2—ct)

U(a,c;x) =

(o)
/e L+t) o 121 dt,  Re(a) >0, Re(x) >0,
0

and then extended by analytic continuation.
With our notation, H" ) (s,z) = ¥(s,s —r + 1;2) and H" ) (—n,z) = Py—)(m). But, when s = —n, by
[12, §6.9.2, equation (36)] we have
V(—n,—n —7r+1Lz) = (=1)"n! L 7(x),

where
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ow =3 (1) S

k=0

denotes the (generalized) Laguerre polynomial of degree n and order « (here, (:’:2‘) is the generalized

binomial coefficient). Consequently, P,Erf)(x) = (—1)"n! L) (x).
The case r = 1 yields

1 o0
HO) (s,2) = T(s) /efm(l + ) e dt = (s, s52),
0

and the function H(17)(s,z) analytically continued to the s-plane satisfies H(—n,z) = n!e, ().
Now, note that one of the properties of the incomplete Gamma function

o0

[(s,2) = /e‘tts_l dt, (3.3)

x

is the following relation (see, for instance, [13, §9.1, equation (4)]):

I(s,z) =e *U(1l —s,1—s;2). (3.4)
Hence,
HY ) (s,2) = e"T'(1 — s, 2), (3.5)
and consequently
HOD) (—n,z) = e"T(n+1,2) = nley(z). (3.6)

Thus we recover a nice property of the incomplete Gamma function (see, for instance, [24, 8.4.8]):
I(n,z) =(n—1)!e e,_1(x), neN. (3.7)
3.1. McBride polynomials

Let us finish this section by mentioning some polynomials related to what has been shown and that have
been studied in the mathematical literature. They are the McBride polynomials {e}(z)}5°,, defined by
(see, for instance, [7, equation (12)])

o0

T(A+1
Zt”efl(m) =e” (i _—;)A)'

n=0

These polynomials are an easy variation of {Py*)(a:)};’f’:o, and thus we have that U(s, s — A+ 1;z) satisfies

U(—n,—n — A+ 1;2) =n! D\ + 1Ded(z).
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Fig. 4. Path for transforming an integral on (0, +oc0) into an integral on (0, 4-00%).

4. The case A(t) =1/(1 +¢)"

Let {P,(f*)(:c)}gozo be the polynomials defined by

o0

1 . "
ot =N plr) () = t) < 1.
Note that in this case the integral
1 o0
H(TJF) S,z ].—‘(/ 1*t el dt
s)
0

does not converge because A(—t) = (1 —¢)~" has a pole at tg = 1. However, we can apply Theorem 2.1,

and thus we can consider

HO) (s, 2) = ﬁ /e_zt(l —t)y" et at,
C
where the path C goes from 0 to oo but jumps over the pole ty = 1 (as shown in Fig. 3), and The-
orem 2.1 guarantees that H("t)(s z) can be analytically continued to an s-entire function that satisfies
HH) (—p,z) = PT(LT—H(Q?).
To identify the function H(")(s,z), let us start by noticing that for H("~)(s,z) we had, for Re(s) > 0
and Re(z) > 0,

1 o0
qtr-) =U(s,s—r+1; — )Tt
(s,x) (s,s—r+1L;x) F(s /e
0

If we change the path of integration of H (T*)(s, x) to the positive imaginary axis, we have that

% / fL+t) "t dt (4.1)
0

is convergent for Re(s) > 0 and —m < arg(z) < 0. Let f(t) = e **(1 +¢)""t*~! and consider the integral

f“/ f(t) dt, where ~ is the composition of the paths fyl, ’yg and 73 given in Fig. 4. Since f(t) has no singularities

inside the contour ~, fw f@)dt = fm f@&)dt + f t)dt + f f(t)dt = 0, and it is easy to prove that

f,m f(t)dt =0 when M — oo (because of the term e~ ' in the integrand). Hence fo tydt = [°" f(t)dt,
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so H("")(s,x) is equal to (4.1) in the overlapping domain —7/2 < arg(x) < 0. By the same reasoning, we
can change the path to the negative real axis ¢t € [0, —o0), and thus

1 —0o0
H) = / P14 t) T dt 4.2
()= g [ e+ , (12)
0
where the path passes above the pole at t5 = —1, similarly to Fig. 3, but on the negative real axis.

Finally, substituting z = —t = €™t in (4.2), we get

TS

O (5.267) = Blss =+ Tiae'™) = £ w21 =072 e
I}
with C as in Fig. 3 (with 29 = 1). Then,
1 . .
H(Tﬂ(s,x) = — /e‘”(l —2) " dr = e (s, 5 — v 4 15 2e™) (4.3)

I'(s) J

is a function that satisfies H(")(—n, z) = P,(LH)(x).
Note that if we substitute z = te~*" instead of z = te’™ we obtain a different special function H"+) (s, z)
which satisfies H"+) (—n, z) = pir) (x) (see, for instance, [26])

HUH) (s,2) = ™ W (s, s —r + L3¢ a).

In this case C passes under the pole ¢ty = 1, which is related to Remark 2. We will use this reasoning for
obtaining H"+)(s,z) and ﬁ(’"*)(s,x) many other times in this paper, but we will omit the details from
now on.

The case r = 1 is interesting for its own sake. We get

1
141¢

=Y P @) S <L (4.4)
n=0

and it is easy to prove that P7$1+)(x) = (=1)™n!e,(—x). Of course, this can be easily deduced from (3.1)
and (3.2) changing = to —z and ¢ to —t.
A direct consequence of (4.3) together with (3.4) is

and
HI)(s,2) = [(—s+ 1,z )e 2T, (4.5)
4.1. Appell-type Changhee polynomials

As in Section 3, let us finish this section by mentioning another family of Appell polynomials with a proper
name. The so-called Appell-type Changhee polynomials, {Ch}, (2)}>2, introduced in [18], are defined by
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2ot _ i i@l <2
241 o il
The generating function Q%Lte“ is closely related to %He” by means of the change of variables ¢ — 2t

and z — x/2. It is easy to check that the Appell-type Changhee polynomials are related to the truncated
exponential polynomials by the equation
(=1)"n!

Ch(z) = Ten(—Qac).

To find the special function that satisfies H(—n,z) = Ch}(z) for n =0,1,2,..., let us take the integral

2

—xt
- _ - € s—1
H(S’x)_I‘(s)/Q—tt dt,
C

where now C' is a path avoiding the pole at ¢y = 2. By changing ¢ — 2t in the integral and recalling (4.5),
we get

H(S,l’) — 251"(_8 + 1’ 2xei”i)e_2we¢”is,
5. The cases A(t) = 1/(1 — t*) and A(t) = 1/(1 + t*)

In this section we are going to study together the two cases A(t) = 1/(1 — t¥) and A(t) = 1/(1 + t¥),
whose corresponding Appell polynomials will be denoted by pH (z) and Q[f ] (z). We study these cases
simultaneously because we will obtain two special functions H J[k](s,x) such that H j[k](—n,x) (both for
j=1,2) is equal to plM () or Q%] (z) depending on k being even or odd.

First, let us denote by {RL’“] (2)}52, the polynomials defined by

o0

1, tn
1_tket:ZP7[Lk](x)H’ lt| < 1.

n=0
Of course, the case k = 1 gives us Prgl)(x) =nle,(z), and they are given by
LT
PRy =n S

Jj=0

(these polynomials are studied, for instance, in [16, (1.19)], where they are denoted by e, ()).
In this case, we get that

1 T et F(ls) oeT (1 — Ryl dt,  if k even,
HW(s,2) = r 1 T hdt =
(5) ) 1=(=1) ks J et (L )" e, if ke odd.

On the other hand, if {Q!¥)(z)}22, are the polynomials defined by

1
1+tk

. S tn
et=3 QW@ <t
n=0

where
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we get that

e (14 k)il de,  if k even,

17 eet )
HW (s, 2) = / 57l dt =
’ __+\k
L(s) ) 1+ (=1) g JoS e A — ) e dt,if K odd.

Then we could argue that, for £k =1,2,3,..., the function

1 o0
H{k] (s,z :m/e a4 tmy st at
0

can be analytically continued to the s-complex plane (in this case [21, Theorem 1] is enough to do it) and

satisfies H{k](—n,x) = pl¥! (z) if k is odd and Hyc](—n,x) = QW (z) if k is even.
On the other hand, we notice that the integral

e Yhes Tl dt

does not converge for any k = 1,2,3,.... However, we can consider instead
1
HM (5,2 :_/ )t dt,
2 T'(s) <
c

which can be analytically continued to the s-complex plane as described in Theorem 2.1. Then, H. Q[k] (—n,z) =
W (2) i & is odd and HS(—n,z) = P (2) if & is even.

Next, we show how to express H l[k}(s, x) and HQ[k] (s,z) in terms of previously known special functions.

Both of them are particular cases of Meijer G-functions, a remarkable family of functions of one variable, each

of them determined by finitely many indices. By definition, via the Mellin-Barnes integral representation,
the Meijer G-function is

=T, T(1—a; +t
G;n(}n(a/la , G > / )H] 1 ( J ) tht
T\ by, by H] o 1—b O D — 1)

where the integration path L separates the poles of the factors I'(b; —t) from those of the factors I'(1—a; +t),

with three possible choices for this path (for details, see [1, §16.17] or [2] and the references therein).
Meijer G-functions have proved useful for generalizing a huge class of functions, including elementary
functions, gamma functions, Bessel functions, hypergeometric functions, and so on. If A(t) can be written

s _ 3 _ — m,n [ @1,...,ap
as a Meijer G-function as A(—t) = G} (bly---7bq

o0
/Gmyn(al,...,ap
J Pq b17...7bq

(see [12, §5.5.2]). However, in our case we have 1/(1 +t*) = G’} (0 ‘ tk) which is not of this form. Hence,

nt) for some constant 7, then

1—s,a1,...,a
t e*Itt5*1 dt = 75Gm n+1 ) ) s Up
”) Pl bi,... b

3) (5.1)

xT

the identity (5.1) alone isn’t enough to compute the integral (2.2), and for this reason we need some auxiliary
results involving Mellin transforms.
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Theorem 5.1. For k € N we have that

7 Lok k—1 1
1 / e ts_ldt: (27T) 2 Gl,k-‘rl(LTa"'?Ea%
0

I'(s)) 1+ VETD(s) FHb?

where the function Gifﬂ 1s a Metjer G-function.

We need the following lemmas to prove the above theorem. We refer Lemma 5.2 to [14, Chapter VI], and
Lemma 5.3 to [8, §8.2 and §8.3] or [27, Theorem 73, p. 95].

Lemma 5.2. Let M{f(t)}(s) denote the Mellin transform of a suitable function f(t). Then

M{e "} (s) =T(s)z™ %, 0 < Re(s),

and

M b =Foe(fs) = r(F)r(i-1). 0 <Re(s <k

Lemma 5.3 (Parseval’s formula for Mellin transforms). Let f1(t), f2(t) be two functions with Mellin trans-
forms fi(t) = M{fj(t)}(s), 5 = 1,2, in the strips a1» < Re(s) < i, respectively. Take ¢ € R
such that oy < ¢ < fB1 and suppose that fi(t)t¢ and fo(t)tR(*)=¢ belong to L?((0,00)). Then, for
as + ¢ < Re(s) < B2 + ¢, we have

c+ic0

MUBORON) =5 [ At = rdr

c—100

Proof of Theorem 5.1. We start by computing the Mellin transform of e=%*/(1 + t¥) for k € N. We apply
Parseval’s formula (Lemma 5.3 with 0 < ¢ < co and ¢ < Re(s) < ¢+ k) to e and 1/(1 + t*). This,
together with Lemma 5.2, gives

o] c+i00
/e‘“(l e 27T1ik / F(r)F(l 3 s;r)r(s;r)x_r dr
0 c—100
¢c+i00
_ % / PO (1= 2 +0)r(5 —t)a " at

c+ioco k

- | I (e e (-0 ()"

where in the last step we have applied the multiplication formula for the gamma function (see [12, § 1.2,
equation (11)]):

k—1
(1—k)/27.ks—1/2 .
(ks) = (27) k HF(S+k) ks £ —1,-2,....

7=0
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The last integral, together with the factor 1/(2mi), is a Meijer-G function G,lﬁlf;rl with coeflicients a; =
1—(—1)/kfor j=1,...,k, axr1 = s/k and by = s/k, and z = (k/z)*. Here, the path L in fé_i;o is one
of the three possible types of path in the integral representation of the Meijer G-function G}';"; namely, L
runs from —ico to +ico in such a way that all poles of I'(b; — s), j = 1,2,...,m, are to the right of the
path, while all poles of T'(1—ay +s), k =1,2,...,n, are to the left (case (i) Wlth the notation of [1, §16.17],

that can be used when p + ¢ < 2(m +n)). O

Now, to obtain Hg[k] (s, ), we follow the reasoning of Section 4. We start from

1 7 et
HF (s,2) = — =t dt

I(s) ) 1+tk

0
and we get
[k] Ooe :tiw/kt
:i:u'r/k s—1
H{"(s,xe Fs / T 57 dt.

0

By changing variables to e*""/#t = u, and using the path avoiding the pole at ¢y = 1 as usual, we get

H}k](s,mei”/k) _ e /—16_ " wldt.

Hence
HQ[k](s,a:) = e:F%SHW (s, ze®/FY.,
6. An example with 2-variable-truncated Appell polynomials

Let us assume that we have an Appell sequence defined as in (1.1). Then, following [17, § 2], the corre-
sponding 2-variable-truncated Appell polynomials are

_ Zp[r] z) y (6.1)

1—ytr

The polynomials P (z,y) are equal to

Ln/7]

An’r‘
P[T]xy—n'zy s
(n—rj)!

where the sequencce {4, (z)}22, is determined by the generating function
"= A
In this kind of Appell sequence, it is clear that the denominator 1 — yt" introduces a pole on (0, c0)

when y < 0 (recall that in the Mellin transform, the generating function appears as G(x, —t)). Thus, finding
HU"l(s,2,y) such that H"l(—n, z,y) = pl (z,y) could be done with the help of Theorem 2.1.
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Of course, it is not feasible to give general formulas for this, because the integrals that appear in the
process depend strongly on the function A(t) in (6.1). Here, we are going to study some simple cases.
Let us consider the polynomials {P,(x,y)}52, defined by

1 xt - " :
— =Y Py (x,y)—, t 1,1 .
TS = 2 ey I <mindL 1/

Starting from

eFU & u™
= ! —
1—u ;n en(2) n!

(recall (3.1) and (3.2)) the substitutions z = z/y and u = yt give

ext e t"
-yt >y en(@/y)
n=0
moreover (see (4.4)),
emt > n t"
= — ! - -
T = 2 (D len(=n)

n=0

Let us separate A(—t) into partial fractions as

1 oy 1 n 1 1 21
A+y)d—t) y+1 T4yt y+1 1t 7 ’
Then, it is easy to check that
Po(z,y) = nlyen(z/y) + ——(=1)"nlen(—2) = n—!( "en(a/y) + (-1)"en(-12))
nay_erl'yn Y y+1 *€n —y+1y n\L/Y n .

For completeness, let us observe that y"*1e, (z/y) + (—1)"e,(—x), which is a polynomial of degree n + 1 in
y, vanishes when y = —1, so it is divisible by y + 1. Consequently, P, (z,y) is, as expected, a polynomial of
degree n both in z and in y.

The special function H(s,z,y) such that H(—n,z,y) = P,(z,y) is found by separating the integral
corresponding to (2.3) into two previously studied integrals. For y # —1 we have

1 eimt s—1
H(s’x’wzf(s)c/(lert)(lt)t at

Y 1 e 1 1 / e

= 7 dt 7 dt

y+1F(s)/1+yt +y+1F(s) 1—t ’
C C

where C'is a path as in Theorem 2.1 avoiding the poles at t =1 and t = —1/y if y < 0 (if y > 0 the path
C only needs to avoid the pole t = 1). Then, by (3.5) and (4.5),

%6m/yf(l —s,x/y) + qe "€ (1 - 5, —x), y>0;
H(s,z,y) =

%e‘r/‘y‘e”isf(l —s,—z/|ly|) + ﬁe‘“e”sf‘(l —-s,—x), —1#y<O0.
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Notice that the cases y = 0 and y = —1 were already studied in Section 4.
Many other cases can be studied by this technique, especially when A(t) is a rational function. To conclude
this section, let us also briefly consider the case A(t) =1 and a given r, i.e.,

Here we have

The function H!! (s,z,y) can be easily computed. First consider each case y > 0 or y < 0 (using a
denominator like 1 + |y[t") and then substitute yt" = u in the integral. Having done this, we just need to
compare the integral with the functions H r](s, x) or HQ[T](S, x) of Section 5.

7. An open problem for the Appell-Dunkl case

Appell sequences of polynomials have been extended in many ways. One of them consists of changing
the derivative operator in the relation P/ (xz) = nP,_1(x) (or a similar one) by a different operator with
suitable properties. In [5] and [9], the derivative was replaced by the Dunkl operator on the real line

2a2+ 1 (f(w) —xf(—@) ’

Maf(@)= 5 7@) +

where a > —1 is a fixed parameter (see [10,25]). When o = —1/2 we recover the classical case A_y /5 = -L.
In that setting, an Appell-Dunkl sequence {P,, o} is a sequence of polynomials that satisfies

AaPpo(z) = (n+ (a+1/2)(1 = (=1)")) Poo1,a(2).

This is a generalization of %Pn () = nP,—1(z), which we recover when a = —1/2.
In order to express Appell-Dunkl polynomials by means of a generating function, we replace the classical
exponential e* by the so-called “Dunkl exponential” E,(z), which is

z
E,(z) = , z € C,
( ) T;Vn,a
with
22K KL (o 4+ 1), if n = 2k,
Tn,a =
22Kk (v + 1)y, ifn=2k+ 1,

and where (a), = a(a+1)(a+2)---(a+n —1) = I'(a + n)/T'(a) denotes the Pochhammer symbol. Of
course, E_y/5(2z) = €* and 7, _1/2 = nl.

In this way, an Appell-Dunkl sequence {P, (z)}2%, is a sequence of polynomials defined by the gener-
ating function

tn

)
Tn,a

A(t)E,(xt) = Z P o(2)
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where A(¢) is analytic at ¢ = 0 with A(0) # 0. The first Appell-Dunkl sequence of polynomials studied in
the mathematical literature were the so-called generalized Hermite polynomials (see [25]). In recent years,
the Bernoulli and the Euler polynomials (among other Appell families) have been extended to the Dunkl
context; see, for instance, [5,6,11]. These polynomials have been proven to be very useful for extending some
classical properties to a more general context.

Some of the Appell sequences that we studied in this paper have also been recently extended to the
Dunkl context (see [20]). For instance, (3.1) and (4.4) are extended as

1 > tm
— B, (zt) =Y PUH ().
T (xt) n; i (w)n!

As expected, P,g};)(x) = Yn,aln,a(x) and Pr(ll(;r)(x) = (—1)"Vn,a€n,a(—2), where now

x x? "
en,a(x):1+—+—+"'+
71, V72, Yn,o
is the n-th truncated Dunkl exponential. Can we find special functions qi{® (s,x) such that H{® (—n,z) =

e (2)?
In the recent paper [15], we give special functions H(s,z) whose values at the negative integers yield
the Bernoulli-Dunkl and Euler-Dunkl! polynomials (and their generalized families) and found functions that
recall the Hurwitz and Riemann zeta functions, but in a Dunkl context. We do this by taking the Mellin

transform
/ A(—t)Ea(—at)t*"'dt,  Re(z) >0, (7.1)
0

and, at least in part, the method is similar to the one in [21, Theorem 1], although with many difficulties.
One of these is the convergence of the integral (7.1) when ¢t — oco. In the classical case « = —1/2, the factor
E_y/5(—at) = e~ *" decreases very quickly when ¢t — 400, and then the integral (7.1) converges if A(—t) is
continuous on [0, +00) and has polynomial growth at +o00. However, except for « = —1/2, E,(u) (for u € R)
behaves roughly like e/*!, so A(—t) must decrease very quickly to allow the convergence of (7.1). This is
the case for the Bernoulli-Dunkl and Euler-Dunkl polynomials studied in [15], for which the corresponding
function A(t) is able to guarantee the convergence of (7.1) for a certain range of z, but not, for instance, in
the case A(t) =1or A(t) =1/(1 —¢).

In particular, if we try to apply the method to G(x, —t) = E,(—xt)/(1 + t) with o # —1/2, we get the
integral

E,(—xt)

e 5 dt
1+t ’

which does not converge for any x € R. Hence, the method fails here and we can not find in this way an
s-analytic function H, (s, z) such that Hy(—n,2) = Yn,a€n,«(z) (or other suitable multiplicative constants)
which would be the Dunkl extension of (3.6). Is there another way to find the desired function?

Taking into account the definition (3.3) and the identity (3.7) in the classical case, this will perhaps lead
to an “incomplete Gamma-Dunkl function” and/or to a “Gamma-Dunkl function” with suitable properties.
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Abstract

Appell sequences of polynomialscan be extended to the Dunkl context replacing the ordinary
derivative by the Dunkl operator on the real line, and the exponential function by the Dunkl
kernel. In a similar way, discrete Appell sequences can be extended to the Dunkl context;
here, therole of the ordinary trandation is played by the Dunkl trandation, which isamuch
moreintricate operator. Some sequences asthefalling factorialsor the Bernoulli polynomials
of the second kind have already been extended and investigated inthe mathematical literature.
In this paper, we study the discrete Appell version of the Euler polynomials, usually known
as Euler polynomials of the second kind or Boole polynomials. We show how to define the
Dunkl extension of these polynomials (and some of their generalizations), and prove some
relevant properties and relations with other polynomials and with Stirling-Dunkl numbers.
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1 Introduction
An Appell sequence {Px(x)}2 is asequence of polynomials such that

d
ax Pc(X) = kKPx—1(x), k=1, (L1

and whose generating function is given by
«t o tk
Ab)et = kE . Pc(X) W (1.2

where A(t) isafunction analytic at t = 0 such that A(0) # 0. Some examples of this kind
of sequences arethetrivial monomial case {xk}ﬁio, the Bernoulli polynomials and the Euler
polynomials, whose generating functions are (1.2) with A(t) = 1, A(t) = t/(e' — 1) and
At) = 2/(e! + 1), respectively.

Actually, some dternative methods can be used to introduce Appell sequences. For
instance, it is not necessary to have an analytic function A(t), but only aformal expansion.
Also, a general framework about polynomia expansions of analytic functions (generating
functions of polynomial sequences) can be used, asin[1, 2]. Moreover, more general expan-
sionsthan Appell sequences are Sheffer sequences of polynomials, with generating functions
of theform A(t)e*B® (see, for instance [3, Chapter 10]), and Brenke polynomials, with gen-
erating functions of theform A(t) B(xt) (see[4] and [3, (24.7.2), p. 654]). Finally, itisworth
mentioning that Appell and Sheffer sequences can also be studied in the framework of Roman
and Rota's umbral calculus, see [5, 6]. But thisis not necessary for the goals of this paper,
that isfocused in the Dunkl context, so wewill not give more details on the above mentioned
frameworks.

A discrete Appell sequence { pk (X)), is asequence of polynomials such that

Ap(X) = pk(X + 1) — pk(X) = kpk—1(X), k=1

Notethat thedifferential operator in (1.1) hasbeen changed by theforward difference operator
Af(xX) = f(x+ 1) — f(x).Inthiscase, the generating functionis

0 '[k
ADA+D* =) P (13)
k=0 ’

where A(t) isafunction analytic at t = 0 such that A(0) #~ 0. Thetrivia case, that is, being
A(t) = 1in(1.3), isthefalling factorial {XK}E‘;O defined by

k-1
XK:x(x—l)---(x—k—Fl):H(x—j).
j=0

Although other notations have been used for these polynomials, here we follow [7] and [8,
§2.6, p. 47]. The corresponding discrete Bernoulli polynomials, which we will denote by
{ok (X) 1R, are defined taking A(t) = t/log(1 +t) in (1.3), that is,

t

[ee) tk
X _ J—
ogd oLt —gbux) e (1.4)

The above polynomials were introduced by Jordan [9] and Rey Pastor [10] in 1929 and are
usually called the Bernoulli polynomials of the second kind (see a'so [11]).

@ Springer



Capitulo 4: Copia completa de los articulos

93

Boole-Dunkl polynomials and generalizations Page3of18 16

Jordan [12, §113, p. 317] also introduced the discrete Euler polynomials {ex(x)}2,,
which he called Boole polynomials. They are defined in terms of agenerating function in the
following way:

2 D tk
Z—H(1+t) = Z“*(X)ﬁ (15)
k=0
These polynomials could be called the Euler polynomials of the second kind (by analogy
with the Bernoulli polynomials) as we can read in the title of [13]. In addition, we can aso
find them in theliterature as the Changhee polynomials (see[14]). In this paper, we will refer
to them as Boole polynomials, following the original work [12].
If the forward difference A is changed by the central difference operator

fx+1)—f(x-121

> ,
then anew family of polynomialscan be defined asfollows: acentral discrete Appell sequence
{ak(X) 12 is asequence of polynomials such that

and they can al so be defined using a Taylor generating expansion
x = tk
At) (t +\/1+t2) =Y a0y (1.6)
k=0

where A(t) is afunction analytic such that A(O) # 0. The sequence obtained in the trivial
case A(t) = listhesequenceof the central falling factorial polynomialsthat will be denoted
{ Tk} and satisfies

o0 k
(t+ \/1+t2)X =3 fk(x)L—'. (L7)
k=0 .

These polynomials have been studied in [15] and [16] (note that the so-called “ of the second
kind” have adifferent definition, see [17]). Taking the generating function (see [18, §6])

t X tk
Y (Vi) =Y o, 18
|og(t+¢1+t2)< ) k; <l 9

the central Bernoulli polynomials of the second kind {bl'(I (X)}p o are defined. We have not
been able to find the corresponding central Boole polynomials in the literature, so, in what
follows, we are going to define the central Boole polynomials by means of the operator Ac.

In fact, we will consider a more general approach, working with the generalized Boole
and Euler polynomials. For anintegerr > 0, thegeneralized Boolepolynomials{el((r) (9
of order r are defined by means of the generating function

2\ qhpr o 300
(Z—H) 1+t =2Tt (1.9
k=0
and satisfy
Al (x) = ke, (x). (1.10)

@ Springer
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Whenr = 1, we obtain the classical Boole polynomials (1.5) and, whenr = 0, we have the
falling factorials xX. Now, we define the “mean operator”

Mf(x):%(f(x—i—l)—i— f(x)).

In what follows, we will sometimes denote the operator M as My to emphasize that the

involved variableis x if we apply it to afunction of several variables. We will also use some

abuse of notation for M ( f (-, t))(x) such as Mx(f (x, 1)), M(f (x,1))(x), or similar.
Performing the operator M to (1.9), we see that

Mel’ (x) = ef " (x), (112)

2 r 2 r—1 «
MX<<2—_H> 1+ )) <2+t> 1+ 0% (1.12)

Replacing t by €' — 1 intheleft part of (1.9), we obtain the function (2/(e! + 1))" e which
is the generating function of the generalized Euler polynomials E,ﬁ”(x) of orderr, that is,

ot
(et — 1) Z = 05 (1.13)

Of course, whenr = 1 we recover the classical Euler polynomials Ex(x) and whenr = 0
we have the trivial case xK. It is well-known that these polynomials satisfy

since

MES () = (Eﬁ”(x +1+E 00) = B0, (1.14)

r r-1
My <<et i 1) ext> = (et i 1) et (1.15)

With the aim of also adapting the operator M, let M¢ be the “central mean operator”
defined by

since

Mcf(x):%(f(x—i—l)—i— f(x—-1)

(wewill also usethe samekind of above-mentioned abuses of notation). Wewould like M tg
satisfy a property analogous to (1.12) with the new generating function. As (t + 1+ t2>
playstheroleof (1 + t)* inthe central case, we are looking for afunction A(t) such that

Me.x (A(t)r (t V1t tZ)X) = Ayt (t V1t tZ)X , (1.16)
by analogy to (1.15). Since
Mo ((t+vIT2)) = 2 ((t Vi) (e M))
1 x 1
= E (t + l+t2> (t+ 1+1t2 4+ m)
_ tzfi“liltﬁ (t+¢1+7) (117)

@ Springer
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we define the generalized central Boole polynomials of order r, {ef{():(x)}ﬁio, by means of

the generating function

r
t+V1+1t2 AN ),
(t2+1+t 1+t2> (t+\/1+t> _g%(x)ﬁ (1.18)

It isclear that this function satisfies (1.16). Note that, whenr = 0, the polynomials q((?();(x)
arethe central falling factorial polynomials fx(x) definedin (1.7). Moreover, it iseasy to see
that

Acey L(x) = kel | (%),
and

Me(el ) (x) = e . P (%), (1.19)
obtaining the anal ogous properties to (1.10) and (1.11), respectively.
Replacingt++/1 + t2 by €' in(1.18) weobtain (2€' /(€2 +1))" e, whichisthegenerating
function of a sequence of polynomials { Eﬁfg(x)}ﬁ‘; o that we call generalized central Euler
polynomials of order r, that is,

26 \" st _ N g0
Xt _
( 2t+1> e _kgo Exc) "k (.20
Performing the operator M. to (1.20) we obtain

McES () = ES P (%), (1.21)

which isthe central version of (1.14).

The main goals of this paper are to extend the Boole polynomials to the Dunkl con-
text, and to prove some relevant properties of them. The paper is structured as follows.
Section 2 is devoted to define Appell-Dunkl polynomials and discrete Appell-Dunkl polyno-
mials (Sect. 2.1), and all the necessary concepts and notation concerning the Dunkl context
are provided (Sect. 2.2). Sections3 and 4 are dedicated to the Boole-Dunkl polynomials and
their properties.

2 The Dunkl framework
2.1 Appell-Dunkl polynomials and discrete Appell-Dunkl polynomials

Inthemathematical literature, therearemany generalizationsof Appell polynomia sby means
of parametersin the function A(t). Other kind of extensions can be obtained by replacing the
derivative operator as shown in [19]. In this regard, an interesting generalization of Appell
polynomialsis givenin [20] by replacing the operator d% in (1.1) by the Dunkl operator A,
on thereal line (for the group Z»)

2.2)

Aaf(X)Z:—Xf(X)+2a+1<f(x)_ f(—x>>’

2 X

where ¢ > —1 is afixed parameter (see [21, 22]); many typical problems of the classical
world have been extended to the Dunkl context (see, for instance, [23-36]). In that setting,

@ Springer



96

Capitulo 4: Copia completa de los articulos

16 Page6of18 A. Gil Asensi et al.

an Appell-Dunkl sequence {Px o }2 is @ sequence of polynomials that satisfies

AgPia(X) = Ok o Po1.a(X),  wherebcy =k + (@ + 1/2)(1 — (=1

(instead of Ay Pxo = kPk—1,«, the previous definition uses another multiplicative constant
Ok« Tor convenience with the notation). Of course, in the case « = —1/2, the operator A,
is the ordinary derivative and Appell-Dunkl sequences become classical Appell sequences
(and 6k o = K).

Appell-Dunkl polynomials can be also defined by means of the generating function

ADEL(xt) =) Pua()—,
k=0 Vea

2.2)

where A(t) is an anaytic function defined in a neighborhood of 0 such that A(0) = 0. The
Dunkl kernel E, (xt) and the sequence {yk,« }r2 Will beexplained in detail in Subsection 2.2.
They play therolesof theexponential function and thefactorial, respectively, in (1.2). Indeed,
E_1/2(2) = € and y,—1/2 = k! when o = —1/2. For any A € C, it holds

Agy Ea (AX) = )LEa (AX),

which generalizesthe property d'ixe“ = e of the exponential function. Note that Py ,, (X)
in (2.2) are particular cases of Brenke polynomials (and their discrete versions py o (X) that
we will see later in (2.5) can be studied with the ideas of [3, Theorem 10.1.4] for Sheffer
A-type zero polynomialsrelative to an operator T). Although these approaches are no doubt
of interest by themselves, their generality does not allow a deeper study of the polynomials
in terms of the Dunkl theory. In addition, a specific umbral calculusin the Dunkl context has
not been explored yet; we plan to develop thisideain aforthcoming paper.

The first Appell polynomials extended to the Dunkl context were the Hermite polyno-
mials. These new polynomials are called the generalized Hermite polynomials (see, for
example, [22, 37]). The extensions of the Bernoulli and Euler polynomialsto the Dunkl con-
text were introduced in [20] and [38], respectively. In [39, 40] and [41], many properties of
the Bernoulli-Dunkl and Euler-Dunkl polynomials are presented. Some other Appell-Dunkl
polynomials have been studied in [42] (see aso the open problem proposed in [43, §7]).

Toextend discrete Appell polynomia stothe Dunkl context isnecessary to defineasuitable
difference operator. From (2.1), we see that the role of 0 and 1 in the classical caseis played
by —1 and 1 in the Dunkl context. Hence, it seems more natural to generalize the centra
difference operator A instead of the forward difference operator A.

The generalization of Ac inthe Dunkl context is given in [44] in the following way:

Ay T(X) = (@ + D(r1 —1-1) F(X).

Here, ty isthe Dunkl trandlation operator (see [22]) that, for afunction f, is

%0 k
00 =Y AKT0—, a>-1, 2.3)
k=0 Ve
where AO is the identity operator and ANt = A,(AD). Note that, for « = —1/2, the

tranglation 7y f isjust the Taylor expansion of afunction f around afixed point x, that is,

%

_ ®

fx+y)=> f SR
k=0
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and A_y/2 = Ac. Inorder to definethe Dunkl tranglation (2.3), it isassumed that the function
f isin C* and also that the series on the right-hand side is convergent. In particular, thisis
true when f is a polynomial, because the series (2.3) has only a finite number of nonzero
terms. Some other properties of the Dunkl trandation, including an integral expression that
ismore general than (2.3), can be found in [22, 45], and [35].

Using the operator Ay, discrete Appell-Dunkl polynomials are defined in [44] as a
sequence of polynomials { pk,« (X) }p2 o such that

AgPra(X) = ko P10, Oka =K+ (@ +1/2(1 - (=D% (24)
and they can also be defined by the Taylor generating expansion

k

> t
ADE,(XG (1) = ) pra()—, (25)
k=0 Vo

where A(t) isan analytic function such that A(0) # Oand G;l(t) istheinverse of afunction
G, (t) that will bedefined in Sect. 2.2; thisG;l(t) playstheroleof log(t ++/1 + t2) in (1.6),
where we can write

(t—i-\/l—i—tz)X :exp(xlog(t+\/1+t2)).

Also in[44], the analogous sequence in the Dunkl context of the (central) falling factorial is
introduced and denoted by { fy o} 2. That is,

Ex(XG (1) = ) fia()—. (26)
k=0 Vo

These polynomials have been used in [46] to define the Stirling numbers in the Dunkl con-
text. Moreover, the Bernoulli-Dunkl polynomials of the second kind {by « (X)}R2, are also
introduced in [44, §6] by taking the function A(t) = t/G;(t) in (2.5):

t tk
G ')

Eu(XG 1 (1) = ) " bra(X) @27

k=0 &

Of course, (2.7) becomes (1.8) when o = —1/2.

2.2 Details of the notation for the Dunkl context

To define the Dunkl exponential function or Dunkl kernel E, (z) and some related functions,
we need to introduce some previous notation.
Let yn,o denote the numbers

22K (a + D), if n =2k,

Yna = 22k+1k! (o + Dig1, ifn=2k+1,

where (a), denotes the Pochhammer symbol

(a>n=a<a+1)(a+2>--~<a+n—1)=%,
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they satisfy yn.o/¥n-1.0 = 6no forn > 1. Let (E)a be the numbers

(n> . Yn,a
K/o WaVn—ka

If o = ~1/2, thenyn, 12 = nl and () _, , isthe classical combinatorial number ().
Now, let J,(2) be the Bessel function of order « > —1 and consider the entire function

. Ju(i2) _ (z/2)*"
T@ =2t D e = et )Zn'r<n+a+1) Zoym

(thefunction Z, isasmall variation of the so-called modified Bessel function of thefirst kind
and order «, usually denoted by |, see [47] or [48]). We denote G, (2) := zZ,+1(2) and
then, it is easy to see that

S Z2n+1
— G420 = .
20 +1) =5 Yt
The Dunkl kernel E,, (2) is defined in terms of these functions as
1 > N
Ew(2) =Z,(2) + —————— G, (2) = , zeC.
@ =L@ + 50— Cu@ ;y

Inthecasea = —1/2, thisisthe decomposition E_1/2(z) = cosh(z) + sinh(z) = €*. Recall
that E, is invariant under the Dunkl operator (2.1) in the same way that the exponential
function isinvariant under the ordinary derivative. Hence, it is easy to check that (2.2) isthe
characterization of Appell-Dunkl sequences by means of a generating function.

We also need to give the notation for some families of polynomials (and numbers) that
have been defined in other works, and explain some of their propertiesthat will be used later
in this paper.

In [39], the generalized Bernoulli-Dunkl polynomials of order r (r > O integer),
(B (r) ) (x)}2,, areintroduced as

Eq (Xt) O oy L
Ten _Z% @ @9

In the same way, the generalized Euler-Dunkl polynomials of order r (r > O integer),
(€ (r)(x)}k ° o are given by

E.(Xt) (r) tk 29
Ty (M) kgo Wea @9

Whenr =1, {%(1) X} and {5&1; (X)}2. correspond to the Bernoulli-Dunkl and Euler-
Dunkl polynomialsintroduced in [20] and [38], respectively.

In order to define the discrete Appell-Dunkl polynomials, we need to see that (2.5) is
well-defined. Thisis the case because the function

S 2n+1
Gu(@ = 2Zy41(2) = 2oF1(@ + 2. /4 = 2@ + 1) Y — zeC,
n—0 y2n+1a

is odd, non-negative for z > 0 and increasing (for z > O, the derivative term by term of
the series is positive), so there exists the inverse function G 1(z). Therefore, we say that a
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discrete Appell-Dunkl sequence { pk,« (X)}2, is a sequence that satisfies (2.5) (moreover,
recal (2.4)).

Then, the Dunkl (central) falling factorial polynomials { fy  (X)}2 are defined in [44,
§3] asthe polynomials obtained in thetrivia case; i.e., taking A(t) = 1in(2.5), aswe have
seenin (2.6).

Inthe classical case, if {pk(X)}p2 isadiscrete Appell sequence (see (1.3)), it satisfies

k

k .
PX+Y) =) (J) pj () y<=L,

j=0

In [44, Theorem 3.1], the analogous formula for the Appell-Dunkl polynomials is proved,
where fi o (y) plays the role of the falling factorial yX. More precisely, if {Pk,a IR
a > —1, isadiscrete Appell-Dunkl sequence of polynomials defined by (2.5), then

k
k
7y (P (D) =Y (J) P (X) fie—j,a (). (2.10)

j=0
From [44, Theorem 5.1] it is easy to see that the Dunkl (central) falling factori-
as {fxo (X))} are expressed in terms of the generalized Bernoulli-Dunkl polynomials
(B 0} &
k

e |
fk,a(X):ZJE<j> B, L Ox, k=12.... (2.12)
j=0 @

Then, relation (2.11) isused in [46] to define the Stirling-Dunkl numbers of the first kind of
order « > —1as
j (k
ki = (1) B0, (212
k J o I

which, replaced in (2.11), gives
k .
fra() =Y ¥k jx, k=12....
j=0

Aswe can see in [46, Theorem 3.4], the generating function of the Stirling-Dunkl numbers
of thefirst kind of order « is

Gl =, tk > r(k) ® tk
e 1 - sk, r)— = — B, (0)—. (2.13)
Vra kX:r: YKo kgr: k\r o k=t YK,

Finaly, the Stirling-Dunkl numbers of the second kind of order « > —1, S, (K, j), are
aso defined in [46] as

k
X =" Sk, ) Fjax),

j=0
and their generating function is
+ 1) G,(1) tk
@D Byt - E—ty = 22 _ S g o (2.14)
To T p— Yk,
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3 Boole-Dunkl and generalized Boole-Dunkl polynomials

In order to extend the Boole polynomiasto the Dunkl context, we focus on the operator M¢
and define the Dunkl (central) mean operator M, as

1
My F(X) = E(Tl,x + t—1.x) F(X).

It was proved in [39, Theorem 8.5] that the generalized Euler-Dunkl polynomials of order r
(r > Ointeger) given by (2.9) satisfy

000 = & 00,

which is the extension of property (1.21). Note that

e ¢}

Ma,x(Ea(xegl(t)»—% iG L)) B (xG (1))
j=0 Vi@

&)

+§Jz=(:) y

Ee(XG, (1) v 2

G, 1) Ex(xG (1)

J.o

Gl

i—0 Y2j.,a
Ey(XG, (1) Zy (G (1)),

So, taking (1.17) into account, we choose the analytic function 1/Z,, (G (t)) to bethe Dunkl

version of (t + 1+ 1t2)/(t2 + 1+ tv/1+t2).
()

Now, we can define the generalized Boole-Dunk| polynomials of order r, {g , (X)}20,
by means of the generating function
E.(XG, Lt > tk
Eo(XG, (1) Zel((r (x) 3.1)

.Gy &

ThefunctionZ, (G—l(t))r iseven, and thiseasily impliesthat egk)a (x) isan even polynomial
fork > Oand egk)H »(X) isan odd polynomial for k > 0 (and hence, it vanishesat x = 0).
Thefirst Boole-Dunkl polynomials of order r are

a0 =1 €L0=x &,00=x"-r,

(r) X) 3 1+Ol+r(2+01)x

e&a = 1+ a )
eﬁrl(x)=x4_2(2+2a+r(2+“)) 2+r(5—|—4oc+r(2+a)),
1+« 1+«
eg”(x):Xs_2<3+“><3+3“+f<2+a>> 3
“ 1+a)2+a)
6 r(3+a)(7+6a +r2+a)
<5+2+a 1+ a)? )X

In the following result, we extend formula (1.19) to the Dunkl context:
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Theorem 3.1 Let {el((i;(x)}li“;o be the sequence of generalized Boole-Dunkl polynomials of
order r withr > O integer. Then,

Aol ) (X) = Oab’y (0, k=1, 32)
and
Magl ) (x) = e 7 (x). 3.3

Proof As Ay (Eq(XG;(1)) = tEL(XG (1)), itisclear that (3.2) holds. By the choice of
the generating function, we know that

-1 -1
M, (Eoz(XCi(I (t))) _ EO[(X_Gla (1) . (3.4)
To(Ga (1) Zo(Ge (1)1
Writing each function of (3.4) as power series using (3.1), we get
Z Me (6, (x)) Z 1><x)
and then we have proved (3.3). |

A nice property of the generalized Boole polynomiasis (see[13, (3.15)])
k

k
6P xty =) <| )é”(x)efﬂ ).

1=0

which taking s = 0 gives
k

k
x+y = Z <| )e,(’)(X)yﬂ-

=0

)
&

In the Dunkl context, we have the following:

Theorem 3.2 For o > —1, the generalized Boole-Dunkl polynomials satisfy
k

r k r
@ 0 =Y <J) & 06, L), 35)
=0

withr > 0, s > 0 integers. When we take s = 0, we have
k

k
CHNED Y <J) " (%) fija(Y). (3.6)

j=0 \/a

Proof From (3.1) forr and s, we have

Ea(XG, 1) Ea(¥G ' 1) _ [ 0 o0 1) (300 i
To(G* 1) Zo(Git(t)s (Zek,amyk’ Zek.a(y)yk’a

,a

k el © o
208z oY) . (37
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On the other hand, using (3.1) for r + s and (2.6),

Ea(XGgl(t)) G-1 (r+s)
———E, t) = fka(Y)—
TG ys VG ) = (;) (x) Z k (y)
- ZZ( ) 700 f () (39)
k=0 j=0 Oé
Now, equating the coefficients of the seriesin (3.7) and (3.8) and using (2.10),
Sy Sy
Z( ) “)(x)ef)]a(y):Z;(,) &2 00 i (Y) = y(6 ) (0.
o \J j=o M
Equation (3.6) is obtained taking s = 0in (3.5) since e(o) ) = fj Y. m]

Remark 3.3 Note that an expression as (3.5) can be proved for any generalized discrete
Appell-Dunkl sequence of order r. That is, if for an analytic function A(t) we take
A E,(xG1(1) = Y%, p(”(x)tk/yka, the polynomials p(”(x) will satisfy arelation
as (3.5), reproducing the same proof.

In[13, (3.18)], it isproved aformulathat expresses the generalized Boole polynomialsin
terms of the generalized Euler and Bernoulli polynomials,

k

a0 =Y (T) E” 0B (),

j=0

for r > 0O integer. Recall that the generalized Euler polynomias of order r that appear
in this formula have been mentioned in the introduction (see (1.13)). In a similar way, the
generallzed Bernoulli polynomialsof order r are defined by means of the generating function
(t/(e' — 1)) eXt. We extend this result below to the Dunkl context.

Theorem3.4 For « > —1andr > O integer, the generalized Boole-Dunkl polynomials of
order r satisfy

k
| /k
CHOEDY R<|> g1 0B, (0, (3.9)
1=0 4
and
k
o x) = ( | ) £ 0B, ,(0), (3.10)
1=0

where Sl(,'(j (x) arethe generalized Euler-Dunkl polynomials of order r (2.9) and %,(ko)[ (X) are
the generalized Bernoulli-Dunkl polynomials of order k (2.8).

Proof Putt = G;(u) in (2.9). Then, we have

Eo(XGg1(u)) i or (G;%u))k.

T,(Ga W) o o
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From (2.13),

E.(XG 1) & £ 3
EG) i3 () ot

Joy &
- }OO (} ( ) £ B (0)) u
|« k—I
s Vo

Equating coefficientsof thisseriesand (3.1), weget (3.9). Formula(3.10) isobtained applying
the operator A, to (3.9). ]

Another property of the generalized Boole polynomialsis

n
(r)(x) Z A (() )(O)GIQ)(X)

n=0 n!
(see, for instance, [13, (3.21)]). In the Dunkl case, we have the following:

Theorem3.5 For « > —1andr > O integer, the generalized Euler-Dunkl polynomials of
order r satisfy

necnk
(r)(X) Z Ay(() )(O)G%(X).

n=0 n,o

Proof First, we make the substitutiont = G, (u) in (3.1), and then, we use (2.9). We get

G Go(W"  Es(XU)
" = =) & 311
2 0T = Gy~ 2 00 (40
Now, using (2.14) it follows that
G o.¢] o.¢]
n=0 n=0 k=n
o k
Z Zef{) 0 Su(k, n)) —. (312
n=0 M

Equating coefficients of the series (3.11) and (3.12),

k
Eea () =" Sk, mel), (%),

n=0
and, since (see [44, Theorem 5.3])
ORI

n,a

Sk, n) =
theresult is proved. ]

Remark 3.6 Tacitly, in Theorem 3.4 and Theorem 3.5 we have found some beautiful formulas
relating the Euler-Dunkl polynomials with the Boole-Dunkl polynomials of order r through
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the Stirling-Dunkl numbersof thefirst and of the second kind. Theseformulas, of independent
interest by themselves, are

e, () = Zs(k METLX), &0 = st(k,n)egiL(x);

n=0

these kind of expressions are known in the literature as connection formulas. The first one
is(3.9) viewed under (2.12); the second one is included in the proof of Theorem 3.5. These
formulas are dual, and any of them can be deduced from the other one if we use that the
matrices whose elements are the Stirling-Dunkl numbers of the first and of the second kind
areinverse (see [46, Theorem 4.1]).

L et usconcludethissection by mentioning that not every classical property can beextended
to the Dunkl case with a suitable description. From (2.10) or (3.6) (and using that 7y f (x) =
¢ f (y)), we readly get

k

g 00 = Z(T) el") (0) fij o (X). (3.13)
j=0

In the classical case, thisis
k

CRGEDY ('J‘) el Xk,

i=0

In addition, we can easily identify the coefficients €] (0). Taking x = 0in (1.9) we have

) o0
th=@1+t/2)" Z( ) Z( 1)1(””. )2]
j=0

so eﬁr)(O) = (=Di27lrc +2)---(t +j — 1). In the particular caser = 1 we have

€j(0) = &V (0) = (-1))271 j1 and then
i \k—j/)
aformulathat can be found in [12, §113, (4), p. 318].

However, in the Dunkl case, instead of A(t) = (2/(2+1t))" that appearsin (1.9), in (3.1)
we have A(t) = 1/7,(G, L(t))". To identify the coefficients eir) (0) (and then to substitute
them in (3.13)) is equivalent to find the expansion of this function A(t) in powers of t, and
this does not seem to be an easy task, neither for the caser = 1.

00 (r)

Z

(- 1) - K (
e(X) = Z k= DxEl =k Y
j=0

j=0

4 Some additional properties

In the classical case, each polynomial, P,(x), of degree n can be expressed as linear
combination of the Boole polynomials in the following way:

Pn(X) = Cn,0 + Cn.1€1(X) + Cn 2€2(X) + - - - 4 Cn.n€n(X),

@ Springer



Capitulo 4: Copia completa de los articulos

105

Boole-Dunkl polynomials and generalizations Page 150f18 16

where

M AKP,(0)
k! ’

The ana ogous result in the Dunkl caseis the following:

Cnk = k=0,1,...,n.

Theorem 4.1 Let Py(X) be a polynomial of degree n. Then,
Pn(X) = Cn,0 + Cn,1€1,4 (X) + Cn,2€2 ¢ (X) + - - - + Cn.n€n o (X),
where
Mg AK Py (0
cn,k:w, k=0,1,...,n.
K.«

Proof It is clear that P,(X) can be expressed as a linear combination of the Boole-Dunkl
polynomials, that is,

Pn(X) = Cn,0€0,o (X) + Cn,1€1,64 (X) + Cn,2€2 o (X) + - - - + Cn.n€n o (X).
From Theorem 3.1, My & o (X) = fi o (X) and then
My Pr(X) = Cn,0 o, (X) + Cn,1 fra(X) + Cn2 f2,6(X) + -+ - + Cnn o (X).

Evaluating at x = 0 and, since fg(x) = 1and fi,(0) = 0fork =1, ..., n (thisfollows
from (2.6) taking x = 0), we obtain that

Cn.0 = My Pn(0).
Performing the operator A,, to the function M, P,(x) we have
My Ay Pr(X) = €101, fo,e (X) + Cn 2024 f1,0(X) + -+ - + Cnnfna fn—1,0(X),
so evaluating at x = 0,
Mg A Pr(0) = Cn 161.0-

Performing k times, withk = 0, .. ., n, the operator A,, to the function M,, P,(x), we obtain
the result. O

To finish the paper, let us see how to extend to the Dunkl context some expressions that
in the classical case have the form of integrals.

In[12, Sect. 114], we can find these formulas for the primitive and the integral of e, (x)
in[0, 1]:

n+1 —K
Y ) b )
/a“(x) dx = Zk:o nk kD! o

where bk (x) isthe Bernoulli polynomial of the second kind of degree k defined in (1.4) and
cn isarea number. Moreover, the definite integral in [0, 1] is

1 n+1 n—k
)" K biga(D) — bya(0)
/0 & () dx = kg(:) 2k &K+l
and, asbis1(1) — bs1(0) = (k + 1)y (0), then
1 n+1 n—k
Y k()
/o en(x) dx = kgo T
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In order to consider this problem in the Dunkl context, we need to take the inverse of the
Dunkl operator, defined in [39]: afunction F isaDunkl primitive of f if A, F = f. Then,
for « > —1, the Dunkl integral of afunction f is

7§ f(xX)dyX = F(X) +c,

where ¢ € R isaconstant. Then, we can denote

b
7§ f(X)dyx = F(b) — F(a),
a

where F (x) isaDunkl primitive of f (x).

Now, we are going to prove the analogous formulas in the Dunkl case. Actually, we do it
for the generalized Boole-Dunkl polynomials q((r; (X), that can be expressed in terms of the
falling factorial Dunkl polynomialsusing (3.13). On the other hand, from [44, Theorem 6.2],
we know that if {by o (X)}_, is the sequence of Bernoulli-Dunkl polynomials of the second
kind defined in (2.7), we have

Aabk,a(x) = ek,a fk—l,a(x), k >1
Therefore, if we take the inverse of the Dunkl operator,

bk1.o (X
f w00 dox = erta®) o (4.1)
9k+1,a

where ¢ isareal number, and we denote
1 o) = br1,a(-1
% fk,a(X) daX — bk+1, ( ) bk+1’ ( )’
-1

4.2
6k+l,o¢ ( )

we can prove the following result:

Theorem 4.2 Let {qﬁizx(x)}‘;": o be the sequence of generalized Boole-Dunkl polynomials.

Then,
n\ o Br1,0(X)
0)————= +cn,
<k>aen_k’a() 9k+1,or "

n
y{eﬁ;(x) dox =)

k=0

where ¢, isareal number, and
n

1 1
() _ - ()
ff a0 dx = o kizoen_k.a@)bk,a((’)-

Proof From (3.13) and (4.1),

n
e oodx=Y"

k=0

n

n n B 1,0(X)
<k>ae‘n”k,o,<0> 55 floa(X) daX = <k>ae(n”k,a(0>k“ + ¢,

k=0
and we have proved the first equality of the theorem. Therefore,

1 n n 1
f er(1r,()y(x) OuX = Z <k> egr_)k‘a (O)f fk,a (X) dy X.
-1 o -1
From (4.2), we have

k=0
1 n b1 o (1) — i o (—1)
) (x)d X = <n) (r) 0 k+1,0 k+1,0 , 4.3
f B0 é, ‘ ae“‘k’“() B (4.3)
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and in [44, Theorem 6.3] it is shown that

bkt1,0 (D) — k1,0 (1) 1
: : = bk «(0). 4.4
9k+1,0( +1 k,Ot( ) ( )

Then, joining (4.3) and (4.4), the result is proved. O
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Capitulo 5

Memoria sobre los resultados
obtenidos

La tesis que aqui se ha presentado estd dedicada a profundizar en el conoci-
miento de las sucesiones de Appell y Appell-Dunkl. Hemos definido nuevos tipos de
polinomios y funciones especiales, y demostrando diversas propiedades novedosas.

Los resultados méas importantes estan detallados en el capitulo [3] Alli no sélo
se explica cudles eran los objetivos de cada articulo —qué se conocia hasta ahora
y qué se pretendia estudiar— sino qué se logré en cada caso, pues nos ha parecido
maés claro explicarlo de manera conjunta para poder mostrar el avance conseguido
sin necesidad de ser demasiado repetitivo.

A modo de resumen, podemos decir que los principales resultados del primer
articulo son los teoremas y que aqui mostramos en las paginas [I9] y
respectivamente. De hecho, estos son posiblemente los principales resultados de la
tesis.

El principal resultado del segundo articulo es, sin duda, el teorema (pagi-
na , y también queremos mencionar los ejemplos en los que se muestra cémo
aplicar el teorema.

En el tercer articulo, queremos destacar como hemos logrado definir unos po-
linomios que legitimamente merecen llamarse polinomios de Boole-Dunkl puesto
que son una clara extensién de los polinomios de Boole clasicos, ya que conservan
sus propiedades esenciales, en particular su relacién con los nimeros de Stirling.

En nuestro trabajo investigador conjunto es imposible especificar cudles han sido
las aportaciones concretas de cada persona. Nuestro objetivo es siempre encontrar
nuevos resultados matematicos y todos compartimos ese objetivo, y realizamos la
misma labor: pensar, explorar caminos para llegar a lo que se pretende, experimen-
tar con programas de ordenador —fundamentalmente de cdlculo simbdlico— para
intentar conjeturar cual puede ser el resultado correcto, intentar demostraciones
que a veces funcionan y a veces no, y asi sucesivamente. Todo esto, con continuas
comunicaciones informales, tanto en reuniones presenciales como en mensajes elec-
trénicos, y trasladando con premura a los demés las nuevas ideas y los resultados
exitosos, a menudo con gran alegria cuando se consigue un objetivo importante.

Por supuesto, en una tesis doctoral, como en este caso, las ideas originales de
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qué intentar explorar y demostrar provienen del director, sobre todo en los primeros
estadios del desarrollo de la tesis, y es el doctorando el que dedica més tiempo de
trabajo. Ademads, una vez que la tesis ya estaba muy encaminada, con dos articulos
ya elaborados, el trabajo investigador dejamos de hacerlo exclusivamente entre el
doctorando y el director, sino que comenzamos a colaborar con dos compaifieros de
nuestro grupo de investigacion —Edgar Labarga y Judit Minguez— que ya tenian
experiencia en el contexto de las sucesiones de Appell-Dunkl (ver [13, 25] [42] [43]
44)), y fruto de esa colaboracién es el tercer articulo recogido en esta tesis doctoral.



Capitulo 6

Conclusiones

En la tesis hemos profundizado en el conocimiento de las sucesiones de Appell
y Appell-Dunkl, definiendo nuevos tipos de polinomios y funciones especiales, y
demostrando diversas propiedades que, tal como se hace en matematicas, han sido
plasmadas en forma de teoremas.

En concreto, y teniendo en cuenta que esta tesis es un compendio de tres pu-
blicaciones, estos son los resultados méas importantes que se han abordado y que se
corresponden, respectivamente, con el contenido de las tres publicaciones:

» Desarrollo de un método para encontrar funciones especiales F(s,z), con
s en el plano complejo, tal que F(—n,z) son polinomios de Appell-Dunkl
prefijados, e interpretacion como funciones que se asemejan a las funciones
zeta de Hurwitz.

= Extension de un método previo para interpolar polinomios de Appell debili-
tando las hipétesis de manera considerable, y planteamiento de un problema
abierto para el caso de polinomios de Appell-Dunkl.

» Definicién de los polinomios de Boole-Dunkl (y algunas generalizaciones su-
yas) y estudio de sus propiedades.

Por supuesto, esto no es un punto final en el camino, y hay muchos temas
relacionados con el operador de Dunkl en la recta real, y los polinomios de Appell-
Dunkl que, bien no hemos sabido resolverlos, bien estan iniciados y pendientes de
publicacién, bien permanecen sin explorar. En particular, podemos mencionar lo
siguiente:

» Desarrollo de férmulas de linealizacién para productos de polinomios de
Appell-Dunkl.

= Definicién y estudio de nuevos tipos de polinomios de Appell-Dunkl que ex-
tiendan lo conocido para polinomios de Appell cldsicos.

= Anadlisis de la viabilidad de extender algin tipo de funciones clasicas al contex-
to de Dunkl; en particular, jexiste un funcién que merezca llamarse funcién
gamma de Dunkl?
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= Estudio de problemas de momentos relacionados con sucesiones vinculadas
con los operadores y las funciones tipicas del contexto de Dunkl.

= Definicién y estudio de polinomios de Sheffer-Dunkl, como extensién de los
polinomios de Sheffer clasicos.

s Estudio de una teoria umbral vinculada al mundo de Dunkl.

Estos temas seran el objetivo de nuestra trabajo investigador futuro —de hecho,
en algunos casos ya estd empezado—, posiblemente con diversos colaboradores.
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